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2 A. KOHATSU-HIGA AND R. PETTERSSON

1. Introduction. The Monte Carlo simulation method is used to estimate quan-
tities of the type E[f(X)] where f is a somewhat regular function and X is a random
variable that can be simulated.

In this article, we are interested in the case when f is a generalized function
such as the Dirac delta function §, or a discontinuous function such as an indicator
function. In the first case the expectation will become the density of the random
variable X and in the second the distribution function. If f is not regular then the
Monte Carlo method has to be slightly modified using %Z?:l fn(X?) where f, is
a smooth function that approximates f and X' are independent copies of X. This
approximation converges to the desired quantity but a big error is produced due to
the non-smoothness of the general function f. In this frame it becomes important to
device methods in order to reduce the variance of the Monte Carlo estimation. This
problem has been extensively studied by statisticians (although in a slightly different
situation) in the theory of kernel density estimation; see e.g. [12].

Here we propose to analyze the above problem using Malliavin Calculus for Wiener
space. More explicitely, using the integration by parts formula of Malliavin Calculus
one has that E[f(X)] = E[F(X)H(X,1)], where H(X,1) is an appropriate random
variable and F'is an antiderivative of f. In this way we gain smoothness in the function
to be evaluated but the simulation of H (X, 1) starts to be required. The above formula
can be explained as the integration by parts of [, f(x)p(z)de = — [ F(x)p/(x)dx,
where p is the density of X, ie. H(X,1) = —p/(X)/p(X). This looks simple as
long as one knows the density of X. Here we deal with cases where p is not known
explicitely. Still, we show that there are ways to simulate H(X, 1) and that some
variance reduction is in fact achieved.

The typical example that we treat here is when X is the final value of a diffusion.
That is, X = Xy where

XtIl‘0+/tb(Xs)d8+/tU(Xs)dWs, te[0,1]. (1.1)

Here 27 € R and b and ¢ are smooth functions. If the Hormander hypothesis 1s
satisfied then the density of X exists and is smooth. In [1] and [2] the approximation
error for the density is studied when the random variable X is replaced by the Euler-
Maruyama approximation X.

Obviously, the density of X is explicitely known only in particular cases and
therefore the simulation of H (X, 1) is not a trivial matter. This is exactly the merit
of Malliavin Calculus. One can use this technique to develop an expression for H (X, 1)
that can be simulated. In order to simulate E[f(X)], our Monte Carlo method with
variance reduction is to calculate %2?21 F(X"YH(X', 1), where X? are independent
Euler approximations of X. We concentrate on the particular case when f is the
delta function which therefore generates the density of the diffusion process but this
methodology can be applied also when approximating the price of an option or its
greeks in mathematical finance. In fact, this idea appeared first in [5] applied to
the calculation of greeks called delta, vega and gamma. Also in [6] a more careful
study of the simulation of the density is carried out. An optimal variance reduction
method 1s devised but it requires the knowledge of the density itself and is therefore
not amenable to direct application.

In this article, we introduce a control variate method and a tuning method, sim-
ilar to the ones used in kernel density estimation, that helps to reduce the variance
substantially. The main difference with respect to kernel density estimation methods
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is that our tuning does not require that the window size goes to 0 as the sample size
increases. Furthermore the same simulated paths give good estimates for densities at
any point. That 1s, one can compute the density over the whole real line with the
same number of simulated paths.

We focus in the one-dimensional case just to avoid cumbersome notation. The
results are also valid in multidimensions with appropriate modifications. The impor-
tance of these methods is obvious when the dimension is relatively big. See also [9]
on variance reduction of smooth functions of diffusions where methods of importance
sampling and control variates are developed without the use of the integration by
parts formula.

In Section 2 after some preliminaries on Malliavin Calculus we explain the general
method and give a control variate method for variance reduction. In Section 3 we
estimate the error of the approximating expectations. The error is estimated when
there is an Ito-Taylor expansion for the functional in the spirit of [8]. In Section
4 we consider as an application of Section 3, the case of diffusion processes with a
Hormander condition. We also define the different approximations and give bounds
on the approximation error. In Section 5 we study the mean square error of the
kernel density method. In Section 6 a similar study for the integration by parts
method 1s made and a comparison is made. In Section 7 numerical implementations
are described.

Throughout let ¢ denote a generic constant which may differ from line to line.

2. Malliavin derivative and density by duality. Let W = {W,;},c0,1] be a
standard one-dimensional Brownian motion defined on a complete probability space
(Q,F,P). Assume F = {F;}i¢[o,1] is generated by W. Let § be the space of random
variables of the form F' = f(Wy,, ..., W:, ), where f is smooth. For F € §, D;F =
S (W, We)lioeg(t). For k€ Zy, p> 1, let DFP be the completion of

i=1 8z,

S with the respect to the norm

k 1 1
1E e p = (ELFP]+ B[S / / DI, Fltdsy .. ds;)P/?]) Y,
j:l 0 0

where DJ,  F = Dy, ...Di,F. Welet ||Fllo, = (E[FF])'/P = ||F||, and D =
Mg pIDFP. For processes u = {tt}iefo) on (2, F, P), Dlzf([o,l]) is defined as DF? but
with norm [[ulli p. 210,13y = (Ell[ully 20, JH EU =1 Jo - fo 1D ol oo st
...ds;)P/?])}/P. For two-parameter processes u = {u; ¢} re[0.1]; Dlzf([o,lP) is defined
analogously. Dz%([o,l]) and DZOQ([OJ]Q) are defined similarly to D .

