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Abstract

We study the existence of moments and the tail behaviour of the densities of storage processes. We
give succient conditions for existence and non-existence of moments using the integrability conditions
of submultiplicative functions with respect to Lévy measures. Then, we study the asymptotical
behavior of the tails of these processes using the concave or convex envelope of the release rate
function.
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1 Introduction

Storage processes are stochastic processes fX(t)g de..ned through a stochastic dicerential equation of the
type zZ,
X)) =X j r(X(s))ds + A(t): Q)
0
Here, A is an increasing stochastic process called input process and r is a non-negative function, usually
called the release rate. The solution of this type of stochastic dicerential equation has applications in
storage systems theory, economics and insurance risk theory. For example, A can represent the amount
of items arriving at a storage, the amount of rain that a dam receives or the amount of stochastic interest
accrued by an account. The function r can represent the way and/or rate the stored items are sold or
delivered, how the water is released or the amount of money that is being used. Some references to
possible applications can be found as early as Kendall (1957) and in Desmukh and Pliska (1980).

In this article we are interested in a mathematical property related to storage processes with increas-
ing Lévy processes as inputs. That is, ..rst we study the existence of moments and second, we study
asymptotics of tail probabilities of X.

We will study the nonexistence (in Section 3) and the existence (in Section 4) of E(g(X(t))) for a
positive function g. In various cases g will be a submultiplicative function. Power functions are particular
cases of submultiplicative functions. In fact, our results applied to these particular examples give the
following table:

r()=y® [ gy =y [ . Criteria

0-®-1] ~>0 Ty ey
®=>1 ~<®j 1| _always .nite
®>1 [ =®j1]_ ;" logy°(dy)
®>1 T>®j1 '\1+1 y7i®+1o(dy)

The above criteria determines which moments of X (t) are ..nite or in..nite.

Although these results obviously give some information on the tail probabilities of these processes,
we give more precise asymptotics (exact order) of tail probabilities of storage processes via their Lévy
measures in Section 6. To do this, the concept subexponentiality ([3]) plays an important role. Our
results show that process of Ornstein-Uhlenbeck type (r(y) = ay case) occupies a critical position on
the tail behavior (Theorem 6.2). A result similar in part to one of our results (Theorem 6.3) has been
obtained by Grigoriu and Samorodnitsky [8] under a dicerent assumption.

Articles related with the properties we study here are Asmussen (1998) where the tail behaviour of
the stationary distribution of storage processes and the distribution of the ruin time of risk processes
is investigated. In Sigman and Yao (1994) the existence of moments for storage processes is studied
although this study does not cover stable processes while ours does.

Possible applications of these results are in statistical properties of parameter estimators, simulation
and numerical analysis of these systems such as weak or strong approximation results.

2 Preliminaries

In this section we describe how to construct a solution to (1). For further details, we refer to [2]. We
assume the following hypotheses for r throughout the article.

(HO) r:[0; 1) ¥ [0; 1) such that r(0) = 0, r(x) > 0, for x > 0, left continuous and limy s x+ r(y) >0
for all x > 0.

We call r(x) a release rate. Let FA(t)g be an increasing cadlag Lévy process such that A(0) =0 and

z 1
E[e" ] =expf (e j 1)°(dy)g; b . 0
0



where © is a measure on (0; 1) satisfying
Zq
0< (x™1)e@dx) < 4.
0

This measure © is called the Lévy measure of fA(t)g.
The idea of the construction is to ..rst treat the case of ..nite number of jumps. This can be solved
explicitly pathwise. Finally one takes limits in the number of jumps in order to de..ne a solution to (1).
Consider ..rst the simple case of , =©(0;+1) < +1.. Then the number of jumps of A is ..nite in any
compact interval. Denote the jump times and the jump sizes by T, and Y,, n = 1;:::, respectively. The
interarrival times are denoted by ¢y = T § Tnj1. In between two jumps X is a solution of an ordinary

dicerential equation that can be written using some auxiliary function g which we de..ne now. Set
z

R(X;y) =

y
—dz
x 1(2)

for0 <x - y. De..ne R(0;y) := R(0+;y) - 4. Since the function R(X;y); for 0 < x - y; is continuous

and strictly decreasing in X, it has a continuous inverse Ryil(t) for t 2 [0; R(0;y)). De..ne q(t;y) by
1

7
+_  RiY(t) for0 - t<R(0y),
=4’ for R(O;y) - t (if R(O;y) < 1).

Then, q satis..es the following properties:
1. (R y)y)=xfor0<x - y< 1 and R(q(t;y);y) =tfory >0and 0 - t< R(0;y).
2. q(t;y) is continuous, decreasing in t and increasing in y.

