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1 Introd uc tion

PanelV A R models havebecomeincreasinglypopularinmacroeconomics tostudythetransmis-
sionofshocksacrosscountries(Ballabriga,SebastianandValles(1 995)),thepropagatione®ectsof
monetarypolicyintheEuropeanU nion(G erlachandSmets (1 996))andtheaveragedi®erential
responseofdevelopedandunderdevelopedcountriestodomesticandexternaldisturbances(H o®-
maisterandR old¶os(1 997),R ebucci (1 998)).A tthesametime,recentdevelopments incomputer
technologyhavepermitted theestimationofincreasinglycomplexmulticountry VA R models in
reasonabletime,makingthempotentiallyusableforavarietyofforecastingandpolicypurposes.

D espitethis interest,thetheoryforpanelVA R is somewhatunderdeveloped.A ftertheworks
ofChamberlain(1 982, 1 984)and H oltz{ Eakinetal.(1 988),whospecifypanelV A R models for
microdata, tothebestofourknowledgeonly Pesaran and Smith (1 996),Canovaand M arcet
(1 997)and H siaoetal. (1 998)haveconsidered problems connectedwith the specī cation and
theestimationof(univariate)dynamicmacropanels. G arciaFerreretal.(1 987), Z ellnerand
H ong(1 989),Z ellner,H ongandM in(1 991 ),ontheotherhand,haveprovidedBayesianshrinkage
estimatorsandpredictorsforsimilarmodels.Ingeneral,aresearcherfocusesonthespecī cation

yit=A (L )yit¡1 + "it

where yit is aG { dimensionalvector, i = 1 ;:::;N ;A (L )is amatrix in thelagoperator;"it=
®i+ ±t+ uit,where±t is atimee®ect;®i is aunitspecī ce®ectanduitadisturbanceterm.In
somecases(seee.g.H oltz{Eakinetal.(1 988))aspecī cationwithtimevaryingslopecoe±cients
anda x̄ede®ectis used.Twomainrestrictions characterizethis specī cation.First,itassumes
commonslopecoe±cients.Second,itdoesnotallowforinterdependenciesacrossunits.W iththese
restrictions,theinterestistypicallyinestimatingtheaveragedynamicsofthesystem inresponse
toshocks(thematrixA(L )).

G arciaFerreretal.,Canovaand M arcetand Pesaran and Smith, instead, useaunivariate
dynamicmodeloftheform

yit=®i+ ½iyit¡1 + x0it̄ i+ v0t±i+ "it

whereyitis ascalar,xitis asetofkexogenousunitspecī cregressors,vtis asetofhexogenous
regressorscommontoallunitswhile½i,¯iand±iareunitspecī cvectorsofcoe±cients.Insome
specī cationsthesevectorsofcoe±cientsareassumedtohaveanexchangeableprior.Tworestric-
tions areimplicitalsointhis specī cation.First,notimevariation is allowedintheparameters.
Second,therearenointerdependencieseitheramongdi®erentvariableswithinunitsoramongthe
samevariableacrossunits.

Thetaskofthis paperis torelaxtheserestrictions andstudytheissues ofspecī cation,esti-
mationandforecastinginamacro-panelV A R modelwithinterdependencies.O urpointofviewis
B ayesian.SuchanapproachhasbeenwidelyusedintheVA R literaturesincetheworksofD oan,
L ittermanandSims(1 984),L itterman(1 986),andSimsandZ ha(1 998)andprovidesaconvenient
frameworkwhereonecanallowforbothinterdependenciesandmeaningfultimevariations inthe
coe±cients.T hespecī cationweconsiderhasthegeneralform

yit=Ait(L )Yt¡1 + "it
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whereYs (s< t)isavectorofGN elements(thereG variablesforeachuniti=1 ;:::N ).Because
coe±cients varyacross units andalongtime,estimationoftheparameters is impossiblewithout
imposingrestrictions. H owever, instead ofconstrainingthe coe±cients tobe the same across
units,weassumethattheyarerandom and apriordistribution on Ait(L )is introduced. W e
decomposetheparametervectorintotwocomponents,onewhich is unitspecī candtheother
whichis timespecī c.W especifya° exibleprioronthesetwocomponentswhichparsimoniously
takes intoaccountpossible interdependencies inthecross sectionandallows fortimevariations
intheevolutionoftheparametersovertime.T hepriorsharesfeatureswiththoseofL indlayand
Smith(1 972),D oan,L ittermanandSims(1 984)andH siaoetal.(1 998)anditisspecī edtohavea
hierarchicalstructure,whichallowsforvariousdegreesofignoranceintheresearcher'sinformation
abouttheparameters.

Besides importantconsiderations concerningthe specī cation ofthemodel, B ayesian V A R s
areknownproducebetterforecasts thanunrestricted VA R and,inmanysituations, A R IM A or
structuralmodels(Canova(1 995)forreferences).B yallowinginterdependenciesandsomedegree
ofinformationpoolingacrossunitsweintroduceanadditionallevelof° exibilitywhichmayimprove
theforecastingabilityofthesemodels.

W eanalyzeseveralspecialcases ofourspecī cationandcomputeB ayesianestimators forthe
individualcoe±cients andfortheirmeanvalues overthecross section.In somecases analytical
formulasfortheposteriormeanareavailableusingstandardformulas.W henevertheparameters
ofthepriorareunknown,weemploythepredictivedensityofthemodeltoestimatethem and
plug-inourestimates intherelevantformulas inanempiricalBayesfashion.

Inthecaseoffullyhierarchicalpriors,aM arkovChainM onteCarlomethod(theG ibbssampler)
isemployedtocalculateposteriordistributions.Suchanapproachisparticularlyusefulinoursetup
sinceitexploitstherecursivefeaturesoftheposteriordistribution.W eproviderecursiveformulas
formultistep,multiunitforecasts,consistentwiththeinformationavailableateachpointintime
usingtheposterioroftheparametersorthepredictivedensityoffutureobservations.T hepredictive
densityoffutureobservationisalsousedtocomputeturningpointprobabilities.

Toillustratetheforecastingabilityoftheproposedapproach,weapplythemethodologytothe
problemofpredictingoutputgrowth,offorecastingturningpointsinoutputgrowthandcomputing
theprobabilityofarecession intheG -7usingthreevariables (outputgrowth,realstockreturns
andrealmoneygrowth)foreachcountryinthepanel.Toevaluatetheperformanceofthemodel
wealsoprovideaforecastingcomparisonwithotherspecī cationssuggestedintheliterature.W e
showthatourpanelVA R approach improves overexistingunivariateand simpleB V A R models
whenwemeasuretheforecastingperformanceusingtheT heil-U andthe M A D criteria,bothat
theonestep andatthefoursteps horizons.The improvements areoftheorderof5-1 0 % with
theTheil-U andabout2-4% withtheM A D .T heforecastingperformanceofourspecī cation is
alsoslightlybetterthentheoneofaB V A R modelwhichmechanicallyextendstheL ittermanprior
tothepanelcase.Interms ofturningpointpredictions,thetwoversions ofourpanelapproach
areabletorecognizeabout80 % ofturningpoints in the sample and theyturn outtobe the
bestforthis task,alongwith Z ellner's g-priorshrinkageapproach.Thesimpleextensionofthe
L itterman'spriortothepanelcasedoespoorlyalongthisdimensionand,amongalltheprocedures
employed,is thesecondworst.Finally,weshowthattheproposedmethod is competitivewith
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thebestspecī cations in predictingthepeak in U S economicactivityoccurred in 1 990 :3 when
usingtheinformationavailablein1 988:4,apeakwhichwasmissedbymanyofthecommercialand
governmentforecastingprocedures. D ependingonthespecī cation,ourapproach n̄ds 20 -55%
probabilityofadownwardturnatthatdate.

