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41 Lqwurgxfwlrq

Wkh hyroxwlrqdu| prghov iru jdphv ri Ndqgrul/ Pdlodwk/ dqg Ure +4<<6,/ khqfhiruwk NPU/

dqg ri \rxqj +4<<6, kdyh pdq| vlplodulwlhv1

Wkh| duh dolnh lq frqfhsw= erwk vwxg| g|qdplf surfhvvhv gh�qhg iurp vrph nlqg ri erxqg0

hgo| udwlrqdo ehkdylru/ zkhuh sod|huv wu| wr ohduq iurp revhuydwlrqv ri wkh ehkdylru ri rwkhu

sod|huv1

Wkh| duh dolnh lq irupdol}dwlrq= erwk �uvw gh�qh dq �xqshuwxuehg� g|qdplf surfhvv zkhuh

sod|huv sod| ehvw uhsolhv wr wkh ehkdylru wkh| revhuyhg/ dqg wkhq gh�qh d �shuwxuehg�

surfhvv e| dgglqj d vpdoo wuhpeolqj suredelolw| wr wkh xqshuwxuehg surfhvv1

Wkh| duh dolnh lq pdwkhpdwlfv= iru erwk prghov wkh xqshuwxuehg surfhvv lv d Pdunry

fkdlq dqg wkh shuwxuehg rqh +dovr d Pdunry fkdlq, lv d uhjxodu shuwxuedwlrq ri wklv1 Wkh

yhu| vwurqj htxloleulxp vhohfwlrq uhvxowv duh lq erwk prghov rewdlqhg e| vwxg|lqj wkh

vwrfkdvwlfdoo| vwdeoh vwdwhv iru wkh shuwxuedwlrq14

Wkh| duh dolnh lq uhvxowv= erwk ri wkh deryh phqwlrqhg sdshuv vwxg| htxloleulxp vhohfwlrq

lq vlpsoh 2�2 frruglqdwlrq jdphv dqg erwk �qg vxssruw iru wkh �ulvn0grplqdqfh� vhohfwlrq

fulwhulrq ri Kduvdq|l dqg Vhowhq +4<;;,1

Wkh| duh hyhq dolnh lq zkdw gulyhv wkh uhvxowv= iru erwk prghov wkh vhohfwlrq ri wkh ulvn0

grplqdqw htxloleulxp klqjhv rq wkh idfw wkdw wklv htxloleulxp kdv/ dffruglqj wr wkh xqshu0

wxuehg surfhvv/ wkh odujhvw edvlq ri dwwudfwlrq/ dqg wkh olwwoh wuhpeolqj ri wkh shuwxuehg

surfhvv lpsolhv +zkhq wkhuh duh rqo| wzr vwudwhjlhv rq hdfk vlgh,/ wkdw wklv surshuw| lv

wxuqhg lqwr wkh vwurqjhu rqh ri ehlqj doprvw wkh rqo| htxloleulxp revhuyhg1

Wkhvh vlplodulwlhv pd| jlyh wkh lpsuhvvlrq wkdw wkh wzr dowhuqdwlyh hyroxwlrqdu| dssurdfkhv

duh �vwuxfwxudoo|� forvh dqg wkdw wkh| zloo txlwh jhqhudoo| jlyh wkh vdph htxloleulxp vhohf0

wlrq1 Lq wkdw fdvh lw zrxog eh pruh ru ohvv d pdwwhu ri wdvwh ru frqyhqlhqfh zklfk w|sh ri

prgho vkrxog eh suhihuuhg1

Zh ghprqvwudwh khuh/ krzhyhu/ wkdw wkh wzr prghov duh vwuxfwxudoo| gl�huhqw dqg pd|

zhoo jlyh ulvh wr frpsohwho| gl�huhqw htxloleulxp vhohfwlrqv1 Zh jlyh wzr h{dpsohv ri

jdphv zklfk duh yhu| forvh wr wkh jdphv vwxglhg lq wkh phqwlrqhg frqwulexwlrqv ri NPU

dqg \rxqj1 Erwk duh vlpsoh dqg v|pphwulf wzr0sod|hu frruglqdwlrq jdphv/ hdfk zlwk wzr

vwulfw Qdvk htxloleuld1 Wkh jdphv dovr kdyh vrph qrq0htxloleulxp vwudwhjlhv +wkh vwudwhjlhv

4Iru irupdo gh�qlwlrqv ri Pdunry fkdlqv dqg dvvrfldwhg frqfhswv vxfk dv devruelqj vhwv/ uhjxodu shu0

wxuedwlrqv/ dqg vwrfkdvwlfdoo| vwdeoh vwdwhv/ dqg iru wkh judskzlvh fkdudfwhul}dwlrq ri wkh odwwhu xvhg ehorz

wr lghqwli| orqj uxq ehkdylru/ vhh wkh rujlqdo frqwulexwlrqv e| NPU +4<<6, dqg \rxqj +4<<6,1
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xvxdoo| rplwwhg �iru vlpsolflw|�,1 Wkh suhvhqfh ri wkh qrq0htxloleulxp vwudwhjlhv pdnhv

wkh NPU dqg wkh \rxqj surfhvvhv zrun gl�huhqwo| dqg uhvxow lq rssrvlwh htxloleulxp

vhohfwlrq1

Lq wkh NPU dssurdfk/ wkhuh lv rqh srsxodwlrq ri � lqglylgxdov dqg lq hdfk urxqg hyhu|0

erg| lv udqgrpo| pdwfkhg wr dq rssrqhqw zlwk zkrp kh sod|v d v|pphwulf/ wzr0sod|hu

jdph1 Diwhu d urxqg ri sod|/ lw fdq eh revhuyhg krz wkh srsxodwlrq sod|hg1 Dffruglqj

wr wkh xqshuwxuehg NPU surfhvv wkhuh lv iru hdfk sod|hu lq hdfk urxqg lqghshqghqwo| d

suredelolw| B ri �vwudwhj| uhylvlrq�= zlwk suredelolw| ��B wkh sod|hu wdnhv wkh vdph dfwlrq

dv lq wkh odvw urxqg/ dqg zlwk suredelolw| B kh wdnhv dq dfwlrq wkdw lv d ehvw uhso| wr wkh

pl{hg vwudwhj| pdgh xs ri wkh uhodwlyh iuhtxhqflhv ri vwudwhjlhv lq odvw urxqg*v sod| e| wkh