3. Since R(X;y) is nondecreasing and left dizerentiable in X, q(t;y) is right dicerentiable in t and it
satis...es 1

qty) = ir@y));
aoy) =y,
for x>0and 0 - t < R(x;0).

Under this situation the solution X of (1) is given by

X(0) = x
X(Tm) = qm: X(Tm;j1)) +Ym (M, 1);
X@®) = qtiTm;X(Tm)) for Ty <t<Tpai:
To solve the general situation with a general Lévy measure ©, we set fA,(t)g for n _ 1 by
>
An(t) = (A@S) i AGT)) LA iAGsi)>2g:
s-t

Then, fAL(t)g is an increasing Lévy process with Lévy measure ©,(¢) = °( \ (ﬁ; 1)) with ., =
°,(0; 1)< +1. Foreach n _ 1, there is unique process X, (t)g satisfying (1). Since An(t) is nonde-
creasing in n, fXn(t)g is also nondecreasing in n. One can therefore de..ne X (t) = limn s 2 Xn(t). Then,
X (t)g satis..es (1) with driving noise FA(t)g. This process £X(t)g is called a storage process starting
at x corresponding to r and ©. This process is a Hunt process. We call the Lévy process TA(t)g input
process of £X(t)g. We denote X (t) starting at x by X(t;x) if necessary. For uniqueness and any further
details we refer the reader to [2].

We denote the distribution of the i.i.d. random variables Y, by F, = _ i'°,. The random variables
¢k = Tk i Tk;1, k o 1areiid. with identical density _,ei-nt. The sequences fY,g and f;xg are
mutually independent.



3 Non-existence of moments

In this and the next sections, we study relations between the tail behavior of the Lévy measure and the
gxistence of the momgnts of £X(t)g. We show that there is a remarkable dicerence between the two cases

11 T(‘y—)dy < 1 and 11 T(‘y—)dy = 1 (Examples 3.1 » 4.2. See also the table in the Introduction).

Lemma 3.1 Let g be a nonnegative and nondecreasing function on [0; 1). Let | =°((1; 1)). Then
z a1 z t
Elg(X(tx)] . ga(tx)ei-t+ f . et -*g(q(s;y))dsg°(dy)
1

forall x;y _ 0.

Proof Let fX(t)g be a storage process corresponding to fA;(t)g de..ned in Section 2. Then X(t;X)
Xy (t; x) and we have

Efg(X(tx)] . E[Xa(tx)]

>K
= E[g(X1(X)) 1 Tn - t < Tn4al:

n=0

Since
Xitx) . qt i T a(TnsX) +Ys) on Ty - t < Tpaag,
we have )
Elg(X1(t; X)) : t< T1] = g(q(t; x))e’-"

and

E[g(X1(t;X)) : Th - t < Th+1]
- El@t i T d(Ta;X) + Yn)) i Th - t<Tn+a]

forall n _ 1 and for all x;t _ 0. We have, for n _ 1,
E[g(%(ti Tf;q(Tn;X)"'Yn)) “Th - t<Tn]
N .
t

t(bs)nil o . o .
. Y 1)!g(q(t i S;q(s;x)+y))ds °(dy):

= ei-

Hence we have
Z,.2

t ¢
EQOX(6x))] . g(atx)ei-t+eit 1 e-Sgq(t i s;y))ds O(dy)
z,. 2, ° A
. g@Exet-te T ed-g(g(siy))ds O(dy):

Hence we have the lemma. 2

First, we give su¢cient conditions for non-existence of moments.

Theorem 3.1 Let g be a nonnegative and nondecreasing function de..ned on [0; 1). If there isv >0
such that
L%y 4@ 0
—=Sdz o(dy) = 1;
1 qviy T(2)
then
E[lg(X(t;x))]=1 forall x _ 0and forallt _ v.



Proof We have, by Lemma 3.1, for any x _ 0,

Elg(X(t;x)] . E[Q(%l(t;)g)]
gi -t ity Mdzd:o(dy) =1
1 acty) F(2)

-

for t _ v. Here we used the change of variable z = q(s;y). 2

Remark 3.1 In the conclusion of Therem 3.1, we can not substitute “for t _ v” to “for all t > 0”. We
give a counter example. Let r(y) - r fory _ 0, °(dy) = e—;,ydy for y > 0 and

Y2

ey fory<o0
9y = (yit~1ey fory _ 0.
Note that
Xirt+A() - X(;x) - x+A(t): 2)