Therestofthepaperisorganizedas follows.T henextsectiongivesthegeneralmodelspeci-
c̄ationandtheassumptionswemake.Section3 provides thegeneralitiesofBayesianestimation
ofthemodel.Section4 specī es theprioranddiscusses thecomputationalissues involved.Sec-
tion5 describesformulasformulti-step,multi-unitsforecasting.Section6 containstheforecasting
applicationtoapanelV A R modelfortheG -7.Section7concludes.

2 T he generalspec ī c ation

T hestatisticalreducedformmodelweuseisoftheform:

yit=
NX

j= 1

pX

l= 1
bjit;lyjt¡l+ ditvt+ uit (1)

wherei=1 ;:::;N ;t=1;:::;T;yitisaG { dimensionalvectorforeachi,b
j
it;lareG£G matrices,dit

isG£q;vtisaq£1 vectorofexogenousvariablescommontoallunitsanduitisaG { dimensional
vectorofrandomdisturbances.H erep isthenumberoflags,G thenumberofendogenousvariables
andqthenumberofexogenousvariables.

Thegeneralityof(1)comes from atleasttwofeatures.First,thecoe±cients areallowedto
varybothacross units andacross time.Second,thereareinterdependencies amongunits,since
bjit;l 6= 0 forj 6= i andforanyl.Bothfeatures constitutethemaindi®erencewiththeliterature
(H oltz-Eakinatal.(1 988),R ebucci (1 998))thatconsiderspanelV A R models.Itis easytoverify
thatifwesetditvt=at; bit=bt 8i; uit= Ãtfi+ »itb

j
it;l= 0 ; j 6= i; 8l;ourspecī cation

collapsestotheoneusedbyH oltz-Eakinetal.(1 988).
W erewrite(1)inastackedregressionmanner

Yt=W t°t+ Ut (2)

whereW t=IN G­X 0
t;X t=

³
y0t¡1; y0t¡2 ;¢¢¢y0t¡p; v0t

0́
;°t=(° 01t;:::;° 0N t)

0and° it=(̄ 10
it;:::;̄

G 0
it)

0.
H ereys (s< t)is a N G { dimensionalvector,¯gitarek{ dimensionalvectors,withk= N Gp+ q,
containing,stacked,thegrowsofthecoe±cientmatricesbitanddit,whileYtandUtareN G £1
matricescontainingtheendogenousvariablesandtherandomdisturbancesofthemodel.

Ifthe° itaredi®erentforeachcross{ sectionalunitindi®erenttimeperiods,thereisnowayto
obtainmeaningfulestimatesofthem.O nepossibilityis tovieweachcoe±cientvectorasrandom
withagivenprobabilitydistribution.W emakethefollowingassumptions:

1.Foreachi,theGk£1 vector° ithasatimeinvariantandatimevaryingcomponent,thatis

° it=®i+ ¸it (3)
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2.Foreachi,theGk£1 vectoroftimeinvariantcomponents ®ifollowsanormaldistribution

®i»N (R i¹®;¢ i) (4)

whereR i=IG ­E i,¢ i=V ­E i­ 1E i,andtheG £G matrixV andthek£kmatrix­ 1 are
symmetricandpositivedē nite.H ereE iisak£kmatrixthatcommutesthekcoe±cientsof
unitiforeachoftheG equationswiththoseofunitone.W ealsoassumethatcov(®i;®j)=0
fori6=j.

3.Themeanvector¹® iscommontoallunitsandisassumedtohaveanormaldistribution

¹® »N (¹;ª) (5)

4.Foreach iwewritethevectorofthetimevaryingcomponents as ¸it= R i̧ t,where¸t is
independentof®iforanyi.TheGk£1 vector¸tevolvesaccordingto

¸t= B ¸t¡1 + et; (6)

whereB =½¤IG kand,conditionalonUtandW t,et»N (0 ;§"),with§"=V ­­ 2 ,and­ 2
isapositivedē nite,symmetricmatrix.Theinitialconditionis suchthat¸0 »N

³
~̧0;­ 0

´
.

5.ConditionalonW t,thevectorofrandomdisturbances Uthasanormaldistribution

Ut»N (0 ;§u): (7)

W eassumethat§u=§­H;where§ is aN £N matrixandH is aG £G matrix,both
positivedē niteandsymmetric.

G iventheprevious assumptions,thestructureofthemodel(1)canbesummarizedwiththe
followinga{ priori hierarchicalscheme

Yt j F t;®;̧ t»N (W t® + Z ţ t;§u)
® j F t»N (S N ¹®;¢ )
¹® j F t»N (¹;ª)

¸t j F t»N
³
^̧
tjt¡1;­̂tjt¡1

´
(8)

whereF tistheinformationsetatt(whichincludesY0 ,thepresampleinformation,andW t);SN =
eN ­R i;Z t= W tS N ;¢ =diag(¢ 1;::;¢ n), ^̧tjt¡1 = B ^̧t¡1jt¡1;­̂tjt¡1 = B ­̂t¡1jt¡1B 0+ §",eN
is avectorofones ofdimension N andthenotation tjt¡1 indicates values attpredictedwith
informationatt¡1 .

A ssumptions 1 -4 decomposetheparameters vectorin 2 components:oneis unitspecī cand
constantovertime;theotheris commonacross units butvarieswithtime.Thepriorpossibility
fortime{ variationincreasesthe° exibilityofthespecī cationandprovidesageneralmechanismto
accountforstructuralshiftswithoutexplicitlymodellingthesourceoftheshift.T hefactthatthe



3 P O ST ER IO R EST IM A T ES 6

time{ varyingparametervectoris commonacross units does notpreventunit{ specī cstructural
shifts,since° itcanbere-writtenas

° it=(1 ¡½)®i+ ½° it¡1 + eit (9)

whereunitspecī cvariationsoftimeoccurthroughthecommoncoe±cient½:
A ssumptions 2 and3 canbeusedtorecoverthevector® orthemeancoe±cientvector¹®.In

this sense,wecandistinguishbetween"̄ xed"and"random"e®ects,followingtheterminologyof
L indleyandSmith(1 972).By x̄ede®ectswemeantheestimationofthevector° it,whiletheterm
randome®ectsreferstotheestimationof¹° t=¹® + ¸t.Forexample,inthecontextofaVA R without
interdependencies,(i.e.bjit;l= 0 ; j 6= i),wemaybemoreinterested intherelationships among
thevariablesofthesystem fora"typical"unit,inwhichcaseinterestcenters intheestimationof
therandom e®ect¹° t.If,instead,weareinterestedintherelationships acrossunits,forexample,
wishingto n̄dthee®ectofashockinthegvariableofunitjonthevariablesofuniti;webetter
estimate° itforeachuniti.Inthecontextofforecasting,wemaybeconcernedwithpointprediction
usingtheaveragecoe±cientvector¹° torinpredictingfuturevaluesofthevariablesofinterestusing
informationavailableforeachunit.

Theassumed Kronekerstructure forthe variance{ covariancematrices is convenienttonest
interestinghypothesis.Forinstance,when­ 1 =0 ,thereisnoheterogeneityinthecross sectional
dimensionofthepanel.IfB =IG k,coe±cients evolveovertimeas arandom walk,whilewhen
B =IG kand­ 2 =0 ,themodelreducestoastandarddynamicpanelmodelwithnotime{ variation
inthecoe±cientvector.Finally,whenV =0 neitherheterogeneitynortimevariationarepresent
inthemodel.

Thepriorspecī cation is fully symmetric in the sensethatitis the sameregardless ofthe
variables and ofthe units weare considering. In some applications where it is interestingto
considersomepriorasymmetries,thisrestrictionmaynotbeneeded.InthatcasewesetE i=IN
sothatR i=IG ­IN and(3)becomes ° it=®i+ ¸twhere®i»N (¹®;¢ )andthepriordistributions
for¹® and¸tarethesameasbefore.

