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Abstract

We see that the price of an european call option in a stochastic volatil-
ity framework can be decomposed in the sum of four terms, which identify
the main features of the market that affect to option prices: the expected
future volatility, the correlation between the volatility and the noise driv-
ing the stock prices, the market price of volatility risk and the difference
of the expected future volatility at different times. We also study some
applications of this decomposition.
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1 Introduction

Ever since the work of Black and Scholes [BS] and Merton [M] option pricing
theory has motived a great deal of attention from reseachers of various disci-
plines. The original work of Black and Scholes assumes that the stock prices X}
satisfy a stochastic differential equation of the form

dXt = [,LXtdt + O'Xtth,

where 1 and o are constants W is a standard Brownian motion. The parameter
o is called the volatility of the model.

It is widely recognized that this model provides a less-than-perfect descrip-
tion of the real world. In particular, the constant volatility assumption is clearly
not true from empirical studies. If option prices in the market were conformable
with this model, all the Black-Scholes implied volatilities corresponding to the
same asset would coincide with the volatility parameter o of the underlaying
asset. In reality this is not the case, and he Black-Scholes implied volatility



heavily depends on the calendar time, the time to maturity and the moneyness
of the option.

The natural extension of the Black-Scholes model that has been pursued in
the literature and in practice is to modify the specification of volatility to make
it a stochastic process. In most cases, o is repaced by o (t) = f(Y;), where
f is a given function and Y; satisfies a stochastic differential equation driven
by another (maybe correlated) Brownian motion . Some examples of modelling
are: Hull and White ([HW]), Stein and Stein ([SS]) and Heston ([H]).

It is difficult in general to choose a specific stochastic volatility model and
to develop closed forms for option pricing in this framework. Nevertheless, one
feature that most models seem to like is mean reversion. The volatility tends to
fluctuate at a high level for a while, then at a low level for a similar period, then
high again, and so on. Taking into account this fact, in [FPS] the authors devel-
oped a method for approximate derivative prices that it is valid for fast mean
reverting volatilities. They identify the important groupings of market parame-
ters, which otherwise are not obvious, and they turn out that estimation of these
composites from market data is extremely efficient and stable. Furthermore, the
metodology is robust and it does not assume a specific volatility model. The
basic idea is to work in large time intervals, where we can assume that the mean
reversion is fast and then the constant-volatility Black-Scholes model (with a
correction to account for random volatility) is a good approximation.

The main goal of this paper is to prove a general decomposition formula
for derivative prices in the stochastic volatility framework. By means of It6’s
formula we see that the option price of an european call can be decomposed as
the sum of several factors depending on the basic properties of the market:

1. the expected value (at present time) of the mean-square time average of
the volatility process until the expiration time,

2. the correlation between the volatility process and the Brownian motion
W,

3. the market price of volatility risk, and

4. the difference between the expected value of the mean-square time average
of the volatility at different times.

This formula gives us a way to understant the influence of each one of the
above factors to the final option price. As a particular application we deduce
an approximation option pricing formula for the case of fast mean reverting
volatilities that coincides with the one presented in [FPS].

2 Preliminaries on option pricing
We will consider the following model for stock prices

dXt = MXtdt+ O'tXtth, t e [O,T] (1)



where p is a constant, Wy is an standard Brownian motion and oy is a square
integrable process adapted to the same filtration as W; (that we will denote by
Fi). An European call option is a contract that gives its holder the right, but not
the obligation, to buy one unit of an underlying asset for a predetermined strike
price K on the maturity time T. The asset is assumed not to pay dividends and
there are not transaction costs. It follows that the value of this contract at time
T, its payoff, is given by the quantity h (X7) = (X7 — K7), . At time t < T
this contract has a value, known as the derivative price V;, which will vary with
t and the observed stock prices until time t.

In the next subsection we present the general methodology for option pricing
based in the Girsanov transformation. We will denote by r the interest rate,
that we will assume constant.

2.1 Pricing with equivalent measures

Suppose that there exists a probability distribution P* equivalent to the orig-
inal one P under which the discounted stock price process X; =e~ "X, is a
martingale. It is well-known that if we price an european call by the formula

Vi = e~ T(T—1) [(XT _ KT)+| j:'t] , (2)

where E* denotes de expectation with respect to P*, there is no arbitrage opor-
tunity. Thus V; is a possible price for this derivative.