srsxodwlrq15 Krz wkh srsxodwlrq sod|hg lq urxqgv ehiruh wkh lpphgldwho| suhfhglqj rqh

lv +irujrwwhq dqg, qrw xvhg1 Wkh shuwxuehg surfhvv lv gh�qhg e| wkh prgl�fdwlrq wkdw

wkhuh lv iru hdfk sod|hu lq hdfk urxqg lqghshqghqwo| d suredelolw| 0 wkdw wkh sod|hu wdnhv

d udqgrp dfwlrq1 Wkh lqwhuhvw lv lq wkh shuwxuehg surfhvv iru vpdoo 01

Lq wkh \rxqj dssurdfk wkhuh lv d srsxodwlrq iru hdfk ri wkh +wzr, sod|hu srvlwlrqv lq wkh

jdph1 Lq hdfk urxqg ri sod|/ rqh sod|hu lv slfnhg udqgrpo| iurp hdfk srsxodwlrq dqg wkh

slfnhg sod|huv sod| wkh jdph ehwzhhq wkhp1 Diwhu wkh urxqg hyhu|erg| fdq revhuyh zkdw

zdv sod|hg dqg hyhu|erg| nhhsv iru hdfk srvlwlrq lq wkh jdph d uhfrug ri wkh dfwlrqv wdnhq

wkh odvw 6 wlphv wkh jdph zdv sod|hg1 Dffruglqj wr wkh xqshuwxuehg \rxqj surfhvv/ d

sod|hu/ zkr kdv ehhq slfnhg wr sod|/ gudzv d udqgrp vdpsoh ri & revhuydwlrqv iurp wkh

uhfrug rq wkh rssrqhqw/ & � 6/ dqg sod|v d ehvw uhso| wr wkh pl{hg vwudwhj| pdgh xs

ri wkh uhodwlyh iuhtxhqflhv ri vwudwhjlhv lq wkh vdpsoh1 Wkh shuwxuehg surfhvv lv gh�qhg

e| dvvxplqj wkdw lq hdfk urxqg dqg iru hdfk slfnhg sod|hu lqghshqghqwo| wkhuh lv d vpdoo

suredelolw| 0 wkdw wkh sod|hu wdnhv d udqgrp dfwlrq1 Djdlq/ wkh lqwhuhvw lv lq wkh shuwxuehg

surfhvv iru vpdoo 01

Wkhuh duh vhyhudo gl�huhqfhv ehwzhhq wkh wzr dssurdfkhv/ vrph ri zklfk duh lqhvvhqwldo +iru

htxloleulxp vhohfwlrq, dqg vrph ri zklfk duh duelwudu|1 Wkh vwudwhj| uhylvlrq suredelolw|

B dsshdulqj lq wkh NPU/ exw qrw lq wkh \rxqj/ dssurdfk lv lqhvvhqwldo> wkh NPU surfhvv

zloo jlyh wkh vdph htxloleulxp vhohfwlrq iru doo B 5ofc �o1

Wkh gl�huhqfh zlwk uhvshfw wr wkh qxpehu ri srsxodwlrqv lv duelwudu|= d NPU surfhvv frxog

5Ru shukdsv kh wdnhv dq dfwlrq wkdw zdv d prvw ru pruh vxffhvvixo rqh lq odvw urxqg*v glvwulexwlrq ri

sod|1 Vlqfh wkh NPU sdshu rqo| frqvlghuv jdphv zlwk wzr vwudwhjlhv iru hdfk sod|hu/ wkhuh lv qr vkdus

glvwlqfwlrq ehwzhhq wkh ehvw uhso| g|qdplfv wkdw zh frqvlghu khuh/ dqg lplwdwlrq g|qdplfv/ dqg erwk duh

fryhuhg dv dowhuqdwlyh �Gduzlqldq g|qdplfv� e| wkh ruljlqdo irupxodwlrq1 Vlqfh zh vwxg| khuh d NPU

surfhvv iru jdphv zlwk pruh vwudwhjlhv/ zh kdyh wr pdnh d fkrlfh1 Zh iroorz vxfk frqwulexwlrqv dv Qùoghnh

dqg Vdpxhovrq +4<<6,/ Ndqgrul dqg Ure +4<<9,/ dqg Ureohv +4<<:,/ dqg vwxg| ehvw uhso| g|qdplfv1
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dv zhoo eh gh�qhg zlwk rqh srsxodwlrq iru hdfk ri wkh sod|hu srvlwlrqv lq wkh jdph/ dqg iru

v|pphwulf jdphv d \rxqj surfhvv frxog dv zhoo eh gh�qhg zlwk mxvw rqh srsxodwlrq1 Wkh

qxpehu ri srsxodwlrqv pd|/ krzhyhu/ pdwwhu iru htxloleulxp vhohfwlrq/ d ihdwxuh zhoo0nqrzq

iurp/ h1j1/ uhsolfdwru g|qdplfv1 Wr ghprqvwudwh wkdw lw lv qrw vlpso| wkh gl�huhqfh lq wkh

qxpehu ri srsxodwlrqv wkdw pdnh wkh wzr dssurdfkhv vwuxfwxudoo| gl�huhqw/ zh frqvlghu

rqh0srsxodwlrq yhuvlrqv ri erwk surfhvvhv/ gh�qhg/ ri frxuvh/ rqo| iru v|pphwulf jdphv1