A s comparedtostandardB V A R models,weallowforsomedegreeofa-priori poolingofcross
sectionalinformationviatheexchangeableprioron ®.T hismaybeimportantiftherearesome
similarities inthetimeseriescharacteristicsofthevectorofvariablesconsideredacrossunits since
coe±cientsofotherunitsmaycontainusefulinformationforestimatingthecoe±cientsoftheunit
underconsideration.A singlecountryVA R with x̄edcoe±cientsisnestedinourspecī cationand
canbeobtainedbysettingbjit;l=0 ;8j6= i;8landletting¤;ª;§" gotozero.

3 P osterior E stimates

3.1 Fixed e®ec tsmod el

G ivenpriorinformationon°t,andassumingthat~̧0 ,¹ andthecovariancematricesareknown,we
canobtaintheposteriordistributionoftheparametervectorbycombiningthelikelihoodfunction
conditionalonF twiththepriordistributionfor°tintheusualway.From(8)thelikelihoodis

L (Ytj° t; F t)=N (W t® + Z ţ t;§u)
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andtheprior,giveninformationattot,is

p(° tjF t)=N
³
°̂t¡1; Ĥt¡1

´
(1 0 )

where °̂ t¡1 =S N
³
¹ + ^̧

tjt¡1
´
andĤt¡1 =(S N ªS 0N + ¢ )+ S N ­̂tjt¡1S 0N :

Standardcalculations giveus thattheposterior¼(° tjF t; Yt)is normalwithmean ° ¤t and
varianceH¤

twhere:

° ¤t = H¤
t

³
W 0

t§
¡1
u Yt+ Ĥ¡1

t¡1°̂ t¡1
´

H¤
t =

h
Ĥ¡1
t¡1 + W 0

t§
¡1
u W t

i¡1
(1 1)

H ence° ¤t is astandardweightedaverageofpriorandsampleinformation.W ithaknown§uand
startingfrom initialconditions °̂ 0 and Ĥ0 wecanalsoobtainposteriormoments for° tusingthe
followingrecursiveformulas:

° ¤t = °̂ t¡1 + Ĥt¡1W 0
t

h
W tĤt¡1W 0

t+ §u

i¡1
(Yt¡W t̂°t¡1)

H¤
t = Ĥt¡1¡Ĥt¡1W 0

t

h
W tĤt¡1W 0

t+ §u

i¡1
W tĤt¡1 (1 2)

H ereinformationabout° ¤t andH¤
t isupdatedinaKalman l̄terfashion.

Insomecasesattentionmaybecenteredinobtainingposteriordistributionsof® and¸tsepa-
rately.Itis straightforwardtoshowthat:

Ã
®
Yt
jF t

!
»N

"Ã
SN ¹

Z t
³
¹ + ^̧

tjt¡1
´

!
;

Ã
Á11 Á12
Á2 1 Á2 2

! #

whereÁ11 =(S N ªS 0N + ¢ );Á12 =Á11W 0
t;Á2 1 =W tÁ11;Á2 2 =W tÁ11W 0

t+ Z t̂­tjt¡1Z 0t+ §u.
U singthepropertiesofmultivariatenormaldistributions,theconditionalmarginal¼1(® jF t;Yt)

isnormalwithmean®¤=S N ¹+ Á12 Á¡12 2
h
Yt¡Z t

³
¹ + ^̧

tjt¡1
í
andvarianceV ¤® =Á11¡Á12 Á¡12 2 Á2 1.

R epeatingthesameargumentweobtainthattheconditionalmarginal¼2 (̧ tjYt; F t)is nor-
malwith mean ¸¤t = ^̧

tjt¡1 + ­̂tjt¡1Z 0tÁ
¡1
2 2

h
Yt¡Z t

³
¹ + ^̧

tjt¡1
í
and variance ­¤t = ­̂tjt¡1 ¡

­̂tjt¡1Z 0tÁ
¡1
2 2 Z t̂­tjt¡1: A s usual,themeanoftheposteriordistributionisusedasapointestimate

fortheparametervectorwhilethevarianceprovidesameasureofdispersion.
Fortheformulastobeoperationalweneedattimet=1 aspecī cationfor§uandfortheprior

distributionsof® and¸t,whichinturnrequiresthespecī cationofthematrices B ,§",¢ ,ª,­ 0
andofthevectors ¹ and ~̧.W ewillreturnonthis issueinthenextsection.

3.2 R and om e®ec tsmod el

W heninterestcentersontheestimationofthemeanvector¹° =¹® + ¸t,werewritethemodelas

Yt= Z t¹° t+ ´t (1 3)
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where¹° t=¹® + ¸tand´t=ut+ W tv.
Theposteriordistributions of¹® and ¸tcanbeobtainedbycombiningthepriors andthere-

spectivelikelihoods.T hesumoftheposteriormeansof¹® and¸tthengivesusapointestimateof
themeancoe±cientvectorateacht.

Standardmanipulationsgiveusthattheposterior¼3(¹® jYt; F t)»N (¹®¤;ª¤)andtheposterior
¼2 (̧ tjYt; F t)»N (̧ ¤

t;­¤t)where

¹®¤=¹¡ªZ 0t
h
Z t

³
ª+ ­̂tjt¡1

´
Z 0t+ §u+ W t¢ W 0

t

i¡1 h
Yt¡Z t

³
¹ + ^̧

tjt¡1
í

(1 4)

ª¤=ª¡ªZ 0t
h
Z t

³
ª+ ­̂tjt¡1

´
Z 0t+ §u+ W t¢ W 0

t

i¡1
Z tª (1 5)

whiletheexpressionsfor¸¤tand­¤tarethesameasbefore.T his impliesthattheposterior¼4(¹° tj
Yt; F t)»N (¹° ¤t;H¤

t)where

¹° ¤t =
³
¹ + ^̧

tjt¡1
´
+

³
ª+ ­̂tjt¡1

´
Z 0t

h
Z t

³
ª+ ­̂tjt¡1

´
Z 0t+ §u+ W t¢ W 0

t

i¡1

£
h
Yt¡Z t

³
¹ + ^̧

tjt¡1
í

(1 6)

H¤
t =

³
ª+ ­̂tjt¡1

´
¡

³
ª+ ­̂tjt¡1

´
Z 0t

h
Z t

³
ª+ ­̂tjt¡1

´
Z 0t+ §u+ W t¢ W 0

t

i¡1

£Z t
³
ª+ ­̂tjt¡1

´
(1 7)

4 Settingup the priors

Fortheformulasdescribedintheprevioussectiontobeoperational,weneedtospecifythevector
³ = (¹;~̧o;­ o;§u;§";B ;ª;¢ ). T he results ofsection 3 were obtained underthe assumption
thatthis vectorofparameters was known.Inpractice,this is hardlythecase:togetposterior
distributions forthe parameters weneed tomakeassumptions on the ³ vectorand toobtain
marginalposteriors weneedtointegratenuisanceparameters outofthejointposteriordensity.
T his integration,ingeneral,is di±cult,evenwithbruteforcenumericalmethods,giventhelarge
numberofparameterstypicallycontainedin³.

Thereareseveralwaystoproceed.O neistoassumeadi®useprioronsomeofthecomponents
ofthe parametervector, while stillassumingthatothers are known. A notheris to specify a
L itterman-typepriorwheretheunknownelementsof³dependonasmallvectorofhyperparameters
tobeestimatedfrom thedatainEmpiricalBayes fashion.T hethird is toassumeexplicitprior
distributions forthe parametervectorand proceed directly tothe numericalintegration using
M arkovChains-M onteCarlomethods.W eexaminetheseapproaches inturn.