We denote by d(u) the Skorokhod integral, the dual operator of D. If u; is F
adapted, then d(u) = fol udWy, the Tto integral of u; see e.g. [11]. Here we write

d(u) = fol ugdWy, even if u; is not F; adapted. This integral satisfies that
1 1 1
0 0 0
for F € DY? and E(F? fol uldt) < co; see e.g. Nualart [11, (1.49), p. 40], and

E[/O (D, Fudt] = E[F8(u)). (2.2)
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For F, G in D"? and h a stochastic process such that Efol h2dt < oo, we use the
notation

1

H"(F,G) = / heGdW,, (2.3)
0

where h; = hef fol hs DsFds, whenever the integrand in (2.3) is Skorohod integrable.

The usefulness of H”(F, ) can be seen in the integration by parts formula of Malliavin
Calculus which can be expressed as

E[f/(F)G] = B[f(F)H"(F, G)]. (2.4)

We let H(F,G) = HPT(F,G) (i .e. hy = D;F in (2.3)). Similar arguments as to
those in [11, p. 78 & p. 97] gives the following theorem.

THEOREM 2.1. Assume F € DY2? and Efol h2dt < oo. Let ¢ be a function
on R such that , %gp € L*(R), (0) = 1 and ¢ € L*(R). Let r be a positive
number and assume that /Nzgo((F — z)/r) is Skorohod integrable. Then the density of
F, f, exists, is continuous, and f has the representation f(x) = E[é..(x)], where
ber(@) = (Ypsay — (@) HM(F, o(£52)). Furthermore,

r

HY(E ("2 = o(E D) R 1) — gl (T

r r

). (2.5)

"
Proof of Theorem 2.1. We first observe that taking F = 1 and u; = o((F—=)/7)hs

in (2.2) yields

F—z

r

E[H"(F, ¢( )] =0. (2.6)
We now show the existence of the density of F'. For this we assume that F' and u are
sufficiently smooth as well as ¢. The general argument follows by a density argument.
Taking @ < b and using (2.1), (2.2) and (2.6) we have that

=MAHWWM@E&HM=MmMDL
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which shows the absolute continuity of the law of F' with respect to the Lebesgue
measure. The right continuity of the density of F, f, follows from the fact that
- € L%([0,1]) and the right continuity of the indicator function 1{.,}. Now f can
also be written with 1;ps ) replaced by 1175z from which the left continuity follows.

Finally taking F = o((F —x)/r) and u; = hy in (2.1) the claim (2.5) follows. That is,

F _
HM(F, p(—=

)

Vo F—x .
:/ o YhedWy
0

r

:@(F_x)/otiztth—/OlDt(go(F_x))ﬁtdt.

r

O

Taking ' = ¢((F — l‘)/?“)/fol hsDsFds and wy = hy in (2.1) and assuming enough
smoothness one obtains that

[ hedW, N o fo De(hy Dy F)hydsdt

oM"(F,1) = — .
fo h,D,Fds (fo hs Dy Fds)?

(2.7)

Note that the variance of €. () is finite under reasonable assumptions, while var(d, (f)) =
00. The issue of the variance of & ,(z) will be further discussed in Section 5. The
representation of the density f introduced in Theorem 2.1 has the additional benefit
that 1t allows to develop a control variate method for the reduction of variance; see
also [5], [6] and [7] for related results.

REMARK 2.2 (Control variate method). Assume the same hypotheses as in The-
orem 2.1. If f(z) > 0, then E[H’%F,gp(%))z] > 0 and, for fired ¢ and r, the
variance of & »(2) = (1{F>a) — c(x))H" (F, p(£=2)) is minimized by

r

F—=

r

ol) = cyo(2) = BlLpsny H (FLo(C— D)V ELHM (Fp(* 07 (28)

O
The case of f(x) = 0 can also be dealt with some extra changes. To simplify our
discussion we will focus on the case when f(z) > 0.

3. Convergence of approximative functionals. In this section we present a
general theory of approximation for random variables F' on Wiener space that gives
as a result rates of convergence to the density of F. This theory is based on Ito-Taylor
expansions in the spirit of [8]. Later we consider as an application the case when F' is
the terminal value of the solution of a stochastic differential equation. Other examples
that satisfy the following conditions will be treated in forthcoming publications. To
simplify we use the notation dW} = dW; and dW? = ds.

CONDITION 3.1. (i) {Fy}n>0 and F are in D™ and satisfy

1
F — Fn = Z // vU;’j(sl,Sz)dWi(Sl)de(Sz),
7,7=0 AR?

where ALJ are subsets of [0,1]? with mean area Z;j:O |ALI|/4 < ay, for a sequence

an — 0 as n — oo, and sup,, sup,, . Zij:o [ (s1,82) ||k p < o0 for all k € 7y,
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p > 1. The processes uly) are measurable, not necessarily adapted but with enough
properties so that the above integrals are well defined.

(ii) For a € [0,1] there exist processes h, = hy o in D (L2[0 1]), uniformly
bounded in n, and a process h € D (L%([0,1]), such that E[ |f0 s)Ds Fds|™P] <
oo for allp > 1 and E||h, — h||’£2[071] < en(p) for a sequence e,(p) = en,a(p) — 0,
n— 0.