The distribution P (t; dy) of x j rt +A(t) is 75(3’ i X+ rt)tilei 0 ix+rdgy  Hence
Z 4 Z 4
g(y)P (t; dy) — J)(Y i X + rt)ti i O ix+rogy
1 (t) xZ- rt y
1 5
C(tx) (Y ALy i x+ro)titdy+ D(t;x)
0

<1 fort<l1,
=1 fort>1,

where 0 < C(t;x) <L and 0 - D(t;x) < A foreveryt _ 0. Then by (2), we have

Y
<1 fort<l,
E[g(X(t;x))] =1 fort> L1

Theorem 3.1 may not be suitable for direct application due to the necessity of computing q(s;y) in order
to check that the condition is valid. One can simplify the above restriction if more conditions are assumed
like the following corollaries.

Corollary 3.2 Assume thatr(y) =O(y) asy ¥ A and g is a nonnegative and nondecreasing function
on [0; 1) such that, forany 0 <a - 1 andy >0, g(ay) . c(a)g(y) with c(a) > 0. If for
z a1
g(y)°(dy) =1

then, E[g(X(t;x))]= 4 forall x _ 0;t>0.

Proof Note that

Z 3
—dy <1 if and only if q(t; 1) = lim q(t;y) < 4 for all t > 0:
T yifq(t 1) = lim a(ty)
3)
By the assumption, there is M > 0 and yp such that
R
riy) = My



fory _ yo. Hence limys 4 q(t;y) = A for any t > 0. Fix to > 0 arbitrarily. Choose y; > 0 so that
q(to;y1) . Yo.- Note that q(t;y) . Yo fory _ y; and t - to. By the de..nition of q(t;y), we have

t—zy Ldz izy —1dz—ilog Y
q(ty) r(z) "M acty) Z M a(ty)
fory _ y; and t - to. Hence, q(t;y) . yeiMtforallt 2 [0;tp] and all y _ y;. We have, by the
assumption, 7 7
Ty, gy —mdz oMYy
aeyy @) 7 , aey 127
fory _yiand 0 - t - 5. Hence
Z4.2, Z 4
¢ ]
b Mg oy L tee™y  geEn =1
1 aty) @) y1

for0 <t - tg. Then, by Theorem 3.1,

Elg(X(t;x))] =1 forallx _ 0and forallt>0.2

_ R — _
Example 3.1 Letr(y) =cy®(® - ) andg(y) =y ( >0). If lly °@dy) = 1A,thenE(X(t;x) )=1
for x _ 0;t >0 by Corollary 3.2.

Ra_o i i i i
r(y)dy < 1 and g is a nonnegative and nondecreasing function on

1
Z,.2,
i V9@ ¢
=—=‘dz °(dy)= 1,;
1 1 12 (@)

Corollary 3.3 Assume that
[0; ). If

then
Elg(X(t;x))]=1 forall x _ 0;t>0.

Proof Note that due to (3), we have that q(t; 1)) < 1 for any t > 0. Without loss of generality we
assume that q(t; 1) > 1. Then fory > q(t; 1)

Z Z
Caw, T @y,
aey 1@ 7 gy @)

Then conclusion holds by Theorem 3.1. 2

Example 3.2 Let r(y)=y® (®>1),g(y) =y ( >0)and >® j 1. If
Z 4
y 1®te(dy) = 1;
1
then B
E[X({;x) ]=1 forall x_0;t=0

by Corollary 3.3.



4 Existence of moments

So far, we have studied su€cient conditions for non-existence of moments of X(t). Now, we give suf-
..cient conditions for the existence of moments. Let Xo _ 0. We say that a function g on [Xq; 1) is
submultiplicative on [xg; 1) if it is nonnegative and there is a constant a > 0 such that

gy +2) - ag(y)9(z) for y;z . Xo:

Lemma 4.1 Suppose that g(y) is a nonnegatjve and nondecreasing function on [0; 1) which is submul-
tiplicative on [Xq; 1), where Xo . 0. Then, 11 g(z)°(dz) < 4 if and only if E[g(A(t))] < A for all
t. 0

-

Proof Under the assumption of the lemma, necessary facts for the proof of Theorem 25.3 of [12] hold.
2

Theorem 4.1 Let Xo _ 0 and let gF()Q be a nonnegative and nondecreasing function on [0; 1) which is
submultiplicative on [Xg; 1). Then [ g(z)°(dz) < 1 implies

Eg(X(;x))]<d1 forall x _ 0;t=>0.
Proof Note that X(t;x) - x + A(t) forall t _ 0. By Lemma 4.1,
Elg(A())] < 1
This yields the conclusion. 2

Example 4.1 Let g(y) =y with ~ > 0 and r satisfying (HO). If
Z 1 _
y °(dy) < 1; C))

then, by Theorem 4.1, E[X(t;x) ]< A for all x _ 0;t > 0.