4 .1 Di®use P riors

Imposingdi®usepriorsisinterestinginourcontextasawaytodescribetheignoranceofaresearcher
onsomeaspectsofthepriordistribution.Itiswellknown(seeZ ellner(1 971))thatajointdi®use



4 SET T IN G U P T H E PR IO R S 9

priorforalltheelementsof³ leadstoposteriorswhichcontainthesampleinformationsummarized
inaleastsquarefashion.A lso,as shownbyKadiyalaandKarlsson(1 997),suchpriorproduces
posteriordependenceamongthecoe±cientsofdi®erentequations,i.e.thejointposteriorforthe
N G k£1 vectorofcoe±cientsdoesnotfactorintotheproductoftheposteriorforthekcoe±cients
ofeachoftheN G equations.H ereweconcentrateattentionontwospecialcases ofinterest:one
wherethereisnoinformationonthelocationofthemeanoftheunitspecī ce®ect

¡
ª¡1 =0

¢
and

onewherethereisnoinformationonthetimevaryingcomponentofthecoe±cientseitherattime
zero

³
­¡10 =0

´
orataparticularpointintime

³
­̂¡1tjt¡1 =0

´
.A llothercomponentsofthevector

ofparametersareassumedtobeknown.

4.1.1 Case1 :Ignoranceabout¹®

W henthepriordistributionofthesecondstageofthehierarchyisproportionaltoaconstant,the
posteriordistributionchangesaccordingtothefollowingproposition:

Proposition4.1 G iventheprior(8),ifª¡1 =0 ;conditionalon YtandF t,

(i)Theposteriordistribution¼3(¹® jYt; F t)isnormalwithmean¹®¤¤andvarianceª¤¤where

¹®¤¤=ª¤¤Z 0t
h
Z t̂­tjt¡1Z 0t+ §u+ W t¢ W 0

t

i¡1³
Yt¡Z ţ̂ tjt¡1

´

ª¤¤¡1 = Z 0t
h
Z t̂­tjt¡1Z 0t+ §u+ W t¢ W 0

t

i¡1
Z t

(ii)Theposteriordistribution¼1(® jYt; F t)isnormalwithmean®¤¤andvarianceV ¤¤® where

®¤¤=V ¤¤® W 0
t

³
§u+ Z t̂­tjt¡1Z 0t

¡́1³
Yt¡Z ţ̂ tjt¡1

´
;

V ¤¤¡1® =W 0
t

³
§u+ Z t̂­tjt¡1Z 0t

¡́1
W t+ F (1 8)

withF =¢ ¡1¡¢ ¡1S N
¡
S 0N ¢

¡1SN
¢¡1 S 0N ¢ ¡1.

(iii)Theposteriordistributionof¸tisequaltotheprior,i.e.,

¼2 (̧ tjYt;X t)=p(̧ tjX t):

(T heproofofallpropositions is intheappendix).

N oticethatthedi®useprioron ¹® does notallowtoupdatethepriorinformationwehaveon
¸t.Infact,inthis case,theposteriordistributionof°tdoes notdependonthepriorfor¸t.To
seethis notethat,withª¡1 = 0 ;wehavethatĤt¡1S N

³
ª+ ­̂tjt¡1

´
S 0N + ¢ = F ¡1 andusing

thefactthatĤ¡1
t¡1°̂t¡1 = F S N

¡
¹ + ¹̧t¡1

¢
= 0 wehave ° ¤t =

£
F + W 0

t§¡1u W t
¤¡1 ¡W 0

t§¡1u Yt
¢
and

H¤
t=

£
F + W 0

t§¡1u W t
¤¡1 wherenopriorinformationon¸tis involved.
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4.1.2 Case2:Ignoranceabout¸t

T here are twosimpleways ofattachingadi®use priortothe time varyingcomponentofthe
coe±cientvector.O nepossibilityistoconsiderlackofinformationattimezero(­¡10 =0 ).W hen
thepriordistributionfor¸0 isproportionaltoaconstant,giventheautoregressivestructurefor¸t,
andprovided½ < 1 ,theprocesstendsto"forget"theinitialcondition.Inotherwords,subsequent
realizations of¸tmakelessandlessuncertainourinformationonthetimevaryingcomponentof
thecoe±cients sothat­¡10 = 0 does notimply ­̂¡1tjt¡1 = 0 atallpoints in timeand,forlarge
enoughT ,theposteriorfor® and¸tistheonepresentedinsection3.

A notherpossibility is toset§¡1" = 0 .Toimplementthis di®useprior,weassume­¡12 = 0.
N oticethat­̂tjt¡1 = B ­̂t¡1jt¡1B 0+ §".T hereforeif§¡1" =0 ,­̂¡1tjt¡1 =0 .Inthiscaseitispossible
toprovethefollowingresult

Proposition4.2 G iventheprior(8),if§¡1" =0 ;then

(i)Theposteriordistributionof¹® isequaltotheprior,i.e.,

¼3(¹® jYt;X t)=p(¹® jX t)

(ii)Theposteriordistribution¼1(® jYt; F t)isnormalwithmean®¤¤andvarianceV ¤¤® where

®¤¤ = V ¤¤®
h
W 0

tS
³
Yt¡Z ţ̂ tjt¡1

´
+

¡
SN ªS 0N + ¢

¢¡1 S N ¹
i
;

V ¤¤¡1® = W 0
tT W t+

¡
S N ªS 0N + ¢

¢¡1

andT =§¡1u ¡§¡1u Z t
¡
Z 0t§¡1u Z t

¢¡1 Z 0t§¡1u
(iii)Theposteriordistribution¼2 (̧ tjYt; F t)isnormalwithmean¸¤¤t andvariance­¤¤t where

¸¤¤t =­¤¤t
n
Z 0t

£
W t

¡
S N ªS 0N + ¢

¢
W 0

t+ §u
¤¡1(Yt¡Z t¹)

o

­¤¤¡1t = Z 0t
£
W t

¡
S N ªS 0N + ¢

¢
W 0

t+ §u
¤¡1 Z t

T heassumption§¡1e = 0 implies that­̂¡1tjt¡1 = 0 ,atallpoints intime.T his implication is
unreasonableor,atleast,excessivelymyopic,because itprevents researchers tolearnfrom past
realizationsof¸tandtobelessuncertainonitsmeanastimesgoesby.T heassumption­̂¡1tjt¡1 =0
canbemorerealisticifweattachthis in̄ niteuncertaintytothecoe±cients onlyataparticular
pointintime(let'ssay,t=to),perhapstotakecareofastructuralbreak,afterwhichtheprocess
restartsandbehavesas itdidbeforethebreak.

Itisworthnotingthatinbothcases 1 and2,theposteriormeanandvariancefor°tarethe
sameasthoseobtainedwhenonlypriorinformationon® isused.T hisisnotsurprisingifwewrite
(8)asathreestagehierarchy

Yt j F t; ° t»N (W t°t;§u)
°t j F t; ¹®; ¸t»N [E N (¹® + ¸t);¢ ]

(¹® + ¸t) j F t; ¹; ^̧tjt¡1 »N
h³
¹ + ^̧

tjt¡1
´
;ª+ ­̂tjt¡1

i
:
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A ssumingª¡1 = 0 or§¡1" = 0 is equivalenttoassumeadi®useprioronthethirdstageofthe
hierarchy.