(iii) For o € [0,1] there exist positive random variables dy, and positive bounded
constants b, and ¢ such that |b, + fo s)Ds Fds| > ¢ fo s)D, Fds| and

1
|6, —1—/ hn(s)(aDs Py 4+ (1 — a) D F)ds| > d,
0

where for any p > 1 there exists k(p) = k(p, ) € Z4 such that sup,, sup,epo.1) £ld, p](aﬁ(p)/z—l—

en (4k(p)) /2 + b2 )y < .
Without loss of generality we assume that all the sequences a,, b,, e, and d,, are
smaller than 1. Next we give the main approximation result in this section.
THEOREM 3.2. Assume Condition 3.1. Then for any distribution T,

[E[T(F) = T(Fn + Ya)l| < e(an +ba), (3.1)

where Y, is an independent normal random variable with mean zero and variance b,,.
Furthermore, if

sup sup EJ | WaDsFp + (1 — a) D F)ds|7P] < oo, (3.2)
n>10<a<l

forallp > 1, then

\E[T(F) — T(Fy)]| < cay. (3.3)

We say that the approximation problem is uniformly elliptic when (3.2) is sat-
isfied. If we instead only assume Condition 3.1 we will say that the approximation
problem is of Hormander type. See Section 4 for more explanation about this termi-
nology.

The above theorem will be usually applied to T'(y) = 1{y>») or T(y) = 5£k)(y),
the k-th derivative of the Dirac delta measure. We will do the proof in the second case
for # = 0, k = 0. The general case 1s proved similarly. The application of Theorem
3.2 to diffusion processes and its Euler aproximation will be given in Section 4. At
the end of this section we also give a generalization of Theorem 3.2 where F'— F,, may
be expressed as a sum of higher order stochastic multiple integrals.

We start with some technical results.

LEMMA 3.3. Assume Condition 3.1 (i). Then E||D(F, )||L20 1] < can/ for
any p > 4.

The above rate 1s not optimal in most cases. But for our purposes it will suffice
as a rate of convergence.

LEMMA 3.4. Assume Condition 3.1. Then

1
sup sup E[|b, —1—/ hn(s)(aDs Py 4+ (1 — a)Ds F)ds|7P] < oo for all p > 1.
n>10<a<l 0
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Proof of Lemma 3.3. We consider one of the terms in Condition 3.1 (i) (i = 1,
J = 1). By Proposition 1.4.5 of [11, p. 69], which is a consequence of Meyer’s
inequality,

E||D// 2 (st s2)dWl dW|IE,
Al 1

< Cl|| // 81,82)dW1 dWl ||

< 62||1A1 11U, 1, ||p

= ( [||1A1 1Un || ([0,1]2 +E Z/ / ||1A1 lD s] ’1||%2([071]2)d51...dsj)p/z])

Bl g0 2 g0, 172)]

3 1 1
P a2 [ [l 6t dss Pt 2y
j=1+0 0

<a/*  sup  lupt (tlatz)H’é,p < cab/*.
(t1,t2)€[0,1]?

O
Proof of Lemma 3./4. Define the set
1 1 !
A= {|/ (hn(s)Ds Py — h(s)Ds F) d5|\/|/ (s))Ds Fds|V by, < 4|/ h(s)D;s Fds|}.
0 0
On A
|f0 WaDsFp+ (1 —a)DFds| > = |f0 s)Dg Fds|, hence

1
E[|bn—|—/ hn(s)(aD;sFy + (1 — o) D Fds|~ pA]<4pE|/ (s)Ds Fds|™F].
0
By Chebyshev’s inequality and Condition 3.1 (iii), E[||b, + fo YaDsFp + (1 —

a) D Fyds||7P; A°] < cp(E[d;%.{’]P(Ac))l/z. For any k € Z so that kp > 1, we have
by Condition 3.1 (ii) and Lemma 3.3 that P(A°) is less or equal to

1
4**Pe B [| / B($)Dy Fds|=27 (||hn DFy = hDF |y + 11 (hn = h) DFIS, |+ bffp)]
0

' —8kp e akp M skp O\ /*
< crp E|/0h<s>Dsts| (E1D (Fa = P ) (Bl )

1/ 1/4 1
(Bl = 105 0) " (BRI ) 4 e (1 [ b0 paste ) a2
< cpp (aﬁp/z + e, (4kp)1/2 + b,zfp) )

The result follows by Condition 3.1 (ii) and (iii). a
Recall (2.3) and define inductively H®) by H)/(F G) = H"(F, H"~(F, G))
and H(F,G) = G. We then have that for any m € Z, and p > 1,

110 (7, Gl (5.4)

1
< il (Vs D12, ) 0 (0D
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for a constant ¢ and indices oy, as , as, po,...,ps depending on m, p; see e.g. [10,
Proposition 3.3.2]. We consider the extended Wiener space W generated by (W, W),
where W is a Brownian motion independent of W. Let Y, = VoW, For G €
DYH2 (W) (which has as norm the natural extension for the product space D52 (W) x
DY2 (W)-norm) we deduce using (2.4) that

Elg' (Y, + F)G] = E[g(Yn + FYH(F,G)], (3.5)

where

1
H(F,G)= H"F,G) = / Gh(t) W, + - o dW;.
fo $) Dy Fds—l—b 0 fo h(s)D;s Fds + by,

Similarly, define by induction H#*) by HF)(F, G = (F H®=1(F, G)) where HO(F,G) =
G. Also if instead of h we use h,, in the definition of H we use the notation H,,. Using
similar arguments as to those of the proof of (3.4) the following result is deduced.