Let us now construct equivalent martingale measures. As the process )N(t
satisfies the equation

dXt = (,LL - T) Xtdt + O—tXtth

we need, in order to absorb the drift term of X, in its martingale term, to set
t J—
Wt* — Wt +/ Mdsl
0 Os

On the other hand, if we assume that o (¢) depend on a second independent
Brownian motion Z, any transformation of the form

t
Zy =7, —I—/ v,ds,
0

where v, is a process such that the integral fg v,ds is well defined, will not

change the drift of X,. By Girsanov’s theorem we know that, if (” 2 and Yo
are adapted and bounded processes there exists a probablhty dlstrlbutlon pP*
equivalent to the original one such that W;" and Z; are independent standard
Brownian motions. Notice that any allowable choice of v leads then to an
equivalent martingale measure and to a different no arbitrage derivative price.
This process 7y is called the risk premium factor or the market price of volatility
risk.



Much research has investigated the range of possible prices in general set-
tings. The approach that we will follow here is the same as used in [FPS], where
it is assumed that the market selects a unique equivalent martingale measure
under which derivative contracts are priced. Notice that the value of the mar-
ket’s price of the volatility risk 7y can be seen only in derivative prices, since
does not feature in the real world for the stock price.

2.2 1td’s formula

The main technical used in this paper is the following classical It6’s formula for
semimartingale processes. We refer to [KS] for a more complete explanation on
martingale integral calculus.

Theorem 1 (It6’s formula) Consider
A={(A},...A}), t€0,T]}

a n-dimensional semimartingale. That s, Al = Aé + Bi + M}, where for all
i =1,..,n, B} is a bounded-variation process and M} is a martingale. Then, for
all f € CH® 2 (R™) and for all t € [0, T]

f (t,A%,...,A?)

= f(t,A} A")+/tﬁ(sAl AT ds
5 05 s 0 b 85 B 530y s

n t 8f 1 . . n t 8f . . i
—5—;/0 9z, (S,As,...,As)st-i-;/o o, (s,A;, ..., AZ) dM

1 n t aZf 1 . . ;
+§”Z:1/0 Do, (& As - AT) A (M, MY) (3)

where the differential dM} is interpreted in the It sense and <Mi, Mj>s denotes
the covariation process of M* and M?.

Using the characterization of option prices as conditional expectations and
the above Ito’s formula we will develop in the next section the main result of
this paper.

3 The general decomposition formula

The main goal of this section is to decompose the price of an european option in
the sum of several terms, which allows us to identify the influence of the basic
properties of the market on the option price. We will use the following notation:

o v? = | tT E (02| ;) ds. That is, v will denote the expected value (at
present time) of the mean-square time average of the volatility process
until the expiration time.



o M; = fOTE (0§| .7-}) ds. Notice that v? = ﬁ (Mt — fot aids) .

e Cps(t,x;0) will denote the Black-Scholes function with constant volatility
equal to o, current stock price x, time to maturity T — ¢, strike price K
adn interest rate r. That is,

Cps(t,x,0) = xN (dy) — Ke "IN (dy),

where

_ log(z/K) + (r+ 302) (T —t)

d
! o (T —t) ’

and

1 e
N(z):\/—Q_ﬂ/ eV /2dy.

e Lpg (o) will denote the Black-Scholes differential operator with volatility
o

o 1 0? 0
LBS (0') = a + 502$2W —+7r <x% — > .

It is well-known that Lpg (0) Cps(-,-;0) = 0.
We will assume also the following hypothesis:

(H) For allt € [0,T], My = M; + Ay where, under P*, M is a martingale and
A is a bounded variation process.

Now we are in a position to prove the main result of this paper.