4 .2 Litterman-type prior

N ext,wemodifytheso-called M innesotapriortoaccountforthepresenceofmultipleunits in
theVA R .T heM innesotaprior,describedinL itterman(1 986),D oan,L ittermanandSims(1 984),
Ingram andW hiteman(1 995),Ballabriga,etal.(1 998)amongothers isawaytoaccountforthe
nearnonstationarityofmanymacroeconomictimeseriesand,atthesametime,toweaklyreduce
thedimensionalityofaVA R model.G iventhattheintertemporaldependenceofthevariables is
believedtobestrong,thepriormeanoftheV A R coe±cientsonthe r̄stownlagissetequaltoone
andthemeanofremainingcoe±cients isequaltozero.Thecovariancematrixofthecoe±cientsis
diagonal(sowehaveprior| andposterior| independencebetweenequations)andtheelements
arespecī edinawaythatcoe±cientsofhigherorderlagsarelikelytobeclosetozero(theprior
variancedecreaseswhenthelaglength increases).M oreover,sincemostofthevariations inthe
VA R variables isaccountedforbyownlags,coe±cientsofvariablesotherthanthedependentone
areassignedasmallerrelativevariance.T hepriorontheconstantterm,otherdeterministicand
exogenousvariables isdi®use.Finally,thevariance-covariancematrixoftheerrorterm isassumed
tobe x̄edandknown.

ForapanelVA R setup we introducethe followingmodī cations. T he covariance{ matrices
­ o;ª;¢ ,areassumedtohavethesamea-prioristructure.Take,forexample,¢ =diag(¢ 1;:::;¢ n),
where¢ i=V ­E i­ 1E i.

Thematrix­ 1 isassumedtobediagonalanditselementshavethefollowingstructure:

¾ 2gijs =

Ã
µ1®µ

±(gi;js)
3
lµ2

1
¾js

! 2
g;j=1 ;:::;G i;s=1 ;:::;N l=1 ;:::p

where±(gi;js)=0 ifi=sand1 otherwiseand

¾ 2gm =(µ1®µ4)2 m=1 ;:::;q

H ere,girepresentsequationgofuniti,jstheendogenousvariablejofunits,lthelag,mexogenous
ordeterministicvariables.

Thehyperparameterµ1® controlsthetightnessofbeliefsforthevector®;µ2 therateatwhich
the priorvariance decays with the lag;µ3 the degreeofuncertainty forthe coe±cients ofthe
variables ofunits in theequations ofuniti;µ4 thedegreeofuncertaintyofthecoe±cients of
theexogenous variables and ¾js arethediagonalelements ofthematrix§uusedas scalefactors
toaccountfordi®erences inunitsofmeasurement.A lso,assumethatV =H (seeequation(7)).
N oticethatwedon'thavepriorindependencebetween equations. H enceourpriorinformation
specī es that, forexample, thecoe±cienton lag 1 ofthe G N P equation fortheU S mayhave
somerelationshipwiththesamecoe±cientintheP R ICEequationforU S.M oreover,wehavenot
specī edahyperparameterwhichcontrolstheoveralltightnessofbeliefsbecausetherandomnessof
thecoe±cientsdependson®iand¸tandweparametrizetheuncertaintyineachofthemseparately.
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Finally,thereisnodistinctionbetweenownversusothercountriesvariables.B ecauseofthisV and
­ 1 arecommontoallunitsandthepriorhasasymmetricstructure(seeSimsandZ ha(1 998)).

Thestructuresforªand­ o aresimilarwithµ1® beingreplacedbyµ1¹® andµ1¸,respectively.
Tocompletethespecī cationweneedtohaveameasuretheelementsofthematrixH andof

the¾'s.FollowingL itterman,theseparametersareestimatedfrom thedatatotuneup theprior
tothespecī capplication.

Thepriortime{ varyingfeaturesofthemodelaredeterminedbyspecifyingthematrices B ,§".
W eassumethatB isdiagonalandthateachofthek£kdiagonalblocksB g satis̄ es:B g =diag(µ5).
Furthermore,weassume§"=µ6­ o.H ereµ5 controlstheevolutionofthelawofmotionof¸tand
µ6theheteroskecasticityinthecoe±cients.N otethatatime{ invariantmodelisobtainedbysetting
µ5=1 andµ6=0.H omoschedastictimevariationsareobtainedbysettingµ6=0 .

Finally,weassumethatthek£1 vectors ¹g and ~̧og havethefollowingstructures:

¹g =

2
6666666664

0
...
µ7
0
...
0

3
7777777775

; ~̧og =

2
6666666664

0
...

1 ¡µ7
0
...
0

3
7777777775

where¹g and~̧og arethegth{ elementsofthemeanvectors¹ and~̧o andµ7controlsthepriormean
onthe r̄stownlagcoe±cientofthedependentvariableinequationgforuniti.

Summingup,ourpriorinformationisafunctionofa9{ dimensionalvectorofhyperparameters
£=(µ1®;µ1¸;µ1¹®;µ2 ;µ3;µ4 ;µ5;µ6;µ7).Estimatesof£canbeobtainedbymaximizingthepredictive
density ofthemodelas in D oan, L itterman and Sims (1 984). Posteriordistributions forthe
parameters arethenobtainedbyplugging-intheresultingestimates for¹;~̧o;­ o;§u;§";B ;ª;¢
intheformulaswehavederivedinsection3 inanempiricalBayesfashion(seee.g.Berger(1 985)).

ComparedwithBallabrigaetal.(1 998),whousedaM innesotaprioronapanelVA R model
forthe Spanish, G erman and French economies, ourspecī cation allows forunitspecī c time
variations inthevarianceoftheprocess (µ6 6= 0 );itseparates thepriorinformationforthetime
andtheindividualcomponent(theyhaveoneparameterinplaceofµ1®;µ1¸;µ1¹®)and introduces
afurtherlevelofuncertainty by specifyingapriorfor¹®. Furthermore, ourpriorspecī cation
is symmetricand itallows fora-priori poolingofthe information presentin thecross sectional
dimensionofthepanel.N oneofthesefeatures ispresentintheirspecī cation.

4 .3 Informative priors

W hen the priorforthe vectorofparameters is informative, the posteriordistribution forthe
parametervectordoes nothave an analyticalclosed form. N evertheless, we can implementa
hierarchicalBayesanalysisusingasampling{ basedapproach,suchastheG ibbs sampler,(seee.g.
G emanandG eman(1 984),G elfandandSmith(1 990 ),G elfandandal.(1 990 )amongothers).

Thebasicideaoftheapproachistoconstructa(computable)M arkovchainonageneralstate
spacesuchthatthelimitingdistributionofthechainisthejointposteriorofinterest.Supposewe
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haveaparametervector# withkcomponents(#1;#2 ;:::;#k)andthattheposteriordistributions
¼ (#jj#s; s6=j)areavailable.T henthealgorithmworksasfollows.W estartfromarbitraryvalues
for#(o)1 ;#(o)2 ;:::;#(o)k .Settingi = 1 ;wecyclethroughtheconditionaldistributions sampling#(1)1
from ¼

³
#1 j#(o)2 ;:::;#(o)k

´
#(i)2 from ¼

³
#2 j#(1)1 ;:::;#(o)k

´
up to #(i)k from ¼

³
#kj#(1)1 ;:::;#(1)k¡1

´
:

N ext,weseti=2 andrepeatthecycle.A fteriteratingonthiscycle,say,M times,thesamplevalue
#(M ) =

³
#(M )
1 ;#(M )

2 ;:::;#(M )
k

´
canberegardedasadrawingfrom thetruejointposteriordensity.

O ncethis simulatedsamplehasbeenobtained,anyposteriormomentofinterestoranymarginal
densitycanbeestimated,usingtheergodictheorem.Convergencetothedesireddistributioncan
becheckedassuggestedinG elfandandSmith(1 990 ).