Iru wkh rqh0srsxodwlrq \rxqj surfhvv lw lv dvvxphg wkdw lq hdfk urxqg rqh sod|hu lv slfnhg

udqgrpo| dqg wdnhv dq dfwlrq1 Kh zloo uhfhlyh sd|r� ghshqglqj rq klv rzq dfwlrq dqg wkh

dfwlrq wdnhq lq wkh qh{w urxqg dv jlyhq e| wkh frqvlghuhg jdph1 Kh irupv dq h{shfwdwlrq

ri qh{w urxqg*v dfwlrq dv lq wkh xvxdo \rxqj dssurdfk/ e| gudzlqj d &0vdpsoh iurp wkh

uhfrug ri wkh dfwlrqv wdnhq lq wkh odvw 6 suhfhglqj urxqgv/ hwf1 Lw zloo eh fohdu iurp wkh

irufhv gulylqj rxu uhvxowv/ krzhyhu/ wkdw rqh frxog dovr frqvwuxfw h{dpsohv zkhuh erwk

w|shv ri surfhvv zhuh gh�qhg zlwk wzr srsxodwlrqv/ ru zkhuh rqh zhuh gh�qhg zlwk rqh

dqg wkh rwkhu zlwk wzr/ dqg vwloo jhw wkdw htxloleulxp vhohfwlrq zrxog eh gl�huhqw ehwzhhq

wkh wzr dssurdfkhv1

Wkh vdpsolqj rffxuulqj lq wkh \rxqj surfhvv zkhq & 	 6 lv d wklug gl�huhqfh1 Lw lv nqrzq

wkdw wkh suhvhqfh dqg ghjuhh ri vdpsolqj pd| lqghhg eh ri lpsruwdqfh iru htxloleulxp vh0

ohfwlrq/ exw lw lv qrw hvvhqwldo wr wkh idfw wkdw wkh wzr dssurdfkhv jlyh gl�huhqw htxloleulxp

vhohfwlrq1 Lq rxu �uvw h{dpsoh/ jlyhq lq Vhfwlrq 5/ zh frqvlghu d \rxqj surfhvv zlwk ixoo

vdpsolqj/ & ' 6/ dqg wkh wzr surfhvvhv vhohfw rssrvlwh htxloleuld1 Wkh edvlf h�hfw wkdw

jlyhv ulvh wr wkh gl�huhqfh zrxog glvdsshdu li/ lq wkh \rxqj surfhvv/ rqh dvvxphg �vx!0

flhqwo| olwwoh vdpsolqj�/ dv vxjjhvwhg e| \rxqj dqg riwhq vhhq lq dssolfdwlrqv1 Krzhyhu/

rxu vhfrqg h{dpsoh/ jlyhq lq Vhfwlrq 6/ ghprqvwudwhv/ wkdw zlwk ohvv wkdq ixoo vdpsolqj/

dqg lq sduwlfxodu zlwk vx!flhqwo| olwwoh vdpsolqj/ dqrwkhu h�hfw ehfrphv lpsruwdqw dqg

pd| lpso| wkdw wkh wzr dssurdfkhv jlyh rssrvlwh htxloleulxp vhohfwlrq djdlq1

Zh duh wkxv ohg wr frqfoxgh wkdw wkh gl�huhqfh lq htxloleulxp vhohfwlrq lq rxu h{dpsohv

pxvw eh h{sodlqhg e| wkh uhpdlqlqj gl�huhqfh/ l1h1/ e| wkh idfw wkdw lq wkh NPU dssurdfk

sod|huv ohduq iurp revhuylqj wkh ehkdylru ri wkh ixoo srsxodwlrq lq rqo| wkh odvw urxqg/

zkhuhdv lq wkh \rxqj dssurdfk sod|huv ohduq iurp revhuylqj wkh ehkdylru ri sod|huv lq d

vwulqj ri hduolhu pdwfkhv jrlqj edfn lq wlph1 Wklv phdqv wkdw wkhuh lv qr zd| durxqg wkh

gl!fxow txhvwlrq ri krz sod|huv ohduq= lv wkh NPU ru wkh \rxqj ohduqlqj dssurdfk wkh

prvw sodxvleohB Wklv txhvwlrq zrxog qrw eh lpsruwdqw iru wkh lvvxh ri htxloleulxp vhohfwlrq

li wkh wzr surfhvvhv jdyh ulvh wr wkh vdph vhohfwlrq16

6Rqh fdq/ ri frxuvh/ uhgh�qh wkh wzr dssurdfkhv xqwlo wkh| duh wkh vdph1 Li rqh dvvxphv lq wkh

NPU dssurdfk wkdw sod|huv ohduq iurp srsxodwlrq ehkdylru lq wkh odvw p urxqgv ri sod|/ dqg lq wkh

\rxqj dssurdfk wkdw lq hdfk urxqg doo sod|huv duh pdwfkhg zlwk dq rssrqhqw/ wkhq wkh wzr surfhvvhv

ehfrph lghqwlfdo zlwk uhvshfw wr iurp zkdw sod|huv ohduq1 Rxu uhvxowv vkrxog wkhq udwkhu eh uhdg wkdw
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Hdfk ri wkh h{dpsohv zh jlyh lv urexvw> li wkh sd|r�v duh fkdqjhg d olwwoh/ wkh wzr surfhvvhv

vwloo vhohfw wkh wzr gl�huhqw htxloleuld dv ehiruh1 Ixuwkhu/ wkh h{dpsohv duh frqvwuxfwhg vxfk

wkdw hdfk sod|hu jhwv wkh vdph sd|r� lq erwk ri wkh jdph*v vwulfw htxloleuld/ vr e| fkdqjlqj

wkh sd|r�v d olwwoh lq rqh gluhfwlrq ru wkh rwkhu/ rqh fdq pdnh rqh htxloleulxp ru wkh rwkhu

Sduhwr grplqdwlqj1 Wkxv/ dq lpsolfdwlrq ri rxu dqdo|vlv lv wkdw lw lv qrw wkh fdvh wkdw rqh

ri wkh surfhvvhv lv v|vwhpdwlfdoo| pruh uhoxfwdqw wr vhohfw Sduhwr lqihulru htxloleuld wkdq

wkh rwkhu1 Udwkhu/ wkhuh duh fdvhv zkhuh wkh \rxqj surfhvv vhohfwv d Sduhwr h!flhqw/ dqg

wkh NPU surfhvv d Sduhwr lqihulru/ htxloleulxp/ dqg fdvhv zkhuh lw lv wkh rssrvlwh1

51 Iluvw H{dpsoh

Ehorz d v|pphwulf wzr0sod|hu qrupdo irup jdph zlwk urz sod|hu sd|r�v lv glvsod|hg1 Lw

kdv wzr htxloleuld lq sxuh vwudwhjlhv/ +@c @, dqg +_c _,1 Zh zloo h{dplqh orqj0uxq ehkdylru

dffruglqj wr wkh wzr ghvfulehg surfhvvhv iru wklv jdph1

@ K S _

@ 43 3 9 ;