Theorem 2 Assume the model (1), where o0 = {05, s € [0,T]} is an adapted
and square integrable process such that hypothesis (H) holds. Then, for all t €
(0, 7]

‘/t = CBS<taXt,Vt) +E* /t e—T(S—t)Xsw (S,XS,US) dAS

T 2
0 0% P,
—r(s—t) X X'Z 0 X W. M

/t € 58x< 5 Ox? (s, s,Us)) osd (W, M),

T 2 2
+/ e =0 <X28_ (Xz8 o (s,XS,vS)>) d(M,M),
t

5 Ox2 5 Ox2

o

Proof. Notice that Cps(T, Xr,vr) = V. As e "V, is a P*—martingale we
can write

e "V =E* (e7"TVp| F) = E* (e T Cps(T, Xrvr)| ) (5)



Let us consider the process e "'Cpg(t, X; vi). Applying Ito’s formula (3)and
taking into account that

30}35 1 . zaZCBS
80’ (S7Xsavs) 2(T _ S)Us - Xs 8.13‘2 (

$7Xsavs)

we deduce that
€_TTCBs(T, XT,VT)
= e_rtCBs(t,Xt,ut)

T 1 02
+/ e "8 (EBS(US)+2 (0'2—'0 )sza Z)CBS(S’XS7US)dS
i

T
+/ e " (agBS) (8, Xs,v5) 05 XsdWs
t

T

T
+/ _”Xzaacljs (s, X5, 05) (V2 — 0?) ds
t

T

26,

+/ e X2 o B3 (5, X, vs) dM
t

T 2
-l-/ e_sza iBS (s, Xs,vs)dAs
t

S 8 2
T —rs 0 ZaZCBS
—I—/t e e X 922 (s, Xs,0s) | 0sXsd (W, M)
4 02 0*Cp
2 2 S
+/t (X 92 (Xs 922 (s,Xs,vs))> d(M,M),, (6)

from where it follows that
€_TTCBs(T, XT,VT)
= 67”035(75, Xt’Vt)

T
—I—/ e " (80B5> (8, Xs,vs) 05 XsdW
¢ Ox

T 2
0°C
—I—/ e_rSXSZ BS (s, Xs,vs)dM
t

Ox?
T 0°Cps
-l-/ e X2 82 (8, Xs,vs) dAg

s D2

/ a_ <S’Xs,vs)) 0, Xod (W, M)
/ ( aa_ (Xzazacfs (Sva,vs))> d(M,M),. (7)




Then, taking conditional expectation with respect to F; in both sides of (7) we
deduce that

E* <€_TTCBS (T, XT7VT)| ft)
= e "Cps(t, Xsvt)

T 2
+E* {/t e_rstaai];S (s, Xs,vs) dAs

oz 012
T 2 2
Jr/t e "® (st% <X§aaifs (SaXs;”S))> d(M, M>s ‘Ft}'

Now, multiplying by ¢* and taking into account(5)the result follows. m

T 2
+/ ei”‘s)(s2 (sta OBS (S,XS,US)> Usd <VV’ M>S
t

4  Applications

The pourpose of this section is to comment how the above decomposition for-
mula can be applied to estimate option prices in different frameworks.

4.1 Approximate option pricing formulas in the fast mean-
reverting case

Suppose that the volatility model can be written as oy = f (Y;), being ¥; an
Ornstein-Uhlenbeck process of the form

dYy; = —a(m —Y;)dt + cy/adBy, (8)

where a > 0, m and c are constants and B; is a Brownian motion. The coefficient
a is called the rate of mean reversion and m is the long-rum mean level of Y.
The drift term pulls Y toward m, so we sould expect that o, is pulled toward
the mean value of f(Y;) with respect to the long-run distribution of Y. The
solution of (8) can be explicitly written in terms of its starting value y as

t
Yi=m+(y—m)e ' + c\/a/ e~ (t=9qB,, (9)
0
from where we deduce that Y; is a Gaussian process such that
EY) =m+(y—m)e ™ Var (¥;) = ¢ (1 —e7*)
and, for all s > ¢,
Cov (Y’t’ Y'S) _ CZefoz(sft) (1 o 672at) )

Under its invariant distribution, Y; ~ N (m,cz) and Cov (V3,Y;) = e—als—tl,
For every real function f, we will denote by < f2> the expectation of f2 under



this invariant distribution. We notice that the decorrelation is of exponential
type, that is, the process Y; has short-memory. From this property we can
deduce the following result

Lemma 3 Consider Y; the Ornstein- Uhlenbeck process defined by (8). Assume
that the volatility process is given by oy = f(Y;), where f € C?(R). Then
|l/§ - <f2>‘ < Cy(a(T —1)"t, for some positive and F,-measurable random
variable C;.