InordertoapplytheG ibbssamplertoourpanelVA R modelweneedtospecifypriorinforma-
tionsothattheconditionalposteriordistributionforcomponentsoftheparametervectorcanbe
obtainedanalytically.R ecallthatourhierarchicalmodelisgivenby:

Yt = W t® + Z ţ t+ ut;
®i = SN ¹® + "i
¹® = ¹ + v
¸t = B ¸t¡1 + et

where ut » N (0 ;§­H);"i » N (0 ;V ­E i­ 1E i); v » N (0 ;ª);¸o » N (0 ;V ­­ 2) et »
N (0 ;V ­´­ 2)and ´ is thetightness ontimevariation: if´ = 0 and B =Ithen ¸ is time in-
variant.W eassumethatthecovariancematricesareindependent,thatV;ª,´,and¹ areknown
and that§ » iW N (¾o;M o),H » iW G (ho;P o); ­ 1 » iW k(w1;W 1), and ­ 2 » iW k(w2 ;W 2),
wherethenotation©» iW p (v;Z )means thatthesymmetricpositivedē nitematrix© follows
ap{ dimensionalinvertedW ishartdistributionwithv degrees offreedom andscalematrix Z :W e
alsoassumethatforeachofthesedistributions thedegrees offreedom andthescalematrixare
known.Theseassumptionsareinconsequentialandtheanalysisgoesthrough,evenwhenconsistent
estimatesaresubstitutedforthetrueones.

G iventhispriorinformation,theposteriordensityoftheparametervector#=(®;§;H;¹®;­ 1,
f̧ tgTt= 0 ;­ 2)isgivenby

¼ (#jYT; F T)/ f(YT j#T; F T)p(#jF T) (1 9)

whereYT =(Y1;:::;YT)isthesampledataandp(#jF T)isthepriorinformationavailableatT.
G iven the di±culty toobtain marginalposteriors directly from the integration of(1 9),we

iterateontheconditionaldistributions oftheparameters,whichcaneasilybeobtainedfrom the
conditionalposterior(1 9).Todealwith thepresenceoftimevaryingparameters weadaptthe
resultsofCarterandKhon(1 994)andChibandG reenberg(1 996).Infact,conditionalonf̧ tgTt= 0,
thedistributionoftheremainingparameters canbederivedwithoutdi±culty. L etÃ¡x bethe
vector# containingalltheparameters butx.T hentheconditionaldistributions forparameters
otherthan f̧ tg are:

­ 1 j Ã¡­ 1; YT; F T »iW k

³
w1 + N G;Ŵ 1

´
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­ 2 j Ã¡­ 2 ; YT; F T »iW k

³
w2 + T G;Ŵ 2

´

§ j Ã¡§ ; YT; F T »iW N

³
¾o + GT ; ^M o

´
(20 )

H j Ã¡H ; YT; F T »iW G

³
ho + N T ;P̂ o

´

® j Ã¡®; YT; F T »N
³
®̂;V̂®

´

¹® j Ã¡¹®; YT; F T »N
³
®¤;V̂ ¤́

wheretheexpressionsforŴ 1; Ŵ 2 ; ^M o; P̂ o; ®̂; V̂®; ®¤; V̂ ¤aregivenintheappendix.
FollowingChib (1 996)theparametervector¸tcanbeincluded intheG ibbs samplerviathe

distribution ¼ (̧ o;:::;̧ T jYT; F T;ÃT)whereÃt´#¡f̧ tgt.W ecanre{writesuchadistributionas

¼ (̧ T jYT; F T;ÃT)£¼ (̧ T¡1 jYT; F T;ÃT¡1;̧ T)£¢¢¢£¼ (̧ o jYT; F T;;Ã 0 ;̧ 1;:::̧ T) (21)

A drawfrom thejointdistributioncanbeobtainedbydrawing~̧T from ¼ (̧ T jYT; F T;ÃT);then
~̧T¡1 from ¼

³
¸T¡1 jYT; F T;;ÃT¡1;~̧T

´
andsoon.L et¸s=(̧ s;:::;̧ T)andY s=(Ys;:::;YT)for

s·T.Thedensityofthetypicalterm in(21 )is

¼
³
¸tjYT; F T;Ãt;̧ t+ 1

´

/ ¼
³
¸tjY t; F t;;Ãt

´
¼ (̧ t+ 1 jYt; F t;Ãt¡1; ¸t)f(Y t+ 1;̧ t+ 1 jYt; F t; ¸t; ¸t+ 1)

/ ¼
³
¸tjY t; F t;Ãt

´
¼ (̧ t+ 1 jF t;Ãt¡1; ¸t) (22)

T helastrowfollows from thefactthat,conditionalon ¸t+ 1;thejointdensityof(Y t+ 1;̧ t+ 1)is
independentof¸tand,conditionalon¸t,¸t+ 1 is independentofYt.

Theseconddensityof(22)in G aussianwithmoments ½¸tand§".T he r̄stwas derived in
section 3,and itis G aussianwithmean ^̧

tjt= ^̧
tjt¡1 + ­̂tjt¡1Z 0tÁ

¡1
2 2

³
Yt¡Z t¹¡Z ţ̂ tjt¡1

´
and

variance­̂tjt= ­̂tjt¡1 ¡­̂tjt¡1Z 0tÁ
¡1
2 2 Z t̂­tjt¡1.H ence,¼

¡
¸tjYT; F t;Ãt;̧ t+ 1¢» N (̧̂ t;­̂t)where

^̧t= ^̧
tjt+ ½¡1M t

³
¸t+ 1¡½^̧tjt

´
;­̂t=­̂tjt¡M t­t+ 1j;tM 0

tand M t=½2 ­̂tjt̂­
¡1
t+ 1jt.

Tobeconcretethefollowingalgorithm canbeusedtosample f̧ tg: r̄st,startingfrom given
initialconditions,werun theKalman l̄tertorecursivelyget ^̧tand ­̂t;thenwe simulate ~̧T
from anormalwithmean ^̧

TjT andvariance­̂ TjT;~̧T¡1 from N
³
^̧T¡1;­̂ T¡1

´
,and soonuntil

~̧o is simulated from N
³
^̧o;­̂ o

´
where, foreach t; ^̧t= ^̧

tjt+ ½¡1M t

³
~̧t+ 1¡½^̧tjt

´
and ­̂t=

­̂tjt¡M t̂­t+ 1j;tM 0
t.

O ne specialcaseofthe setup described in this subsectiondeserve someattention. Suppose
informativepriorsonalltheparametersexceptthatonH ,whosepriorisnowdi®use,sothatthe
priorfor§uisdi®useaswell.T henthesetupresemblestheN ormal-D i®usepriorofKadiyalaand
Karlsson(1 997)andimpliesthatposteriordependenceamongthecoe±cientsofdi®erentequations
obtains evenwhenthereis priorindependence.H ence,themajordi®erenceofourpriorwiththe
specī cationusedbytheseauthors is thatweuseathreestagehierarchy,sothatboththemean
andthevarianceof° tarerandomvariables,whiletheytakethemeanandthevarianceof°ttobe
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x̄ed.N otealsothatourspecī cationdoes notrestrict§utobediagonalandthereforepermits
complicatedinteractionsamongvariableswithinandacrosscountries.

Finally, itis worthmentioningthatinallthesetups wehaveconsidered inthis section,our
priorspecī cationmaintains aknonekerstructureforthestatisticalmodel.Suchaspecī cation
isusefulsince,ononehand,itallowstohandlethecomputations forrelativelylargesystems ina
simplefashionand,ontheother,imposessymmetryrestrictionswhichappeartobedesirableinan
unrestrictedVA R systemofthetypeexaminedhere.Clearlytheserestrictionsmaybeinappropriate
forstructuralorrestrictedVA R systemsandalternativespecī cations,alongthelinesofSimsand
Z ha(1 998),shouldbeused.

5 Forecasting

O nceposteriorestimates areobtained,forecasts canbecomputed.Inordertoobtainmultistep
forecastingformulasforapanelVA R andtocomputeturningpointsprobabilities,itisconvenient
torewrite(1)inacompanionVA R (1 )form

Yit=
NX

j= 1
B j
itYjt¡1 + Ditzt+ U it (23)

whereYitandU itareGp£1 vectors,B j
itisaGp£GpmatrixandDitisaGp£qmatrix.