In the case r(y) = y®, ® > 1, conditions weaker than (4) are su¢cient for the existence of moments
of £X(t)g of order . Next three theorems treat this case.

Theorem 4.2 Assume that ©((0;1)) < 1. Letg bea nonnqutive and nondecreasing function on
[0; 1). Suppose that there is Xo > 0 and C _ 0 such that G(y) = )foegdz + C is submultiplicative on
[Xo; A). Then 7
a1
G(y)°(dy) <1

Xo

implies
Elg(X(t;x))] <1 foral x_0;t>0:

Proof Let . = °((0; 1)) and F(dy) = jl°(dy). We de..ne fikg, fYkg, FTrg as Section 2 for £X(t)g.
Choose x so that x > xg. Note that

E[g(X(t;x)) : 0 - t < T4]=g(q(t; x))e’ -*



and, forn _ 1,

EQ(X({; X)) :Th - t<Th+ ¢n+1l
El0@ i Th; X(TniiX)+Yn)) i Th - t < Th + i+l

E[g(q(t i Tn;X+Yl+M¢+Yn)) : Tn -t <Tn +Cn+1]
Z - i 1© t a
= % et -CT9(q(t i s;x +y1 + 066 +yn))P (Tp 2ds) F(dys) ¢6¢F (dyn)
0 0
nei,t£ 1 z l©z t ) a
(,n 1) (ee g(q(t i s;x +y; +tet+y,))s"itds F(dy;)tetF(dyn)
1 0 0 0
ntnilei’t 1 z 1©Zt a
T tee g(a(s;x +y1 +ttt+yy))ds F(dy)eettF(dyn)
i o 0 0
ntnilei,t a VA i
= == tee
(ni 1)5(3 0 0 a

G(X +yr +ett+yn) i Gt x+yy +ttt+yn)) F(dyr)teeF(dyn)

ngni 1ei Ut a1 10 a
— tee G(x+yL + et +yn) i G(a(tx)) F(dys)tetF(dyn):
nild)l o 0
Since G(y) is submultiplicative on [Xg; 1), there is ¢ > 0 such that
h'd

G(x+y1+ttt+yn) - c"Tt G(x+yi):
i=1
Also by the submultiplicativity,
Z 4 Z xo Zq

G(x +y)F(dy) - G(x+y)F(dy) +cG(x)  G(y)F(dy) =K < 1:
0 0 Xo

Then, we have
ntni 1e i.t

E[g(X(t;X)) i Tn - t<Tn+in+1] - il

fK(cK)" ! § G(q(t; x)g:

Hence,

. X ( t)nil ) )
E[gXEX)] - gatx)et-"+,  ==—=el-'FKEK)" ™ j Gt x))g
hey (N1 D)
= gt x))el -+ Ke-1CKID §  G(g(t;x)):

To prove the ..niteness of the above expectation is enougly to prove that G(q(t; X)) can not take the value
il. This is only possible if q(t;x) = 0. In such a case ;ﬁdz < 1 which implies that G(0) > j 1.
Therefore E[g(X(t; x))) < A for x _ Xg. To conclude for X < X is enough to note that X (t;x) - X(t; Xp)
for0 - Xx<xq: 2

In the previous result we had to assume that the Lévy measure was ..nite, in the next we exchange
this condition with a restriction on r and further restriction on g.

Theorem 4.3 Assume that r is nondecreasing. Let g be a nonnegative ang nondecreasing on [0; ).
Suppose that there is Xo > 0 and C _ 0 such that both g(y) and G(y) = )2; %%dz + C are submulti-
plicative on [Xg; ). Then Z 4

G(y)°(dy) <1

Xo



implies
Eg(X(tx))] <1 for x_0;t>0.

Proof Let A(t) be an input process with Lévy measure ©. Let

=
Al(t) = fA(S) i A(S i )glfA(s) iA(Gsi)>1g
s-t
and let X4 (t; X) be the storage process starting at x with input process A;(t). Then X, (t;X)g satis..es
Z ¢

Xt x) =x i r(Xu(s;x))ds + Ay (t):
0

Since X(t;x) . Xy1(t;x) and r is nondecreasing, we have
z t
Xx) i Xa(tx) = i fr(X(s;x)) i r(Xa(s;x))gds + A(t) i A.(t)
0

- A § AL
By the submultiplicativity and nondecreasingness of g, we have

Elg(X(t:x))] - E[agxe + X (t;x) i Xa(t; x))g(xo + Xa(t; X))]

E[ag(xo + A(t) i A())g(%o + X1 (t;x))]
= aE[g(xo +A() i A1(D)IE[g(Xo + X1(t; x))]

where a > 0 is the constant of submultiplicativity of g. Here, we also used the mutual independence of
A i A; and X;. By Lemma 4.1 (note that the Lévy process A j A; has a Lévy measure with bounded
support),

Elg(xo + A(t) i Ai(t))]< 1L fort=>0.