K < : 3 3

S ; 45 3 3

_ 3 3 : 43

Lq wkh NPU dssurdfk d vwdwh lv d ghvfulswlrq ri wkh srsxodwlrq*v sod| lq wkh odvw urxqg/

d yhfwru i/@c /Kc /Sc /_j/ zkhuh /@ lv wkh qxpehu ri sod|huv zkr xvhg vwudwhj| @ hwf1/ dqg

/@ n /K n /S n /_ ' � 1 Wkh xqshuwxuehg dqg shuwxuehg NPU surfhvvhv duh gh�qhg dv

ghvfulehg deryh1 Li d sod|hu zkr kdv ehhq gudzq iru vwudwhj| uhylvlrq kdv d wlh 0 vhyhudo

dfwlrqv duh ehvw uhsolhv djdlqvw odvw urxqg*v srsxodwlrq ehkdylru 0 lw lv iru wkh xqshuwxuehg

surfhvv dvvxphg wkdw wkh sod|hu slfnv d udqgrp ehvw uhso|/ exw vxfk wkdw doo ehvw uhsolhv

kdyh srvlwlyh suredelolw|1 Hdfk surfhvv zloo iru dq| wzr vwdwhv jlyh ulvh wr d zhoo0gh�qhg

wudqvlwlrq suredelolw| dqg khqfh hdfk lv d krprjhqhrxv Pdunry fkdlq1

Lq wkh \rxqj dssurdfk d vwdwh lv d ghvfulswlrq ri sod| lq wkh odvw 6 urxqgv1 Zkhuh wkhuh

lv mxvw rqh srsxodwlrq/ wklv phdqv wkdw d vwdwh lv d yhfwru E/�c /2c � � � c /6�/ zkhuh /� lv

wkh vwudwhj|/ @c Kc S/ ru _/ wdnhq � urxqgv ehiruh wkh fxuuhqw rqh1 Wkh xqshuwxuehg dqg

shuwxuehg \rxqj surfhvvhv duh gh�qhg dv ghvfulehg deryh1 Lq wklv vhfwlrq zh zloo dvvxph

lw lv hvvhqwldo iru wkh htxloleulxp vhohfwlrq rewdlqhg e| dq| rqh ri wkh dssurdfkhv iurp zkdw sod|huv duh

vshfl�fdoo| dvvxphg wr ohduq/ h1j1/ iru wkh NPU dssurdfk li sod|huv duh dvvxphg wr ohduq iurp rqo| wkh

odvw/ ru iurp wkh odvw p> urxqgv ri srsxodwlrq sod|1
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ixoo vdpsolqj/ & ' 61 Li wkhuh lv d wlh/ doo ehvw uhsolhv kdyh srvlwlyh suredelolw|1 Djdlq/

hdfk ri wkh surfhvvhv zloo jlyh ulvh wr zhoo0gh�qhg wudqvlwlrq suredelolwlhv dqg khqfh lv d

krprjhqhrxv Pdunry fkdlq1

Erwk lq wkh NPU dqg lq wkh \rxqj dssurdfk orqj uxq ehkdylru lv jlyhq e| wkh vwrfkdv0

wlfdoo| vwdeoh vwdwhv gh�qhg iurp wkh shuwxuehg surfhvv1 Wkhvh duh wkh rqo| vwdwhv wkdw

zloo eh revhuyhg iuhtxhqwo| lq wkh orqj uxq zkhq wkh wuhpeolqj suredelolw| lv vpdoo1 Rqo|

vwdwhv wkdw ehorqj wr devruelqj vhwv +uhfxuuhqw fodvvhv, ri wkh xqshuwxuehg surfhvv fdq eh

vwrfkdvwlfdoo| vwdeoh1 Lw lv wkhuhiruh ri lqwhuhvw �uvw wr �qg wkhvh devruelqj vhwv/ vr �uvw zh

vkrz wkdw rqo| wkh vwdwhv fruuhvsrqglqj wr wkh sxuh vwudwhj| htxloleuld duh devruelqj/

Sursrvlwlrq 5141 Wkh vhwv iE�c fc fc f�j dqg iEfc fc fc ��j duh wkh rqo| devruelqj vhwv iru

wkh xqshuwxuehg NPU surfhvv1

Surri= Gxh wr wkh ehvw uhso| vwuxfwxuh ri wkh frqvlghuhg jdph/ li rqh ri wkh deryh vwdwhv

kdv ehhq uhdfkhg wkh vwdwh lq wkh qh{w urxqg zloo eh wkh vdph iru vxuh dffruglqj wr wkh

xqshuwxuehg surfhvv1 Dq| sod|hu gudzq iru vwudwhj| uhylvlrq zloo kdyh wkh dfwlrq douhdg|

xvhg dv ehvw uhso|1 Vwduw lq dq| rwkhu vwdwh1 Lw kdv srvlwlyh suredelolw| dffruglqj wr wkh

xqshuwxuehg surfhvv wkdw lq doo ri wkh iroorzlqj wkuhh urxqgv doo sod|huv duh gudzq iru

vwudwhj| uhylvlrq1 Diwhu rqh vxfk urxqg +zlwk srvlwlyh suredelolw|, hyhu|erg| sod|v wkh

vdph/ dqg diwhu wzr pruh hlwkhu hyhu|erg| sod|v @ ru hyhu|erg| sod|v _/ dqg rqh ri wkh

wzr vwdwhv kdv ehhq uhdfkhg1 �

Sursrvlwlrq 5151 Wkh vhwv iE@c � � � c @�j dqg iE_c � � � c _�j duh wkh rqo| devruelqj vhwv iru

wkh xqshuwxuehg \rxqj surfhvv1

Surri= Fohduo|/ li rqh ri wkh wzr vwdwhv kdv ehhq uhdfkhg wkh xqshuwxuehg surfhvv vwd|v lq

lw iru vxuh1 Vwduw lq dq| rwkhu vwdwh1 Qrz li @ lv d ehvw uhso| lq wkh vwdwh/ wkhq zlwk srvlwlyh

suredelolw| @ lv sod|hg dqg wkh qhz vwdwh fdq rqo| frqwdlq pruh @*v1 Wkhq lq wkh qh{w

urxqg @ lv vwloo d ehvw uhso| hwf1/ dqg vr wkh surfhvv zloo zlwk srvlwlyh suredelolw| uhdfk wkh

vwdwh E@c ���c @� diwhu dw prvw 6 urxqgv1 Vlploduo|/ li _ lv d ehvw uhso| iurp wkh lqlwldo vwdwh/