LEMMA 3.5. Assume F' € D (W) and G € D™®(W). Then for m € Z4 and
p>1

1 E, Gl < ellGllmat,pa (1 15 o, + ol +077)

m,p2

1
><||(/ h(s)Ds Fds+ by)~ 1||p4,
0

for a constant ¢ and ndices pg, p1, p2, P4, 1, ..., qq, depending on m and p.
Proof of Lemma 3.5. We use induction. For Hy = H(k)(F, G,

Hk 1h Hk 1\/ ﬁr
d t)
fo DFds—l—b fo DFds—l—b

where Hy = G. Applying Meyer’s Inequality; see e.g. [11, p 69], and Hélder’s
Inequality, for £ = 0,...,m, we have

[ H =

1
< clieallnmss Ml oo+ VDI D Pt b2) i

where o' + 37! + 47! = 1. Furthermore, using Cauchy Schwartz’s Inequality in
the calculation of terms of the form f Dtl,. + fo s)Ds Fds +b,)~1)2dty .. .dt;
gives

1
(] D Fds ) s
1
< ([Pl g + Rl o, + 553)|l(/0 h(s)Ds Fds +bn) |72,
for some indices q1, q2, q4, 51, ..., B4. The result follows by induction. a

Proof of Theorem 3.2. Let fn(x) = ¢ g-(z) = exp(—z?/2b,)/\/27b, and G, =
fol I (Yo+aF,+(1—a)F)da. Using the mean value theorem and the duality between
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the Shorohod integral and the derivative operator; see e.g. [11, (1.41) p. 35], yields
Blfu(F +Y,) — fu(Fn 4 Yy)] (3.6)

1
= E[Gu(F - F,)] = > E[Gy //W (51, s2)dWiE dW7]

7,7=0

= // E[Gnul®(s1,s2)]dsidss + // E[Ds, (Gn)ult(s1,82)]ds1dss
A?L)D A?z’l
—|—// E[DSI(GH)U}L’O(SL82)]d81d82 + // E[D?l 82(Gn)urll’1(81,82)]d81d82.
AL° ALt ’

We will compute one of these terms as they are all similar. Using (3.5) three times,
we get that |E[Ds,Grull(s1, s2)]| equals

1
|/ E[f! (Yo + aFy+ (1 — ) F)(aDs, Fy + (1 — ) Dy, F)ult(s1, 52)]da
0

1
= |/ E[®, (Y, + aF, + (1 —a)F)H® (o F, + (1 — a)F,
0
(D, Fp + (1 — a) Dy, F)u2!(s1, s9))]da]

1
< / E|H®) (aDy,Fy + (1 — @)Dy, F, (oD, Fy + (1 — a) Dy, F)u% (51, 50))|dev,
0

where @, i1s the distribution function associated with f,. By Lemma 3.5,

sup sup sup E|HT(13)(QF” + (1 —a)F, (aD;s, Fp+ (1 — a)DSQF)ug’l(sl, s2))]
n 81,52 0<a<l

< csupsup sup |[(aDs,Fp+ (1— a)DSQF)ug’l(sl, 59)||4,p0
n 51,52 0<a<l

x(laFu + (1= ) FII5}, + [1hnlls;, +bn°)

4,p1 3,p2

1
x| (bn +/ B (s)(aDs Fpy 4 (1 — a)DsF)ds)—lngf,
0

which is finite by Condition 3.1 (i), (ii) and Lemma 3.4. Similar considerations lead
to the conclusion that the other terms in (3.6) have a similar bound. In conclusion
one has that |E[fo(F + Ys) — fo(Fn + Y0)]| < can.

Now consider E[6o(F) — fo(F 4+ Y,)]. Observe that

Elf(F + )] = / Elfa(F + 9))fa )y = E[6 (7))

= E/R(SQ(F—i—Z)d)\/m(Z)dZ = E3o(F +V2Y,).

By Condition 3.1 (ii) and Theorem 2.1, the densities of F' and F++/2Y,, are continuous
and hence, E[dy(F) —do(F + \/§Yn)] = limpoo E[fm (F) = f (F+ \/§Yn)] A Taylor

expansion of f,, around F' yields

Bl () (P4 VAY,)] = VEBLL (F)Ya 28 [ (P + aV3) (1 = eyl
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Clearly, E[f],(F)Y,] = 0 by the independence of F and V,. By (2.4), (3.4), and
Condition 3.1 (ii),

BUL(F + av3Ya) V2| = | / ELF(F + a2y’ fu (v) dy]

- | / (@ (F + av/2y) H3 (F, )]y [ (4)dy]

4,p1

1
< e (IFI53, +1135,) 1 | AP I B2 < ob,

Hence, |E[60(F) — fa(F + Y3)]| < ¢by,. Similarly, for an independent copy Y,, of Yy,
we obtain by Lemma 3.5,

|E[00(Fn + Yn) = fu(Fn + Ya)]|
= |E[5o(Fp + Yn) — 00(Fn + Yo + V2V3,)]|
=2 lim |/0 /]RE[f,/,/l(Oz\/iy—I—Fn—I—Yn)yzfn(y)dy(l—a)da|

m— 00

1
=2 '/ / E[@m(av/By + o + Vo) B (o 1]y fo (9)dy(1 — a)dol
0 R

m— 00

1
< c(llFall5), + onllsy, + b?’{?’)II(/O hn(8) D Frds + bn) T3 B < cby.

If furthermore (3.2) is satisfied, (3.3) follows as above but with ¥, = 0. a
With the above technique and a further generalization of Condition 3.1 (i) one
can obtain a power expansion of the error.
THEOREM 3.6. Assume Condition 3.1 but with (i) replaced by

l
@ F-R=% Y / gy (51 ) AW
AZLI Ji

i=2 §y,...,5i=0,1

J1 Ji41
+ 0D /R e (81 s )W AW

.....