Stackingfori,andrepeatedlysubstitutingwehave

Yt=

" h¡1Y

r= 0
B t¡r

#
Yt¡h +

h¡1X

s= 0

" s¡1Y

r= 0
B t¡r

#
Dt¡szt¡s +

h¡1X

s= 0

" s¡1Y

r= 0
B t¡r

#
Ut¡s (24)

or

yt=J

" h¡1Y

r= 0
B t¡r

#
Yt¡h +

h¡1X

s= 0
©stDt¡szt¡s +

h¡1X

s= 0
©stut¡s (25)

where©st=
Qs¡1
r= 0 B t¡r,andJ=IN ­J1,J1 = [IG 0 ]andJis a selectionmatrix such that

JY t=yt,JU t=utandJ0JU t= Ut.Theexpressionin(25)canbeusedtocomputetheh{ steps
aheadforecastoftheN G { dimensionalvectorYt.

First,wecomputea"point"forecastforyt+ h.T heforecastfunctionisgivenby

yt(h)=J

" h¡1Y

r= 0
B t+ h¡r

#
Yt+

h¡1X

s= 0
©st+ hDt+ h¡szt+ h¡s (26)

or,recursively
yt(h)=J~B t+ h Yt(h¡1 )+ ~Dt+ hzt+ h

where ~Dt+ h is theN G £qmatrix [d1td2t::::dN t]0and ~B t+ h = diag(B 1t;B 2t;:::;B nt)with B it=³
B 1it;B 2it;:::;B N

it

´
.O newaytoobtainah{ stepaheadforecastsistousetheposteriormeanof ~B t+ h

and ~Dt+ h andthemeanofthepredictivedensityforzt+ h,conditionalontheinformationattime
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t.Estimatesfortheposteriormeanofthecoe±cientscanbeobtainedfromtherecursiveformulas
for¸t(and,consequently,for°t)usingexpressions like(9)orbydrawingfrom distributions like
(20 )and(21)inarecursivefashion.Callthis estimates B̂ t+ hjtand D̂t+ hjt.T heforecasterroris
yt+ h ¡ŷt(h)=

P h¡1
s= 0 ©st+ hut+ h¡s + [yt(h)¡ŷt(h)].Tomeasuretheforecastingperformance it

is usefultocomputethe M ean SquareError(M SE)orthe M ean A bsoluteError(M A D )ofthe
estimatedforecastwhicharegivenby

M S E (̂yt(h)) =
h¡1X

s= 0
©st+ h§u©0st+ h + M S E [yt(h)¡ŷt(h)]

M AD (̂yt(h)) =
h¡1X

s= 0
jut+ h¡sj+ M AD [yt(h)¡ŷt(h)]

T he r̄stterm ontheR H S ofeach equation canbeobtainedusingposteriormeanestimates of
B t+ h¡r andofUt,conditionalontheinformationattimet,whileforthesecondterm anapprox-
imationcanbecomputedalongthelines ofL Äutkepohl(1 991 ,p.86{ 89).Clearly,ifaresearcheris
interestedinpointforecastsusingtheaveragevalueoftheparameters,thenthepreviousformulas
applyusingforB̂ t+ hjtand D̂t+ hjttheposteriorsderivedinsection3.2.

Inmanysituations, itmaybemoreappealingtocompute"average"forecasts h{ step ahead
usingthepredictivedensityf(Yt+ h jF t)=

R
f(Yt+ h jF t;#)p(#jF t)wheref(Yt+ h jF t;#)is the

conditionaldensityofthefutureobservationvectorgiven#,andp(#jF t)istheposteriorpdfof#
attimet.TocomputeforecastsforYt+ h wecansamplefromthepredictivedensitynumerically.For
each i=1 ;:::;M wedraw#(i) from theposteriordistributionandsimulatethevectorY (i)t+ h from

thedensityf
³
Yt+ h jF t;#(i)́ .

n
Y (i)t+ h

oM
i= 1

constitutes asample,from whichwecancomputethe

necessarymoments.T hevalueoftheforecastisthentheergodicaverageŶt+ h = M ¡1P M
i= 1 Y

(i)
t+ h and

itsnumericalvariancecanbeestimatedusingvar
³
Ŷt+ h

´
= M ¡1

h
Q o +

P r
s= 1

³
1 ¡ s

r+ 1

´
(Q s + Q 0s)

i

whereQ s= M ¡1P M
i= s+ 1

h
Y (i)t+ h ¡Ŷt+ h

ih
Y (i)t+ h ¡Ŷt+ h

i0
.

N otethatsincethecomputationoftheimpulseresponsefunctionfororthogonalizedshocksisa
simplecorollaryofthecalculationofforecasts,theapproachweprovideheretocalculatepointand
averageforecastscanalsobeusedtocomputeimpulseresponses.Infact,giventheinformationup
totimet,computingimpulseresponseatt+ his equivalenttocalculatingthedi®erencebetween
theconditionalforecastsatt+ h,giventhatatt+ 1 therehasbeenaoneunitimpulseinoneofthe
orthogonalshocks,andtheunconditionalforecast,i.e.withthevalueofthevectorthatwouldhave
occurredwithoutshocks(seeKoop(1 992)foranapplicationtostructuralVA R models).T hisidea
isexploitedinarecentpaperbyW aggonerandZ ha(1 998).T heauthors,usingaversionof(25),
developtwobayesianmethodsforcomputingprobabilitydistributionsofconditionalforecasts.T he
lasttermin(25)representsthedynamicimpactofstructuralshockswhicha®ectfuturerealizations
ofvariablesthroughtheimpulseresponsematrix©st.W ithconditionsorconstraints imposedon
thislasttermwecanproducewhattheycallconditionalforecasts.

Inordertocomputestructuralimpulseresponses andtheirerrorbandswemustworkwitha
structuralVA R ,e.g.imposesomerestrictionsonthecontemporaneouscoe±cientmatrix.A prior
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(° atorinformative)canthenbeassignedtothenon-zeroelementsofthismatrix,assuggestedby
SimsandZ ha(1 998).T heextensionoftheirapproachtopaneldateishowevernotstraightforward
andwepostponethis issuetofuturework.

Turningpointpredictionscanalsobecomputedfromthepredictivedensityoffutureobserva-
tions(seeinZ ellner,H ongandM in(1 991)).L etusdē neturningpointsasfollows:

D ē nition5.1 A downwardturn foruniti attime t+ h+ 1 occurs ifSit+ h thegrowthrateof
thereferencevariable(typically,G N P)satis̄ es forallhSit+ h¡2 ; Sit+ h¡1 < Sit+ h > Sit+ h+ 1.A n
upwardturnforuniti attimet+ h+ 1 occurs ifthegrowthrateofthereferencevariablesatis̄ es
Sit+ h¡2 ; Sit+ h¡1 > Sit+ h < Sit+ h + 1.

Similarly,wedē neanon-downwardturnandanon-upwardturn:

D ē nition5.2 A non-downwardturnforuniti attimet+ h+ 1 occursifSit+ h satis̄ esforallh
Sit+ h¡2 ; Sit+ h¡1 < Sit+ h ·Sit+ h + 1.A non-upwardturnforuniti attimet+ h+ 1 occurs ifthe
growthrateofthereferencevariablesatis̄ es Sit+ h¡2 ; Sit+ h¡1 > Sit+ h ¸Sit+ h+ 1.

A lthoughthereareotherdē nitions intheliterature(seee.g.L ahiri andM oore(1 991 ))this is
themostusedoneanditsu±cesforourpurposes.L et~f(Yi;t+ h jF t)=

R
Yp;t+ h f(Yt+ h jF t)dYp;t+ h be

themarginalpredictivedensityforthevariablesofunitiafterintegratingtheremainingpvariables
andletK(S 1it+ h jF t)=

R
:::

R
f(S 1it+ h :::S

G
it+ h jF t)dS 2it+ h :::dS Git+ h bethemarginalpredictive

densityforthegrowthrateofthereferencevariable,whichweordertobethe r̄stinthelist,in
uniti.