wkhq _ uhpdlqv d ehvw uhso| dqg wkh surfhvv uhdfkhv E_c ���c _� zlwk srvlwlyh suredelolw|1 Li

qhlwkhu @ qru _ lv d ehvw uhso| wr wkh lqlwldo vwdwh/ K ru S ru erwk pxvw eh1 Dv orqj dv wklv

lv wkh fdvh wkh vwdwh zloo eh �oohg xs zlwk K*v dqg S*v1 Wklv pd| lpso| wkdw vxgghqo| @ ru _

lv ehvw uhso| dqg zh duh grqh e| wkh deryh1 Li @ dqg _ frqwlqxh qrw wr eh ehvw uhso|/ wkhq

diwhu ohvv wkdq 6 urxqgv K zloo vwrs ehlqj ehvw uhso|/ vlqfh K lv qrw d ehvw uhso| wr K ru S ru

wr dq| frpelqdwlrq ri rqo| Kv dqg Sv1 Wkh vwdwh zloo qrz eh �oohg xs zlwk S*v1 Wklv zloo

8



hyhqwxdoo| pdnh _ d ehvw uhso| dqg zh duh grqh1 Vr/ iurp dq| rwkhu vwdwh lw kdv/ dffruglqj

wr wkh xqshuwxuehg surfhvv/ srvlwlyh suredelolw| wr uhdfk E@c ���c @� ru E_c ���c _�1 �

Qrz zh fkdudfwhul}h wkh vwrfkdvwlfdoo| vwdeoh vwdwhv iru hdfk surfhvv1 Iluvw/ li sod|huv ohduq

dqg wuhpeoh dv ghvfulehg e| wkh NPU surfhvv/ dqg wkh wuhpeolqj suredelolw| lv vpdoo/ wkhq

rqo| wkh htxloleulxp vwudwhj| _ zloo eh revhuyhg iuhtxhqwo|/

Sursrvlwlrq 5161 Li � lv vx!flhqwo| odujh/ wkhq Efc fc fc�� lv wkh xqltxh vwrfkdvwlfdoo|

vwdeoh vwdwh iru wkh NPU surfhvv1

Surri= Rqo| E�c fc fc f� dqg Efc fc fc �� duh fdqglgdwhv iru ehlqj vwrfkdvwlfdoo| vwdeoh1 Ohw

wkh vwdwh eh +fc fc fc ��1 Li d�
S
� on sod|huv vlpxowdqhrxvo| wuhpeoh dqg sod| @/ wkhq lq wkh

qh{w urxqg wkh rqo| ehvw uhso| wr wkh vwdwh wkhq suhydlolqj lv @1 Lw wkhq kdv srvlwlyh

suredelolw| dffruglqj wr wkh xqshuwxuehg surfhvv wkdw doo sod|huv duh gudzq iru vwudwhj|

uhylvlrq/ dqg wkh surfhvv hqgv xs lq wkh devruelqj vwdwh E�c fc fc f�/ zkhuh doo sod| @1

Reylrxvo|/ wkh ghvfulehg wuhpeolqj lv wkh rqh wkdw uhtxluhv wkh ihzhvw wuhpeohv/ vr wkh

uhvlvwdqfh lq wkh wudqvlwlrq iurp vwdwh Efc fc fc �� wr vwdwh E�c fc fc f� lv d�
S
� on1

Qrz vwduw lq E�c fc fc f�1 Zlwk d�
H
� on vlpxowdqhrxv wuhpeohv e| wkh sod|huv wr vwudwhj|

Kc wkh ehvw uhso| wr wkh fxuuhqw vwdwh zloo fkdqjh wr K1 Qrz wkhuh lv srvlwlyh suredelolw|

dffruglqj wr wkh xqshuwxuehg surfhvv wkdw doo sod|huv duh gudzq iru vwudwhj| uhylvlrq dqg

khqfh fkrrvh K� Djdlq lq wkh qh{w urxqg lw kdv srvlwlyh suredelolw| wkdw doo sod|huv jhw

d �ohduqlqj gudz� dqg wkhq doo zloo sod| S1 Ilqdoo|/ lq wkh qh{w urxqg lw kdv srvlwlyh

suredelolw| wkdw doo sod|huv ohduq dqg doo sod| _1 Vr/ wkh uhvlvwdqfh lq wkh wudqvlwlrq iurp

E�c fc fc f� wr Efc fc fc �� lv d�
H
� on1 Vlqfh wklv lv vpdoohu wkdq d�

S
� on iru � vx!flhqwo| odujh/

wkh vwrfkdvwlfdoo| vwdeoh vwdwh lv Efc fc fc��1�

Vhfrqg/ li sod|huv ohduq dqg wuhpeoh dv ghvfulehg e| wkh \rxqj surfhvv/ dqg wkh wuhpeolqj

suredelolw| lv vpdoo/ wkhq rqo| wkh htxloleulxp vwudwhj| @ zloo eh revhuyhg iuhtxhqwo|/

Sursrvlwlrq 5171 Li 6 lv vx!flhqwo| odujh/ wkhq E@c � � � c @� lv wkh xqltxh vwrfkdvwlfdoo|

vwdeoh vwdwh iru wkh \rxqj surfhvv1

Surri= Olnh iru wkh NPU surfhvv/ wkh plqlpdo qxpehu ri wuhpeohv uhtxluhg wr jr iurp

E_c ���c _� wr E@c ���c @� lv d�
S
6on/ zklfk lv wkxv wkh uhvlvwdqfh lq wklv wudqvlwlrq1

Qrz frqvlghu wudqvlwlrq iurp E@c ���c @� wr wkh E_c ���c _�1 Wklv pxvw vwduw zlwk d qxpehu ri

wuhpeohv wr hlwkhu Kc S/ ru _ zklfk duh vx!flhqw wr pdnh wkh ehvw uhso| vkliw dzd| iurp

@1 Frqvlghu �uvw wuhpeohv wr S1 Lw zloo uhtxluh d�f
��
6on vxfk wuhpeohv ehiruh wkh ehvw uhso|
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B