Now we prove the ..niteness of E[g(Xo + X1(t;X))]. If X1(t;X) - Xo, then g(xo + X1(t; X)) - 9(2%Xg). If
X1(t;X) > Xo then g(Xo + X1(t;X)) - ag(xo)g(X1(t;x)). In any case,

g(xo + X1(t;X)) - 9(2X0) +ag(xo)g (X1 (t; X))
By the preceding Theorem, we have
E[g(Xo + X1 (t;x))]< 1L foral t=>0:
We get the conclusion. 2

If we assume convexity of r, condition on g for the existence of g-moment of X becomes quit simple.
In order to show this, we prepare two lemmas.

Lemma 4.2 If ris convex on [0; 1), then q(t;y +2z) - q(t;y) +q(t;z) for all t;y;z _ 0.

R
Proof Since ris convex on [0; 1) and r(0) =0, g+ ?gz—)dz = 1 forally >0. Then

Z y 1
—dz=t
aty) M(@)

10



forally >0andt _ 0. Hence q(t;y) is left direrentiable in y > 0 and the left derivative I%—;q(t;y) satis..es
the equation

1 1 @i

— i —q(t;y) =0:
) *ray) oy 1Y
Hence ol @t y)
! reactyy
—q(ty)=———:
iy ' )
Since r is convex, r has a nondecresing left derivative r®. Hence %—;q(t;y) has a left derivative which
satis.s B @ty) i r°(y)
i a rr@y) i r'ty
—q(t; =r(q(ty)) -0 ae. y>0.
(@yq( y)) (acty)) r(y)2 y
Here, we used q(t;y) - y. Hence q(t;y) is concave in y. Since
z @i
aty+z)iaty) = —a(ty +u)du;
o Ou
we have
Z,; @i @i
aty+z)iaty)iatz) = f@—q(t:y+ z) i ——q(t;u)gdu
o @u @u
- 0

forall y;z;t _ 0, by concavity of q. 2

Remark 4.1 Assume that r is convex on [0; ). Let z(t) be a nonnegative nondecreasing step function
on [0; 1). De..ne x(t;z) by
z t
x(tz) =i  r(x(s;z))ds+ z(1): )
0

Let zo(t) = x and z1(t) = z11p, ;1 (t) for x;z; . 0O and t 2[0; ). Then, by Lemma 4.2,
X(t;zo +z1(0) = q(t i t1;q(te;X) +21) - q(t;x) +q(t i t1;21) = X(t; 20) + X(t; 21)

fort _ t;. The above inequality also holds for t < t;. In the same way, for nonnegative and nondecreasing
step functions z,(t) and z,(t) with ..nite steps up to t, we have

X(t; 2y +25) - x(t;z1) + X(t; 22):

Taking a limit, we have the above inequality for all nonnegative and nondecreasing step functions z(t)
and z,(t). This shows that the storage process X (t; X) is a subadditive functional of X + A provided that
r is convex on [0; 1) ([11)]).

Let Y (t; x) be a nonnegative random variable with Laplace transform
YA a1 YA t
ElexpfipY (6x)gl = explipg(tx)+  F (eFH9C¥ § 1)dsge(dy)]: (6)
0 0

The integral of the right side of the above equality is well de..ned since q(t;y) - y. It may be interesting
that Y (t; x) is represented as

z
q(t; x) + q(t i s;dA(s))

Z(O;t]

q(t; x) + q(s; y)N (dsdy)
[0;t]£(0; 1)

Y (t; %)

11



in law. Here,

z <
q(t i s;dA(s)) = lim a(t i s;AG) i ASi))

©:1 0<s-t;A(s)iA(si)>1=n

and N ig a Poisson random measure on [0;t] £ (0; 1) with intensity measure ds®(dy). The stochastic
kntegral 04 q(tis;dA(s)) can be regarded as a natural extension of the stochastic integral representation

(0: & 2 TSdA(s) of process of Ornstein-Uhlenbeck type (that is when r(y) = ay, see [13]).
For two random variables X;Y , it is said that X _ Y in stochastic ordering sense if P(X >vy) _
P(Y =y)for all y ([5]).