Jiy--- yjl+1:071

forl > 2, where Altr-di 4s a sub}set of [0 1) with 355575 4oy [ATb J[2(2' -
2)] < a, = 0 asn— oo, Ry ds a subset of [0, 1], and wj, ;. as well as u,
are two measurable stochastic processes not necessarily adapted. Assume

max sup ||uj, . g(s1,-. 0, 8)|lkp Fsup sup fun(s1, ... sk p < 00,
2 81,...,8; N 81,8141

fork e Zy, p>1. Let Y, be an independent normal random variable with mean 0
and variance b, < Zi’:z D di=o1 |Adr-di| /[2(28 — 2)]. Then for any distribution
T, there exist deterministic functions c;, .. ;. and a constant ¢ such that:

sup |E[T(F) = T(F, + Yy)]

l
DYDY / i i(sn sy ds
AT i

1=2 j1,...,7:=0,1

{
<ec Z |R‘le,...,jz+1| + O(Z Z |A‘Zzl’m Ji

J1,e5J141=0,1 i=2 41,...,7:=0,1

).
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Furthermore, if (3.2) is satisfied, then Y, can be replaced by 0.

Note that the second integral in Theorem 3.6 is interpreted as the anticipating
multiple Skorohod integral. In this theorem we have not used the coefficients a,, be-
cause this was just a bound for the sum of the areas of the sets A%/ (see also Section 5).

COROLLARY 3.7. If the condition (i)' in the above theorem is replaced by

(i) : Z Z / (st s)dWE AW
A“ 7 Lyeende ’

..... :
1=2 j1,...,5:=0,1

where sup, max;sup,,  |Ju (51, osi)llup < clk,p), then for any distribu-

tion T, |E[T(F) = T(Fy + Ya)ll € ¢35 30, oy 147,
(3.2) is valid, then Y, can be replaced by 0.

Furthermore, if

4. Application to diffusion processes. We assume for convenience through-
out in this section that & € C¢°(R) and o € Cg°(R). Consider the particular case
when F = X is given by (1.1) and F,, = X7 is given by its Euler approximation
th _X” —|—b(X” AL —|—0'(X” )AW;, where m, :{Ozto <t <...<t, =1}
is a partltlon of [0, 1] with mesh m(ﬂ'n) = max{tiy; —t; : 0 < i < n-— 1} and
AW, = Wy, — W;,_,. We interpolate X™ between the grld points by X' = xo +
fot X” Yds + fo X” VAW, where n; = max{t; : t; < s}. We first prove that
Condltlon 3.1 (i) is satlsﬁed

LEMMA 4.1. Let b € C¢°(R) and o € C¢°(R). Then Condition 3.1 (i) is satisfied
for ap, = m(my).

Proof.

X, —XP :/ b (E2)(X, —Xg)ds+/ o (€)( Xy — XY dW, (4.1)
0 0
+ /0 b(Xf)—b(Xﬁs)ds—l—/o o(XI) = o(X] )dW,.

Here €2 and ¢! are random points in the interval determined by X and X7. In

particular we understand the expression '(¢2) in its integral form o’ (¢ fo b(X7+
A(X—X7))d\ and similarly for o/ (£1). Note that (4.1) is hnear in X X” Therefore
if we define £ as the unique solution to & = 1 + fo V' (ENE ds + fo HE AW, we
have

Xo— X7 =& [ &) ) + o130V, — W )}
/s XD ) (s — 1) + (X2 )(Ws — Wi ) JdW,
/s L (€107 () {B(X™ ) (5 — 1) + o (X ) (W, — W) }ds.

Here V(e fo b( X” + A(XP — X;S))d/\, and similarly for ¢/(¢?). By using the
mtegratlon by parts formula see e.g. [11, (1.49), p. 40], follows,

= > / / (51, 59)dW, AW,

i,j€{0,1} ez
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It is straighforward to show that ||ul7 (s, s9) ||k p 1s uniformly bounded in (s1, s2) and
n. Clearly |ALI| = fol fnss duds < m(m,). Condition 3.1 (i) is satisfied. O
Now we introduce sufficient conditions that ensure the smoothness of the density
of X;. This also explains the terminology introduced for Condition 3.1 and (3.2).
ConDITION 4.2 (Hérmander condition). |o(xo)| > ¢ > 0 or |b(xo)o®) (20)] >
€ >0 for some k € N and for some € > 0.
CoNDITION 4.3 (Uniform ellipticity condition). |o(z)| > € > 0 Yo € R and for
some € > 0.

LEMMA 4.4. (i) If Condition 4.2 is satisfied then Condition 3.1 is satisfied for
F = X1, F, = X} with hp(s) = hpols) = aDFy, + (1 — a)D,F, h(s) = D,F,
en(p) = cpaf/4 for some constant ¢,, by, = d,, = ap = m(m,).

(ii) If Condition 4.3 is satisfied and 1 —t,,_1 > em(my,) for some ¢ > 0, then (3.2)
15 satisfied with the same choices for h, and h as above.

Results similar to Lemma 4.4 for h and F are well known; see e.g. [11, p 111].