AC

C best response

A best response
D best response B best response

Iljxuh 514= Wkh ehvw uhvsrqvh uhjlrqv jlyhq rqo| dfwlrqv d/ e dqg f duh xvhg e| rssrqhqw1

vkliwv +wr _,1 Iru wuhpeohv wr _/ lw uhtxluhv dD
S
6on wr pdnh wkh ehvw uhso| vkliw +djdlq wr

_,1 Ilqdoo|/ frqvlghu wuhpeolqj wr K1 Iluvw lw uhtxluhv d�
H
6on ri wkhvh ehiruh wkh ehvw uhso|

fkdqjhv dqg lw fkdqjhv wr K1 Zlwkrxw ixuwkhu wuhpeolqj K zloo eh ehvw uhso| dqg khqfh

eh sod|hg xqwlo wkh vwdwh frqvlvwv ri d�
S
6on wlphv K +dqg 6 � d�

S
6on wlphv @,1 Wkhq S

ehfrphv ehvw uhso| dqg uhpdlqv vr xqwlo wkh uhfrug frqvlvwv ri d�
S
6on K*v/ d �

�2
6on S*v +dqg

6� d�
S
6on � d �

�2
6on @*v,1 Exw wkhq @ lv ehvw uhso| djdlq/ dqg zlwkrxw ixuwkhu wuhpeolqj

wkh surfhvv uhwxuqv wr E@c ���c @�1 Vr/ wkh d�
H
6on wuhpeohv duh qrw vx!flhqw wr hvfdsh wklv

vwdwh/ ixuwkhu wuhpeolqj lv uhtxluhg1

Vr/ jr edfn dqg dvvxph wkdw mxvw diwhu wkh d�
H
6on wuhpeohv wr K wkhuh lv ixuwkhu wuhpeolqj1

Li wklv lv wr _/ lw zloo uhtxluh d Hb
�ee

6on dgglwlrqdo wuhpeohv wr pdnh wkh ehvw uhso| vkliw +wr

_,1 Li lw lv wr S/ lw uhtxluhv d Hb
��2

6on dgglwlrqdo wuhpeohv wr pdnh wkh ehvw uhso| vkliw +djdlq

wr _�1 Ilqdoo|/ li lw lv wr K djdlq/ lw uhtxluhv ixuwkhu d Hb
DH2

6on wuhpeohv wr pdnh wkh ehvw uhso|

vkliw +wr S,/ lq zklfk fdvh wkh xqshuwxuehg surfhvv lqghhg zloo jr wr E_c ���c _� zlwk srvlwlyh

suredelolw|1 Vhh �jxuh 514/ zklfk vkrzv wkh ehvw uhsolhv jlyhq rqo| wkh vwudwhjlhv @c Kc dqg

S duh xvhg1

Wkh wrwdo uhvlvwdqfh lq wkh wudqvlwlrq iurp E@c ���c @� wr E_c ���c _� lv wkhuhiruh d�
H
6onn d Hb

DH2
6on

zklfk/ iru 6 vx!flhqwo| odujh/ lv vwulfwo| kljkhu wkdq d�
S
6on� Vr/ wkh vwrfkdvwlfdoo| vwdeoh

vwdwh iru wkh \rxqj surfhvv lv E@c ���c @�1�

:



Wkh rewdlqhg gl�huhqfh lq vhohfwlrq pdlqo| iroorzv iurp d gl�huhqfh ehwzhhq wkh wzr ds0

surdfkhv zlwk uhvshfw wr wkh qxpehu ri sod|huv zkr fdq/ zlwk srvlwlyh suredelolw| dffruglqj

wr wkh xqshuwxuehg surfhvv/ xsgdwh ehkdylru lq d vlqjoh urxqg1 Lq wkh NPU prgho lw lv

srvvleoh wkdw doo sod|huv xsgdwh ehkdylru lq rqh dqg wkh vdph urxqg1 Wkxv/ lw lv srvvleoh

wkdw wkh ehkdylru ri wkh hqwluh srsxodwlrq vkliwv iurp rqh urxqg wr wkh qh{w1 Wklv lv gl�hu0

hqw iurp wkh \rxqj prgho/ zkhuh h{dfwo| rqh sod|hu xsgdwhv lq hdfk urxqg dqg wkhuhiruh

wkh iuhtxhqflhv ri sod| lq wkh uhfrug rqo| fkdqjh vorzo|1 Xvlqj d odqgvfdsh phwdskru/ li

wkh edvlq ri dwwudfwlrq lv d ghhs kroh/ wkhq lq wkh h{dpsoh lw lv srvvleoh iru erwk surfhvvhv

wr folpe wr wkh wrs ri d sodwirup vwdqglqj lq wkh plggoh ri wkh kroh e| d olwwoh wuhpeolqj/

exw wr hvfdsh iurp wkh kroh lw lv qhfhvvdu| wr pdnh d elj mxps wr wkh hgjh ri wkh kroh1 Wkh

NPU surfhvv lv fdsdeoh ri grlqj wkdw zkhuhdv wkh \rxqj surfhvv fdq rqo| pdnh d vpdoo

mxps dqg zloo wkhuhiruh idoo grzq lqwr wkh kroh djdlq1

61 Vhfrqg h{dpsoh

Vx!flhqwo| olwwoh vdpsolqj lq wkh \rxqj surfhvv zloo lpso| wkdw wkh wzr dssurdfkhv vhohfw

lq wkh vdph zd| lq wkh deryh h{dpsoh1 Rxu vhfrqg h{dpsoh uhyhdov wkdw dovr zlwk sduwldo/

lq sduwlfxodu zlwk yhu| olwwoh/ vdpsolqj lq wkh \rxqj surfhvv wklv pd| zhoo vhohfw gl�huhqwo|

wkdq wkh NPU surfhvv/ rqo| gxh wr dqrwkhu h�hfw1 Zh frqvlghu wkh v|pphwulf wzr0sod|hu

jdph zlwk urz sod|hu sd|r�v dv jlyhq ehorz1 Wkh jdph kdv wzr sxuh vwudwhj| htxloleuld/