Lemma 4.3 If r is convex on [0; 1), then
X(t;x) - Y (t;x)
for all x;t _ 0 in stochastic ordering sense.

Proof First, we assume that | = ©((0; 1)) < 1. Let N¢ be a Poisson process with intensity ,. Since
X is a subadditive functional of x + A, we have that

X(tx) - qt x)+%(t i Ty Y)+Hete+qt § Tane Yne)

= q(tx)+ q(t i s;y)N (dsdy):
[0;t]£(0;1)

Now, assume that , = 1. Let X,(t;X) be a storage process de..ned in Section 2 via An(t). Then

Z
Xn(t;x) - q(t;x) + q(s; y)N (dsdy)
[0t} £(1=n;1)

in stochastic ordering sense , Xn(t;x) " X(t;x) and
z z

q(t;x) + q(s; Y)N (dsdy) " q(t; x) + q(s; y)N (dsdy)
[O;tIE(1=n;1) [0;t]£(0;1)

as.asn ¥ 1. Hence X(t;x) - Y (t;x) in stochastic ordering sense. 2

Theorem 4.4 Assume that r is convex on [0;1). Let g be a nonnegative and nondecreasing function
on [0; 1) such that g is submultipicative on an interval [Xo; 1), (Xo > 0). If

Z 432, -
92 . o .
. . Edz (dy) < 1; ©)
then
E[g(X(t;x))]< 1 forall x _ 0;t>0: 8)

Proof We de..ne z(t;x) by
z
z(t;x) =supfz > 0:

z 1

§ r(u)du - tg 9

12



for x > 0. If (7) holds, then

Z 437 -
1fg(s;y) . X0gg9(q(s;y))ds °(dy)
0 0
Z Jt:x0) 32 y - Z 4, 32,
_ 9@) 4, o(gyy + 9@) 4, o (ay)
Zxo 5 X0 I’,(Z) z(t;X0) a(ty) r(z)
)

o o T@ ©(dz) +t°((z(t;xo); 1)) < 1:

Hence by Lemma 4.1 and 4.3, we get (8). 2

Example 4.2 Let g(y)=y andr(y) =y® (® >1;” > 0). Then by Theorem 4.3 or 4.4 we have that in
the following cases E[X(t;x) ] < A forall x _ 0;t > 0:

@If <®j L R

(b)1f " =@ land 1 ogyo(dy) < 1.

©If " >®jland [y i®lo(dy) <1.

5 Examples

In all the previous examples we always used power functions. Here we exhibit functions g and G which
are not power functions and satisfy the assumptions of previous Theorems and Corollaries.

Example 5.1 Let g(y) be a function of the form

Z y 2
90) = cts) expf ug

where 0 <c; - c(y) - coand 0 <2(y) - c3 forally _ 0.
(@ For0<a<landy=>0,

g(ay) _ c(ay) Ly 2( )
S - 22 dug . =acs:
o) o) o U 8-,

Hence g(¢) satis..es the assumption of Corollary 3.2 provided that c(t) is nondecreasing.
(b) Suppose additionally that 331 is nonincreasing on [1; 1), then, for y;z _

z v 0
g+ = cy+epf - ldug
Z y+z Z, 2
= Eg)c(z))g(y)g(z) oot i ) dug
z z
_ dy+2) Z+12(W+Yi1) ()
= (e tVI@eet S mEn T Wi dug
z+1 2
Eg)c(z)) @ et ~Daug

PRI

that is, g is submultiplicative on [1; 1). Hence g(y) satis..es the assumption of Theorem 4.1 provided
that c(f) is nondecreasing.

13



Example 5.2 Let ¢ > 0 and ® > 0 be two ..xed constants. Let 2(y) be ehnorlnegative and nondecreasing
function on [1; 1) such that limys 1 2(y) =~ >0,2(1)+1j®>0and ,” —=Mdu< 1. De.ne g and
G by 1, R .

c3(y) +1j ®)expf Y Mdug  fory>1,

a(y) = c2(1) +1 j ®): for0 -y -1
and z,
G)= z'®(z)dz fory _ 1,
1
respectively. Then, z,
2(u) j @+ 1
G(y) = cexpf —(u) lu dug jc fory _ 1:
1

The function g is nonnegative and nondecreasing on [0; 1.). Lety;z _ 1. Then,

Z Z Z Z
y+z 2 Z 2 Z2 zZ2
ﬂdui @du = —(y+u)dui ﬂdu
y u 1 u o Y+u 1
Zl — z — ZZZ(u)
- du + —du —=du
o Y+u 71 1 u
z =2
_ _Iogy 1+ i (U)d
u
Z4,-"
- log2 + ! (u)du <1d:

Repeating similar calculations as in example 5.1 we obtain the submultiplicativity of g(y) on [1; 1). In
the same way, we have the submultiplicativity of G(y) on [1; ). Hence g(y) satis..es the assumptions in
Theorems 4.3 and 4.4 with xg =1 and r(y) = y®.