Proof. Notice that
Yy =m+ (Y, —m)e ¢=D 4 c\/c_t/ts e~ dB,. (10)
Then can write
E (o3| 1) = (f%)
= F {f2 <m + (Y —m) e @G0 4 c\/a/ts e”‘(sr)dBT>
— f? (m + /e /t ) e—a@—*)dBr) ‘ ft}
+E <f2 (m +eva /t ) e—a“—”dBr)) —{f?) (11)

As f € C? (R) we can write

f? (m + (Y —m)e oD ¢ c\/a/ ea(sr)dBT)
t
—f? (m + c\/a/ eo‘(sr)dBr> ’
t

< ¢|(Y; —m)|em D, (12)

On the other hand,

E (f2 (m +eva [ e‘a(s”’)dBr)) —(f?
= F {fz <m+ va /t S e—a@—*)dBT)

_f2 (m—l—c\/a/s €Q(ST)dBr):|

' 2\ 3
CvaE (' / e~ 4B, )

Cefoz(sft)

Ver

IN

IN

(13)



Now, taking into account (11), (12) and (13) it follows that

1

- = | [ B E) - )]s

LY
< —als=lg
< CtT—t/t e s
< G ,

- a(T-1)

and now the proof is complete. m

Remark 4 The above lemma proves that the term Cps(t, Xy vi) can be approz-
imated by Cps(t, Xy \/(f2)), being this approzimation of order (a(T —t))*.
This means that if the rate of mean reversion and the time interval are big
enought, this approzimation is good. The advantatge is that the contant \/(f?)
can be easily estimated from historical volatilities, without assuming an specific
volatility model.

Once we have found an easy-to-evaluate approximation to Cpg(t, X v¢) the
natural questions are if the remaining terms have an important influence in the
option price, and if yes, if it is possible to find a good approximation for them.
In the next lemma we find an answer to the first question.

Lemma 5 Assume that for allt € [0,T] the volatility process is given by oy =
f(Yy), where Y; is an Ornstein-Uhlenbeck process defined by (8) and f is a
real function in C? (R) such that the function % is bounded. Assume also that,

under P*, B, = B} + fg v,ds for some adapted and a.s. bounded process v =
{V4,8 €[0,T|} . Then Hypothesis (H) holds and, for all t € [0,T)

T 82033 1
E* / eir(sit)X‘gW (S,XS,US) dAs ft S C()éiz, (14)
t
T 2
E* (/ e_r(s_t)XS% (staaifs (s,XS,vS)) osd (W, M), .7-}) < ca~%
t
(15)
and
r d? 92Cps
E* / e =D (XSZ@ <X§ 52 (S,XS,US))) d(M,M),|F; | <ca™™
t
(16)

Proof. In order to simplify the proof we will assume that m = y = 0. Now
the proof will be decomposed into several steps.



Step 1. Let us see first that Hypothesis (H) holds. For all s > ¢ we can write
t s
Y, = co/a / e~ G GB, + ey/a / e~ GgpB,
0 t
= :Z(s,t)+ c\/a/ e 4B,
t

which implies that

/O E(f2(Ys)| Fi) ds

T t
/t (/sz (ZL')gZ(SQt)’%m(LE)dZL’) dS‘F\/0 fz (Y ds

where

Im,o (T) = ﬁ exp <—%>

By classical Ito’s formula (3) it is easy to deduce then that

/OTE(fZ(YS)|ft)ds
- /OTE(fZ(}/S))derQc\/E/Ot(/ (/f Z(s,r))

X9 4 (s ) /Te G (fﬂ)dx) e’““”ds) dB,

:/O E(f2 (%) )ds+4c\/_/ (/ ““”(/R(ff’)(x)

ng(s ), \/TQU) )
= [ prea e [ (/ LI B4 () fr)ds> B,
0

which gives us that Hypothesis (H) holds with

M; = /OT (f2(Y,)) ds + dey/a / (/Te”‘(”)E(((ff)() >ds>B

and

A = deva /0 (/ eI ((Ff) (Va) F, >ds> (r) dr.