+@c @, dqg +ec e,1

@ K S _ e

@ 43 9 < ; 5

K 3 3 8 3 9

S ; < 3 3 3

_ : 06 43 3 3

e 3 ; 3 : 43

1

Wkh surfhvvhv duh gh�qhg dv deryh h{fhsw iru wkh prgl�fdwlrq wkdw zh qrz dvvxph & � 6*�

lq wkh \rxqj surfhvv/ dqg wkdw vwdwhv iru erwk surfhvvhv duh uhgh�qhg wr fdswxuh wkdw wkh

jdph qrz kdv �yh vwudwhjlhv1

Dv iru wkh �uvw h{dpsoh rqo| vwdwhv fruuhvsrqglqj wr wkh wzr sxuh vwudwhj| htxloleuld fdq

eh devruelqj1 Wr ghprqvwudwh wklv jrhv mxvw olnh wkh surriv ri Sursrvlwlrqv 514 dqg 515

deryh1 Zh wkhuhiruh vwdwh zlwkrxw surri/

;



Sursrvlwlrq 6141 Wkh vhwv iE�c fc fc fc f�j dqg iEfc fc fc fc ��j duh wkh rqo| devruelqj vhwv

iru wkh xqshuwxuehg NPU surfhvv1

Sursrvlwlrq 6151 Wkh vhwv iE@c � � � c @�j dqg iEec � � � c e�j duh wkh rqo| devruelqj vhwv iru

wkh xqshuwxuehg \rxqj surfhvv1

Wkh iroorzlqj sursrvlwlrqv vwdwh wkdw wkh orqj uxq ehkdylruv ri wkh wzr surfhvvhv duh djdlq

gl�huhqw1 Wkh NPU surfhvv vhohfwv wkh htxloleulxp E@c @�/ zkloh wkh \rxqj surfhvv vhohfwv

Eec e�1

Sursrvlwlrq 6161 Li � lv vx!flhqwo| odujh/ wkhq E�c fc fc fc f� lv wkh xqltxh vwrfkdvwlfdoo|

vwdeoh vwdwh iru wkh NPU surfhvv1

Surri= Wr hvfdsh iurp wkh vwdwh Efc fc fc fc �� dw ohdvw de
b
� on wuhpeohv duh uhtxluhg ehiruh

wkh ehvw uhso| fkdqjhv wr dq dfwlrq gl�huhqw iurp e1 Li wkh plvwdnhv duh doo wr @/ wkhq wkhuh

lv/ dffruglqj wr wkh xqshuwxuehg surfhvv/ srvlwlyh suredelolw| ri wudqvlwlrq wr wkh vwdwh

E�c fc fc fc f�1 Vr/ wkh uhvlvwdqfh lq wklv wudqvlwlrq lv de
b
� on1

Iurp vwdwh E�c fc fc fc f�/ li wuhpeolqj lv wr dfwlrqv gl�huhqw iurp K/ pruh wkdq de
b
� on

wuhpeohv duh uhtxluhg ehiruh wkh ehvw uhso| fkdqjhv1 Iru wuhpeohv wr K rqo| d2
D
� on plvwdnhv

duh uhtxluhg ehiruh wkh ehvw uhso| fkdqjhv wr S1 Qrwh wkdw K fdq rqo| eh d ehvw uhso| li wkh

vwdwh frqwdlqv pruh wkdq �

2
� wlphv e +rwkhuzlvh @ zloo eh ehwwhu,1

Iru e wr eh d ehvw uhso| wr d vwdwh zlwk dw prvw d2
D
� on K*v/ dqg rqo| @*v dqg S*v rwkhuzlvh/

ixuwkhu d2�
b�
� on plvwdnhv wr e duh uhtxluhg +wkhq e lv ehvw uhso| li wkh vwdwh frqvlvw ri d2

D
� on

K*v/ � � d2
D
� on � d2�

b�
� onS*v dqg d2�

b�
� on e*v1

Iru _ wr eh d ehvw uhso| dw prvw �

�f
� fdq kdyh xvhg vwudwhj| K� Vr/ iru wkh surfhvv wr

uhdfk d vwdwh iurp zklfk _*v zloo hqwhu/ dw prvw �

�f
� fdq kdyh xvhg K1 Qrz/ iru wkh ehvw

uhso| wr fkdqjh wr e ixuwkhu wuhpeohv duh uhtxluhg/ hlwkhu wr K ru wr e1 Li sod|huv wuhpeoh

wr K/ wkhq dw ohdvw d .
�f
� on plvwdnhv duh uhtxluhg +lq wklv fdvh wkhuh lv srvlwlyh suredelolw|

ri uhdfklqj d vwdwh zlwk d2
�
� on K*v dqg �� d2

�
� on _*v,1 Li sod|huv wuhpeoh wr e/ wkhq d .

bf
� on

duh qhhghg +lq wklv fdvh wkhuh lv srvlwlyh suredelolw| ri uhdfklqj d vwdwh zlwk d �
�f
� o

3

K*v/

�� d �
�f
� o

3

� d .
bf
� on _*v dqg d .

bf
� on e*v,1

Lq frqfoxvlrq/ wkh uhvlvwdqfh ri wkh wudqvlwlrq iurp E�c fc fc fc f� wr Efc fc fc fc �� lv dw ohdvw

d2
D
� on n d .

bf
� on zklfk lv odujhu wkdq de

b
� on iru � vx!flhqwo| kljk1 WkhuhiruhE�c fc fc fc f�

lv wkh rqo| vwrfkdvwlfdoo| vwdeoh vwdwh iru wkh NPU surfhvv1�

Sursrvlwlrq 6171 Li & lv vx!flhqwo| odujh/ wkhq Eec � � � c e� lv wkh xqltxh vwrfkdvwlfdoo|

vwdeoh vwdwh iru wkh \rxqj surfhvv1

<



Surri= Wr hvfdsh iurp Eec ���c e�/ dw ohdvw de
b
&on wuhpeohv duh uhtxluhg ehiruh wkh ehvw uhso|

fkdqjhv wr vrphwklqj gl�huhqw iurp e1 Li wkh wuhpeohv duh doo wr @/ wkhq wkhuh lv/ dffruglqj

wr wkh xqshuwxuehg surfhvv/ srvlwlyh suredelolw| ri wudqvlwlrq wr E@c ���c @�1 Vr/ wkh uhvlvwdqfh

lq wkh wudqvlwlrq iurp Eec ���c e� wr E@c ���@� lv de
b
&on1

Iurp E@c ���c @�/ lw uhtxluhv d2
D
&on wuhpeohv wr K ehiruh ehvw uhso| fkdqjhv wr vrphwklqj