Proof of Lemma 4.4. First we prove Lemma 4.4 (i). Condition 3.1 (i) is satisfied
by Lemma 4.1. Condition 3.1 (ii) is satisfied by Lemma 3.3. In fact,

E 0 = hll 2oy = (1= ) B | DX = X1)|| agg. 1y < o™

Furthermore, by Condition 4.2 and the proof of [11, Theorem 2.3.2], E[(fo1 (Ds X1)%ds)™P] <
o0, ¥p > 1, and Condition 3.1 (ii) follows.

To prove that Condition 3.1 (iii) is satisfied we note that obviously |an—|—f01 (Ds X1)?%ds| >
|f01(DsX1)2d5| and |a, + fol(aDsX{l + (1 — @)D X1)%ds| > d, = a,. Clearly
sup,, d;p(aﬁ(p)/Z + e (4k(p))Y/2 + bik(p)) = 24" W)2=p  p2R)mP o if 2%(p) > p.

Next we prove Lemma 4.4 (ii). Similar to the proof of Lemma 3.4 we define the
set A = {fol (DS(X{I - X1)>2 ds < %fol(Dle)zds}, and have that for any p > 1,

1 1
sup sup E[|/ (D X7+ (1 — a)Dy X1)%ds|™F; A] < 4_pE[|/ (D X1)%ds| 7] < 0.
n o 0 0]

Next we find a similar bound for the expectation taken over the set A°. Note that
without loss of generality we can suppose that o(x) > ¢ > 0 for all x € R. Then

Ds Xy > €eXp(fsl E/(Xu)du + fsl o' (Xy)dWy) (see (7.1)). Also notice that Dy X7 =
o(X(R_1)) > e>0fort,_1 <s <1 (see (7.3, and (7.5)). Hence for a > 1/2 |

n—1
! . 1
|/ (D X7+ (1 — a)Dy X1 )ds| > Z62(1 —tn_1).
0
For a < 1/2 we use that
1 —
|/ (D X7 + (1 — a)D X1)?ds|
0

1
>

1 1 1
> 162/ exp(?/ El(Xu)du—i—Q/ o' (Xy)dW,)ds.
t 1 s s

n—

In A° the above estimates together with Chebyshev’s inequality and Lemma 3.3 com-
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plete the proof as in the proof of Lemma 3.4. That is,

1
sup sup E[|/ (DX + (1 — a) Dy X1)ds|™F; A9]
n o« 0
< AP ((1 —t,_1) P P(A°)

—|—E[(/t exp(2/ E’(Xu)du—i—Q/ o' (X )dW, )ds) 2P 2 P(A)H?)

5 5

n—

< em(m,) P (P(A%) + P(A)12).

From here the result follows as P(A¢) < cx(m(m,))*/? for any k > 1. Taking k big
enough finishes the proof of the Lemma. ad
Section 3 gives the rate of convergence of the Euler approximation. The same
proof gives the following stronger result:
ProrosiTION 4.5. Assume Condition 4.2. Then

sup | Ed, (X1) — Eé,.(X] + Yy,)| < em(m,),

where Y, is an independent normal random variable with zero mean and variance
m(my, ). Purthermore, if Condition 4.3 is valid and 1 —t,_1 > em(m,) for some ¢ > 0,
then

sup |Fd,(X1) — Eéx()??)| < em(my).

This stronger version follows because the antiderivative of the delta function is the
indicator function which is bounded in . Applying Remark 2.2 to our current setting
gives

REMARK 4.6 (Control variate method). (i) Assume Condition 4.2 with the

choices for hy, and h in Lemma 4.4(i). Let & (x) = (L xr4v,>e} — c(x))H!= (X7 +

Yn,go(w». Then E(&hn (z)) = Eéx()?il +Y,) and sup, ,, E(&8 (2)?) < oco. If

E§:(XP +Y,) >0 then E[H " (XT +Y,, @(@))2] > 0 and, for fired ¢ and r, the
variance ofé’gyr(x) s minimized by

on X'4Y,—z
(2) = E[l{Xf+Yn>x}Hh"(X1 +Yn,80(7+r )]
r - on Xr4Y,—o ’
EH™ (X 4 Yo, p(H52=2))7]

(ii) Assume Condition 4.3 with the choices for h,, and h in Lemma 4.4(ii). Then
Y, above can be replaced by 0. Furthermore Eé,(X}) > 0. O

Results similar to Proposition 4.5 have already been obtained in [1] and [2]. The
main difference with the results here i1s that the method of proof is somewhat different
and that our Proposition 4.5 is the result of a general theory based on Ito-Taylor
expansions which can also be applied to other situations. In fact, under further
restrictions on the structure of the sets A,, R, and the continuity of the processes u
and u, one can improve Theorem 3.6 to obtain Taylor expansions of the errors. For
example in the uniformly elliptic case we have

E[T (Fy) — T (F)] = cran + ¢§Ma2,
for any distribution 7". In the general Hormander case,

E[T(Fp+Y,) =T (F)] = cran + caby + cgn)anbn + cgn)ai + cén)bi,
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where Y}, is a mean zero normal random variable with variance b, , independent of W,
and sup,, |cZ(»n)| < o0,1=2,...,5. This result will be proven elsewhere.

5. Kernel density estimation method. So far we have given convergence
results for the density approximation by integration by parts. In this section we
discuss heuristically the ”"most natural” approach by kernel density estimates and
compare the asymptotic variances.

The kernel density estimation technique is a very well known method used in
statistics. The main difference with our situation here is that in statistics the amount
of data 1s limited while here the amount of simulations can be fixed by the user.
Nevertheless the same theory gives some insights of the optimal use of this method
for simulation of densities.