Examples 5.1 and 5.2 are slight departures of functions g that are of polynomial type. The following
introduces a similar study for exponential type functions.

Example 5.3 Let r(y) = y® (® > 0). Then, g(y) = y®®, (a > 0), satis..es the assumption of
Theorem 4.1 with Xo = 1. Also, G(y) = a®'e? satis..es the assumption of Theorem 4.3 and Theorem
4.4 with xXo = 1. Here one can also extend these examples to generate a similar class as in Examples
5.1 and 5.2. In fact, if g(y) = c(y)exp( 1yf(u)du) for a submultiplicative function ¢ and a positive
function f nonincreasing and bounded then g is submultiplicative in [1; 1). Similarly, one has that if
aly) = (F(y) i %)exp( lyf(u)du) for f(y) i % bounded above and below by positive constants then g

and G are submultiplicative functions in [1; 1).

6 Tail probability

In this section, we discuss tail probabilities of storage processes.

Lemma 6.1 Forall x;t _ 0,
PX({;x)=>y) - P(xX+ A(t) >vy):

Proof It is obvious by the inequality X(t;x) - x+ A(t). 2
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Lemma 6.2 If ris concave on (0; 1), then

qty +2z) . q(tiy) +q(t;z)

forally;z>=0and t _ 0.

Proof We have Z y

1
—dz =t fory > z(t;0+).
aty) T(2)

As in the proof of Lemma 4.2,
aty+z)iaty)iatz) .0
fory;z >z(t;0+)and t _ 0. If0 - y - z(t;0+), then
qty) +a(tz) =q(tz) - q(tty +2)
by nondecreasingness of q(t;y) iny _ 0. 2
Lemma 6.3 If ris concave on (0; 1), then
X(t;x) . Y (tx)

in stochastic ordering sense for all x;t _ 0, where Y (t; X) is de..ned by (6).

Proof The proof is accomplished using the same argument as the proof of Lemma 4.3 using Lemma
6.2. 2

R4 R
Let Q) = 4 (4 Liy;2(4(s: 2))dsO(dz) for y > 0.
Lemma 6.4 (a) Ifr is bounded and ©((y + z; 1))=°((y; 1)) ¥ 1asy ¥ 1 forevery z _ 0, then

Q) » t°((y; 1))
(b) If r(y) = o(y) and °(((1 +o(1))y; 1) » °((y; 1)) asy ¥ 1, then

Q(y) » t°((y: 1))
© Ifr(y)=0(y)asy ¥ A and °((y; 1)) is slowly varying at in..nity, then

Q) » to((y; 1)):

() Ifry)»ayasy ¥ 1 and°((y;1))=yi L(y), (a;” > 0) where L(y) is slowly varying at in..nity,
then

ljeiat
Q) » ——=—y " LO):
R
@ 1f - 755 dy < 4, then z
o(z1)

Q(y) » , "2
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Proof We have

Z 4 .72 ¢
1
QW) = 1fq(s; z) > ygds °(dz)
2 %3z, - z
= ——du ©°(dz) +t °(dz)
wizyy oy Q) [z(ty); 1)
z(ty) 1
= ——9((z; 1))dz: (10)
y r(z)
Hence
(z(ty); 1)) - Q) - t°((y; 1)): (11)
R
Note that in cases (a) » (d), T _Lgy=1. (a) If there is M > 0 such that r - M on [0; 1), then

1 r(u
y - z(ty) - y+Mt. By Lemmal (a) in [6], ©((z(t;y); 1)) » °((y; 1)). By (11), we get the conclusion.

(b) For any 2 > 0, there is zg > 0 such that r(u) < 2u for all u > zy. Then r_(lLB > 2L for all u> z. Hence

R, .
t. % Ldu. Thisyields 1 - #59 . ¢’ By the assumption on ©, °((z(t;y); 1)) » °((y; 1)). We
get the conclusion by (11).