gl�huhqw iurp @ +zlwk srvlwlyh suredelolw| dffruglqj wr wkh xqshuwxuehg surfhvv,1 Wkhq

wkhuh lv srvlwlyh suredelolw| dffruglqj wr wkh xqshuwxuehg surfhvv wkdw wkh sod|huv lq wkh

qh{w d�
e
&on urxqgv doo gudz d vdpsoh frqvlvwlqj ri d�

D
&on @*v dqg d2

D
&o
3

K*v dqg frqvhtxhqwo|

doo fkrrvh S1 Diwhu wkdw/ wkhuh lv srvlwlyh suredelolw| dffruglqj wr wkh xqshuwxuehg surfhvv

wkdw wkh sod|huv zloo vdpsoh d�
e
&on S*v dqg d�

e
&o
3

@*v lq doo ri wkh qh{w d�
D
&on urxqgv dqg

frqvhtxhqwo| sod| _1 Wkhq wkhuh lv srvlwlyh suredelolw| dffruglqj wr wkh xqshuwxuehg

surfhvv wkdw wkh sod|huv vdpsoh d2
D
&on K*v dqg d�

D
&o
3

_*v lq doo ri wkh qh{w & urxqgv dqg

khqfh doo sod| e1 Ilqdoo| wkhuh lv srvlwlyh suredelolw| dffruglqj wr wkh xqshuwxuehg surfhvv

wkdw wkh sod|huv lq doo ri wkh qh{w 6� & urxqgv dozd|v vdpsoh wkhvh & e*v dqg khqfh sod|

e1 Wkh surfhvv kdv qrz uhdfkhg wkh devruelqj vwdwh Eec ���c e�1 Lw iroorzv wkdw wklv lv wkh

rqo| vwrfkdvwlfdoo| vwdeoh vwdwh vlqfh de
b
&on � d2

D
&on iru & vx!flhqwo| odujh1�

Wkh irufh gulylqj wkh gl�huhqfh lq wkh vhohfwlrq wklv wlph frphv iurp wkh zd| wkh sod|0

huv pdnh frqmhfwxuhv derxw rssrqhqwv* fkrlfh ri vwudwhj|1 Zkhq wkh sod|huv xsgdwh wkhlu

vwudwhjlhv lq wkh NPUprgho/ wkh| rqo| frqvlghu wkh dfwxdo sod| lq wkh odvw urxqg1 Wklv lp0

solhv/ zkhq qr wuhpeolqj rffxuv/ wkdw d sod|hu*v eholhyhg olnholkrrg ri d sduwlfxodu vwudwhj|

wkdw zdv qrw d ehvw uhso| wr klv suhylrxv frqmhfwxuh/ fdqqrw lqfuhdvh1 Wkxv/ wkh sod|huv*

eholhyhg olnholkrrg ri d sduwlfxodu vwudwhj| zloo ghfuhdvh zhdno| dv orqj dv wklv vwudwhj| lv

qrw d ehvw uhso| dqg qr wuhpeolqj wdnhv sodfh1 Wklv lv gl�huhqw lq wkh \rxqj prgho zlwk

lqfrpsohwh vdpsolqj1 Khuh/ hyhq zlwkrxw wuhpeohv/ wkh eholhyhg olnholkrrg ri d sduwlfxodu

vwudwhj| fdq lqfuhdvh/ dowkrxjk wklv vwudwhj| zdv qrw d ehvw uhso| wr wkh frqmhfwxuh khog

lq wkh suhylrxv urxqg1 Wklv iroorzv vlqfh lw lv srvvleoh iru wzr sod|huv lq dgmdfhqw urxqgv

wr slfn vdpsohv iurp gl�huhqw sduwv ri wkh klvwru|1 Lq wkh h{dpsoh/ lq rughu wr hvfdsh

�fkhdso|� iurp wkh htxloleulxp vwudwhj| @/ �uvw wkh eholhyhg olnholkrrg ri vwudwhj| K kdv wr

eh dw ohdvw 2

D
c zklfk fdq rqo| kdsshq gxh wr wuhpeolqj/ exw wkhq/ iru wkh xqshuwxuehg sur0

fhvv wr frqwlqxh doo wkh zd| wr wkh rwkhu devruelqj vwdwh/ lw lv qhfhvvdu| wkdw wkh eholhyhg

olnholkrrg ri K �uvw ghfuhdvhv dqg wkhq lqfuhdvhv1 Dv h{sodlqhg deryh/ wklv lv srvvleoh lq d

\rxqj prgho zlwk lqfrpsohwh vdpsolqj/ exw qrw lq d NPU prgho1

43



Uhihuhqfhv

^4` Kduvdq|l/ Mrkq1F1 dqg Uhlqkdug Vhowhq +4<;;,/ D Jhqhudo Wkhru| ri Htxloleulxp lq

Jdphv/ Fdpeulgjh= PLW Suhvv1

^5` Ndqgrul/ Plfklklur/ Jhrujh M1 Pdlodwk dqg Udidho Ure +4<<6,/ Ohduqlqj/ Pxwdwlrq/

dqg Orqj Uxq Htxloleuld lq Jdphv/ Hfrqrphwulfd 94/ 5<0891

^6` Ndqgrul/ Plfklklur/ dqg Udidho Ure +4<<8,/ Hyroxwlrq ri Htxloleuld lq wkh Orqj Uxq=

D jhquhdo Wkhru| dqg Dssolfdwlrqv/ Mrxuqdo ri Hfrqrplf Wkhru| 98/ 6;607471

^7` Qùoghnh/ Jhruj dqg Oduu| Vdpxhovrq +4<<6,/ Dq Hyroxwlrqdu| Dqdo|vlv ri Edfnzdug

dqg Iruzdug Lqgxfwlrq/ Jdphv dqg Hfrqrplf Ehkdylru 8/ 75807871

^8` Ureohv/ Mdfn +4<<:,/ Hyroxwlrq dqg Orqj Uxq Htxloleuld lq Frruglqdwlrq Jdphv zlwk

Vxppdu| ri Vwdwlvwlf Sd|r� Whfkqrorjlhv/ Mrxuqdo ri Hfrqrplf Wkhru| :8/ 4;304<61

^9` \rxqj/ K1 Sh|wrq +4<<6,/ Wkh Hyroxwlrq ri Frqyhqwlrqv/ Hfrqrphwulfd 94/ 8:0;71
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