That is, let ¢ be a smooth positive even function with f]R ¢(x)dx = 1. Then the

approximation of the density is obtained by computing Zf\;l QS(F"h_x)/(Nh) The
error is measured through the L?(IR)-norm of the variance. Estimating this error
requires the study of various errors.

The first error is the difference between the expectations of the simulated approx-

imation and the limit random variable,

() o(T ] = aw)an + @)l (1)

where sup,, , |c(2h’n)(x)| < oo. Here the constants obviously depend also on ¢. To
obtain this result it is enough to notice that

1 F,—=z F—x

FElo(—7—) = 6(——)] = Eloo(Fu + hY) = 6,(F + kY],

where Y 1s a smooth random variable with density given by ¢. This converts the
estimation of the error into the uniformly elliptic case. Therefore the same method
of proof as in Theorem 3.6 can be used.

The second error is the difference between the density to be approximated and
the approximation with the kernel function; see e.g. [12]:

l F]: l‘) - (5x(F)] = %th”(l‘)/uqu(u)du—k O(h4)p(4)(l=)’

where p is the density of F'. Similarly for the mean square error,

+<E[%¢< ) @) +2,1E[¢<Fh‘x>—¢<F;x>]E[%¢<F;$>—p<x>]

= pn(a:)ﬂ/qbz(u)du + cl(x)zai + %(p”(x) / uqu(u)du)2

+ep(x)h anp” (x) / u? ¢ (u)du + higher order terms,
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where p,, is the density of F,. If one considers as a minimization criterion the L!-
norm of the mean squared error, this gives the classical criterion of kernel density
estimation. That is,

] Flg o) = e s

4
~ ﬁ/sz(u)duﬂfa% %/p“(x)zdx(/u%(u)du)?

The optimum is therefore obtained when ¢ is the Epanechnikov kernel and h ~
N-15and N ~ a;5/2.

6. Optimal choice for the integration by parts method. As in the previous
section we will find heuristically an optimal choice of localization function ¢ and
localization parameter r, for the integration by parts method introduced in Section
2. In order to do this we will find an asymptotical expression for the variance of the
simulations.

Let ¢ € C} with ¢(0) = 1. One criteria for optimality may be to choose ¢ and r
so that they minimize

F,+Y,—=2
r

/ E[(F, + Y, > 2)H"(F, + Yy, o ))?*]dz (6.1)

under the general Hormander condition. This criteria can be studied but i1s cum-
bersome as the optimal choices will depend on n. Instead one may study the limit
assuming that the error terms are small. Therefore for simplicity we consider, for
small r, under convenient smoothness and boundedness conditions, the asymptotic
limit of (6.1) which, using (2.5), equals f]R I(x)dx where

F— 1 F—
YHMF 1) - —! (—
T

)]

Let H;(z) = E[H"(F,1)!|F = z] for i = 1,2, and let p be the density of F. Then

r r

1) = [ Bt ) - L (P = ()

r

- /Oo(ri?@/(y B ) - %W/(y " ) Hy(y) + oY — =) Hy (y))p(y) dy
= r/ooo(rizgol(z)z — %SDQD/(z)Hl(x + 7“2) + Sp(x + TZ)ZHz(l» i rZ))p(x n rz)dz.

Under smoothness and boundedness conditions of H;, ¢ and p, I(z) = Ix(z) + O(r?)
for small r, where

L) = tple) [P+ Haapla) [P @) - 2 ()
+rp” (z) /000 %gp’(z)zzzdz + Hy(z)p(x) /000 ©*(2)d>

oQ

—2(Hy(z)p'(2) —I—H{(x)p(x))/o o' (z)zdz (6.2)
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/Rlz(x)dx: %/OOO go’(z)zdz—l—r/ooo gpz(z)dz/]RHz(x)p(x)dx, (6.3)

where [, Ho(z)p(x)de = [Hh(F 1)?] and f]R Hy(z)p(z)dr = E[H"(F,1)] =0 . An

optimal value for » which minimizes (6 3) is given by

o ( fooo go'(z)zdz )1/2
E[HMF, 1) [, ¢(2)%dz '

Replacing this r in (6.3) yields

/]Rlz(x)dx =2 (E [H"(F,1)?] /Ooo o(z)%dz /000 go’(z)zdz)l/z,

which, by variational analysis, i1s minimized for ¢ solving

and

o) [ =) [ eteras =0 (6.4)

For any A > 0, the function ¢(z) = e~*?l is symmetric, solves (6.4), and satisfies
¢(0) = 1. Hence we propose as a natural choice of r and ¢,

oo 2dz 1/2
r_(EHhigl (f) dso 2dz) ;o el@) =, (6:5)

where A > 0 may be arbitrarily chosen. Note that the main error term (6.3) with
optimal ¢ is independent of the value of A.

After the minimization in 7 and ¢ is done one can apply the control variate
method introduced in Remark 4.6. Therefore the variance error for the integration
by parts with control variates and localization is in the uniformly elliptic case,

The optimal choice is therefore N ~ a2

(an + b,)~?

6.1. Comparison of the kernel density estimate and the integration
by parts method: some conclusions and remarks. A first look at both meth-
ods shows that kernel density estimation has a square bias asymptotically equal to
R (2)? [u?¢(u)du due to the fact of using ¢, besides the square bias ¢y (z)%aZ +
c2(2)?b2 from the approximation of F. If the first type of error is much smaller
than the second one, then only the second one is important when comparing the two
methods.