(c) There isM >0 and zy > 0 such that
1 1

r(u) = Mu
for u _ zo. By the argument in the proof of (a), A%/.x) - eMt, Since © is slowly varying, °((z(t;y); 1)) »
°((y; 1)). We get the conclusion by (11).
(d) For any 2> 0, there is yg > 0 such that (1 j day - r(y) - (1+ day for y > yy. By (10),

Z z(ty) o
. ’ z; 1L
(1 + 2)|1 %dz - Q(y)
y
Z z(ty) o
. ' i
@i (@),
y
fory >yo. As©((z; 1)) » zi L(z), we have
Z 1 1 B YA a1 1 _
Q(y) » =z L (2)dz § =z L (z)dz
y @ 2(ty) @
asy ¥ 1. Hence 3 -

QW) » == VLYY i 26y)' LEEY))

asy ¥ 1. Since z(t;y) » ye®tasy ¥ 1,

jat

Q) » HE—yt L)

asy ¥ 1p
. 1 . . — .
(e) Since | 72-2—)dz <21,q(t; 1)< foranyt>0and z(t;y) = A fory _ q(t; L). We have
Z 4 1
Q = —°((z; 1))dz:
) , T @)
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A probability measure P on [0; 1) is said to be subexponential ([3]) if

P((y;1)) _
VL P(i1)

holds. Note that if P((y; 1)) is regularly varying at in..nity with nonpositive exponent, then P is
subexponential by Corollary on p. 279 of [7].

Theorem 6.1 Assume that r is concave and ©ji1;1)=°(1; 1) is subexponential. If r is bounded or,
r(y) =o(y) and °(((1 +o(2))y; 1)) » °((y; 1)) asy ¥ 1, then

P(X(tx) >y) »to((y; 1))
asy ¥ 1, forall x;t_ O.
Proof Let fA(t)g be an input process of X(t;x)g. Since r is concave, we have
PY(tx)>y) - P(X(tX)>Y) - P(A(D) >y i X): (12)

By Lemma 6.4 (a), (b) and Theorem 1 ([6]), we have
Z4

PY(t;X)>y)»t °(dz):
y

By Theorem 1 ([6]) and Lemma 1 ([6]), we have
PAM>yix) » t °(dz)
» t ©(dz):
2
Theorem 6.2 (a) If r isconcave on (0;1), r(y)»ay (@a=>0)asy ¥ 1 and°((y; 1)) = L(y), then

P(X(t;x) =>vy) » tL(y)

and
(b) if r is convex on [0; 1), r(y) » ay and °((y; 1)) =yi L(y) (" > 0), then

1jeidt _
= L(y)

PX({t;x)>y) »
asy ¥ 1 for all x;t _ 0. Here L(y) is a function slowly varying at in..nity.
Proof (a) Note that (12) holds. By Lemma 6.4 (c), we have

P(X(t;x))»tL(y)asy ¥ 1.
(b) By Lemma 6.4 (d),

ja t

1 _
Q(y) » %y L(y)asy ¥ 1.
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Let
Ay =T(s;u) 2 [0t £(0; 1) : x(t ulfs; 1) (%) > yg;

where X(t; z) is a functional of a nonnegative and nondecreasing step function z de..ned by (5). Note that
z Z

1a,((s;w))ds®(du) = Q(y):
©1) o

Since X(t; x) is a subadditive functional of x + A and a probability measure jQ(dy)=Q(1) on (1; 1) is
subexponential,

P(X(t:x)>y) » Q(y)
asy ¥ 1 by Theorem 3.1 and Example (Lévy motion) in [11]. We get the conclusion. 2

Theorem 6.3 If r is convex and a probability measure jQ(dy)=Q(1) on (1; 1) is subexponential, then
Z z(tyy) o((z; 1))
y r(z)

o LT
asy ¥ 1 forallx _ 0and t>0. Under an additional assumption Tgy—)dy <1,
R (CED))
——d
y r(z)

P(X(t; x) >y)» dz

P(X(t;x) >y)»

asy ¥ 1 forallx _ 0Oand t>0.

Proof As in the proof of Theorem 6.2 (b), we have
P(X(t;x)>y) » Q(y)

asy I 1. By (10), Z i o2 1)
P(X(t;x) =>y)» , sz
asy ¥ 1. If Rll T(J)-/—)dy < 1, then we have by Lemma 6.4 (), that
z 1o 71
P(X(t;x) >y)» , %dz
asy ¥ 1.2
Remarks

la. In Theorems 4.2-4.4, assumptions for r can be relaxed as follows: There exists a function r; such
that r; - r and the assumptions on r are replaced by the same ones where r is replaced by r;.
1b. Additionally, if one assumes that

z z
toay " @)
y r(z) y i@
asy ¥ 71 then Theorem 6.3 is also satis..ed.

2. In Theorem 6.1, assumptions for r can be relaxed as follows: There exists a function r4 such that
r+- _ rand the assumptions on r are replaced by the same ones where r is replaced by r..

dz

-
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