10



Step 2. Let us prove inequality (14). The proof of (15) and (16) would be
similar. It is easy to check that xz%gﬁ (s,z,y) is a bounded function. Then
T 2
o°C
* —r(s—t 2 BS
E </t e r(s )Xsw(S,XS,US)dAS ft)‘
T
cE* (/ |[dAs| ft>
t

= CVap ( / ' ( / " et B (1) (V) ) ds> ()l dr
< C\/E/tT (/TTeD‘(ST)d5> dr
Ca

<

IN

)

)

and now the proof is complete. m

The above lemma shows that Cps(t, X;,v;) (and then Cps(t, Xi,1/(f?))) is
an approximation of order a=1/2 for the option price. The next propostion will
show us how to find an approximation of order a 1.

Proposition 6 Assume that for all t € [0,T] the volatility process is given by
= f (Y1), where Y; is an Ornstem Uhlenbeck process defined by (8). Assume

also that, under P*, By = B} —i—fo ) ds, for some bounded function h. Then
there exists two constants Vo and V3 such that

Cps(t, X, V/([2)
HT - 1) {Vz (XE8 T35 1, X, <f2>)>

s (28 o, () + 052 (v T) ) b

is an approximation of order a~t for the option price V;.

Proof. By going on the developement of Formula (4) we can write

ft>
8 82035 * r
+Xt% (th 83)2 (taXtavt)> E ([ Usd<WM>s ft

+Rta (18)

Vi = Cps(t, Xe,ve)

T
+X2880§S (t, Xy, v) B (/ dA,
t

11



where

T 2 2
0-C 0-C
N nT3 —r(s— 2 BS 2 BS
R : =E {/t <e C=OXZDE (5, X 0,) — XE S (t,Xt,vt))dAs

T 2
i D [ ,02C
o (et (T e xw)

0 92Cps
_Xt% (th 922 (t,Xt,Ut)>)osd<W,M>S

T 2 2
o[ e (el (xga s <s,Xs,vs>)) 4.(M, M),

Applying again 1to’s formula and following the same steps as in the proof of
Lemma 5 we can see that R; < Cya~1. On the other hand, Expression (18) can
be written as

CBS(ty Xt,yt)

]-'t} .(19)

262035 * 1 T
+(T—t) Xt —axz (t,Xt,”Ut)E —T—t ’ dAs .E
9?C I
2 BS *
+XP 2 (6 X v) B (—T_t/t ood (W, M), J:t)

+X33303S (t, Xy, v0) B L/T d (W, M)
t axg ) ty Ut T—t ] Os ) s

ft> } )

As v (r) = h(Y,), using the same kind of arguments as in the proof of Lemma

3 we can see that
ft> v

1 T
B | —— A
(T—t/t dhs
ft>—V3

1 T
EY | =— M
(T_t/t oud (W, M),

This allows us to complete the proof. m

<Cya(T-1)

and

< Cy(a(T—1t) .

Remark 7 This approxzimation formula coincides with the one obtained by
Fouque, Papanicolau and Sircar in [FPS]. The constants V, and V3 can be cal-
librated from implied volatility, as it is studied in [FPS].

Remark 8 A natural question is: Why not proceed with the above asymptotic
expansion, obtaining more accurate approrimations? The answer is the follow-
ing: Cps(t,X;,5) approzimates Cps(t, X;.v¢) up to the order a1, and it is
necessary to fix a specific volatility model to find better estimates for this term.
That is. it is not possible to obtain higher-order approximation formulas without
choosing a concrete volatility model.

12



Remark 9 In order to capture the long-memory properties of the volatility ob-
served in some financial markets, some authors have proposed to extend the
Black-Scholes model to the case where the volatility is modelled as a fractional
Ornstein-Uhlenbeck process driven by a fBm (see for example [CR] and [Huj).
It is intuitive that in this case the approrimation formula obtained in the last
section is not going to be as accurated as in the short-memory case, because
here the mean reversion is not so fast and the pricing formula will depend not
only on the present stock and volatility levels but also in all the past. It becomes
interesting to study how Formula (4) can be used in this case. This is the subject
of the work [A].
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