In order to compare both methods, suppose that a, = n~". Then the optimal
sample size for the integration by parts method is N = n?, which is significantly less

For the general Hormander case N ~

1
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than the optimal sample size N = n®/2 for the kernel density method. Furthermore
the kernel density method creates bias while the integration by parts does not at least
theoretically. Nevertheless the amount of calculations in the integration by parts
method is higher.

The optimal parameter r, x does not go to 0 as n, N increase. In fact, r could
remain constant throughout the calculations with little increase of the variance. It
seems that r, y — r > 0 in most of the cases. Numerical experiments indicate that
the choice of r does not look to be sensitive. Kernel density estimation often requires
a fine tuning of the bandwidth h.

There is no clear way of how to apply a control variate method to kernel density
estimation methods.

In higher dimensions the kernel density estimate rate of convergence deteriorates

. 4 . . .
typically to N~ a+1 while the integration by parts keeps the same rate.

Constants in the integration by parts methods increase in value as the degree of
hypoellipticity increase.

Similar variance reductions could be studied on other environments were an inte-
gration by parts formula is available. For example in the Poisson case one could use
the same ideas as shown here; see e.g. [3].

7. Numerical implementation. We consider the particular case when F' = X3
is given by (1.1) and F), is its Euler approximation. We first note that

o (X, )eld T (Xndvt [l o' (X)aw,
0, s>,

s <t

DX, = { ) =6 (7.1)

where El(XU) =V (Xy) — %U/(XU)Z; see e.g. [11, p. 107]. Using (7.1), it follows that

DyDi Xy = D, [Xi]o! (X;)elt TV Xo)dvt [l o/ (Xo)aw., (7.2)

1 1
+ [U’(Xs)l{tSS}—i—/ E”(XU)DSXUvar/ o (X,)Dy X, dW,] D, X
t t

Since

Dy, X2 =D, X[+ V(X )AL+ o (XD _ )AWR]D, X7
—|— U(X&_I)DtjAWk,

and DyAW,, = 1y, <s<t,y, it follows that Dy, X3! = o(X[ _ ). By induction,

0, J=0,
b i o(Xp_),  1<j=k,
t = o - o & )
) e(XR_IS 1V (KR Al + o (X2)AW), 1< <k—1,

0, j>k+1.
(7.3)
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Note that (7.3) is a discrete version of (7.1) (II;(14¢;) = eEi(Ej_E?/Z)). Using similar
arguments one obtains

0, j=0,
0, J>k+1,
V(XP_)DpXP_ ., i=k
Dy, Dy, X2 =< D [X]_ (X7 )H’H(Ha'(’”)At+b’(X”)AW,+1) . (74)

k-1 [a"(X )Af-l-b”( £ ) AW 411D, X

+ ( I=j 1-|—a (X")At+b’()?t")AWl+1
b(X )1{]<’L 1<k—1}
T+al (X7, )At+b’(X"l_1)

+ )Dt tha

2<j<k-—1.

which is a discrete version of (7.2).
To apply the above formulas to the integration by parts method we need to use
that

DX} = D, s X7, (7.5)
where n¥ = min{¢; : t; > s}. This follows because
D, X[, = D,[X] _ 1+b(tklﬂnk+o(Xg])AW@
= [+ 0/ (X, ) A + 0/ (X3, )AWRID. XY, + (X5 ) oy <sgia)-

We then have that for tp_1 < s < tg, DSXZ; = O'(Xt’; 1) = Dth&. By induction we
have in general that for t;_; < s <, DSX& =Dy, X{ for j=1,..., k. We also have
that

D.Di X}, = D,y D+ X7.. (7.6)
Using (7.5), (7.6) and (2.7) gives
Dy, D X"At At
BT ) = it s ,
ST Dy, XPAL 27 Dy, X7 AL)?

from which HY(X], ((XI — x)/r)) can be computed by (2.5). An approximation to
the density using the integration by parts formula can now be explicitly written. For
example,

PN = 3 xpesn — eI (X o), @)

where

N n,i X"’
%Z'— 1{X"”>x}H1(X L e(F5))?

z”m<“<%;w

Cloc () =

is a natural estimate of (2.8).

We perform the simulation (7.7) with optimal ¢ and r from (6.5) with A = 1 and
equidistant partition m(m,) = n~! and compare with a locally optimal » (numerically
obtained optimal r for fixed #) and the kernel density estimate; see Figure 1. We also
compare the convergences in Figure 2. The computations are made in matlab.



VARIANCE REDUCTION METHODS 19

Fia. 1. Monte Carlo simulation of dX = dt + (sin X + 2)dW, Xo = 0; n = m(my)~! = 3000,
N = 1000. (a) Approzimation using the integration by parts formula with control variate: local

search of optimal r - - - (optimal r for given x), and global search of optimal r - - - (minimizing
(6.1)), respectively. Gaussian kernel density estimate with optimal bandwidth ([4, p. 47]) . . .. The
numerical solution of the Fokker Planck equation —. (b) Corresponding sample variances of the

estimates.
(a) 00735 o 7 % S o o s (b) % % 7 %% % o e P
F1G. 2. Monte Carlo simulation of dX = dt + (sin X + 2)dW, Xo = 0. In (a), convergence of
approzimations to the density at x = 2 for n = m(7rn)_1 =50,51,...,125, N = n?. Integration by
parts method with control variate: local search of optimal r - - - (optimal r for given x), Gaussian
kernel density estimate with optimal bandwidth ([4, p. 47]) .. .. In (b), corresponding sample

variances.
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