Takenowthesimplestcaseofh=0 .Tocomputetheprobabilityofaturningpointwehaveto
calculateS 1it+ 1.G iventhemarginalpredictivedensityK,theprobabilityofadownturninuniti is

PDt=P r(S 1it+ 1 < S 1itjS 1it¡2 ;S 1it¡1 < S 1it;F t) =
ZS1it

¡1
K

³
S 1it+ 1 jS 1it¡2 ;S 1it¡1;S 1it;F t

´
dS 1it (27)

andtheprobabilityofanupturnis

PUt=P r(S 1it+ 1 > S 1itjS 1it¡2 ;S 1it¡1 > S 1it;F t) =
Z 1

S1it
K

³
S 1it+ 1 jS 1it¡2 ;S 1it¡1;S 1it;F t

´
dS 1it (28)

U singanumericalsamplefrom thepredictivedensity satisfying S 1it¡2 ; S
1
it¡1 < S 1it,wecan

approximatetheseprobabilitiesusingthefrequenciesofrealizationswhicharelessthenorgreater
then Sit.W ithasymmetricloss function,minimizationoftheexpectedloss leads topredictthe
occurrenceofturningpointatt+ 1 ifPDt> 0 :5 orPUt> 0 :5.

Forh6=0 theprobabilityofaturningpointcanbecomputedusingthejointpredictivedensity
forallfutureobservations,i.e.inthecaseofadownturn,

PDt+ h =P r(S 1it+ h+ 1 < S 1it+ h > S 1it+ h¡2 ;S
1
it+ h¡1 jF t) =

ZS1it

¡1

Z1

S1it

Z 1

S1it
K

³
S 1it+ h + 1 < S 1it+ h > S 1it+ h¡2 ;S

1
it+ h¡1 jF t

´
dS 1it+ hdS

1
it+ h¡1dS

1
it+ h¡2 (29)
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G iventheavailablepaneldatastructurewemayalsobeinterestedincomputingtheprobability
thataturningpointoccursjointlyform·N unitsofpanel.Forexample,wewouldliketocompute
theprobabilitythatatt+ 1 therewillbearecessioninEuropeancountries.L et~K(S 1t+ h jF t)bethe
jointpredictivedensityofthereferencevariableforthem unitsofinterest.T hentheprobability
ofadownturnis:

P m
Dt=P r(S 1it+ 1 < S 1iti=1;:::mjS 1it¡2 ;S 1it¡1 < S 1it;F t;) =

ZS11t

¡1
:::

ZS1m t

¡1
~K
³
S 1t+ 1 jS 1t¡2 ;S 1t¡1 < S 1t;F t

´
dS 11t:::dS

1
m t (30 )

6 Anapplication

Inthissectionweapplythemethodologytotheproblemofforecastinggrowthratesandpredicting
turningpoints intheG -7countries.Foreachcountryweconsiderthreenationalvariables(G N P,
realstockreturnsandrealmoneygrowth)andaworldone(themedianrealstockreturninO ECD
countries)whichisassumedtobeexogenous ineachequation.H encethereare21 variables inthe
panelV A R .T hesevariables arechosenafteraroughspecī cationsearchoverabout1 0 variables
becausetheyappeartohavethehighestin-samplepairwiseandmultiplecorrelationwithoutput
growth.A mongthevariableswetriedarethenominalinterestrate,theslopeofthetermstructure
and in° ation.D ata is sampledquarterlyfrom 1 973,1 to 1 993,4 and taken from IM F statistics.
D atafrom 1 973,1 to1 988,4 is usedtoestimatetheparametersanddatafrom 1 989,1 to1 993,4 to
evaluatetheforecastingperformanceandtopredictturningpoints.

W ecomparetheforecastingperformanceofourpanelVA R specī cationswiththoseobtained
withothermodels suggestedintheliterature.A sabenchmarkwe r̄struntwoversionsofatri-
variableVA R (2)modelforeachcountryseparately.T he r̄stoneis anunrestricted(V A R ).T he
secondaweaklyrestrictedVA R (B V A R )whereweuseastandardL itterman-priorwithameanof
oneonthe r̄stlag,ageneraltightnessof0.1 5,nodecayinthelagsandaweightof0 .5 onthelags
ofothervariables.Sincethesetwomodels donotexploitcross sectionalinformationnordothey
allowfortimevariation,theycanbeusedasabenchmarktomeasuretheimprovementsobtained
byspecī cationswhichallowanyofthesetwofeatures inthemodel.

A lsoforcomparison,werunasingleequation A R (3)modelforG N P growthforeach single
country,augmentedwithtwolagsofrealstockreturns,1 lagofrealmoneybalancesandonelag
ofthemedianworldrealstockreturn.T his isthespecī cationusedbyG arciaFerreretal(1 987),
Z ellnerandH ong(1 989)andZ ellner,H ongandM in(1 991 )toforecastannualgrowthratesofoutput
in1 8 countries.W iththeextendedsampleandthehigherfrequencyofthedatawehaveavailable,
wecon̄ rm theirresults forallofthe G -7countries.This modelrepresents arestrictedversion
oftheprevious unrestrictedVA R whereinsignī cantlags arepurgedfrom thespecī cation.T he
forecastingpowerofthismodelismeasuredwhenparametersareestimatedwithO L S (O L S)and
withthethreeshrinkageprocedures:aridgeestimator(R ID G E),anestimatorobtainedassuming
anexchangableprioronthecoe±cients(asinG arciaFerreretal.(1 987))(EXCH A N G EA B L E)and
anestimatorobtainedusingag-prior(asinZ ellnerandH ong(1 989))(G -P R IO R ).T hetwolatter
estimators attempttoimproveupon O L S bycombiningthe informationcomingfrom eachunit
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withtheonefrom thepooledsample.T heydi®erinthewaytheycombineindividualandpooled
information.N oticethatnoneoftheseestimatorsallowsfortimevariations inthecoe±cients.

Finally,asatermofcomparison,weuseaversionofthepanelV A R specī cationsuggestedby
Ballabrigaetal(1 998)(P B V A R ).T hismodelspecī cationdoesnotusetheinformationcomingfrom
thecrosssection-everyvariableistreatedinthesamewayregardlessofthecountrywhereisfrom-
butallowsfortimevariationsinthecoe±cientsofthemodel.T hemodelhasthesamestructureas
D oan,L ittermanandSims(1 984)andassumesthatthecoe±cientvector¯tfortheentiresystem
has an A R (1 )structureoftheform ¯t= M ¯t¡1 + utwhereut, conditionalonthe information
available, is normalwithmean zeroandvariance§u.T hematrices ¯0 , M ,and§udependon
7hyperparameters: v̄eparameters controllingthestructureof§u0 (ageneraltightness (µ1),a
tightnessonvariablesofthesamecountry(µ3),atightnessonthevariablesofothercountries(µ4),
ageometriclagdecaywithparameter(µ2),andatightness onworldvariables(µ5));aparameter
describingthestructureofM (µ6);andaparametercontrollingthepriormeanonthe r̄stlagof
¯0 (µ7).Table1 reportstheoptimalvaluesselectedbymaximizingthein-samplepredictivedensity
ofthemodelwithasimplexalgorithm.

W eproduceforecastsfromtwoversionsofourpanelVA R model:onewithamodī edM innesota-
prior(PA N EL 1 ),andonewithafullyhierarchicalspecī cation(PA N EL 2).Intheformer,thenine
priorparameters areselectedtomaximizethepredictivedensityusingasimplexmethod.T heir
optimalvaluesarereportedintable2.ForbothP B V A R andPA N EL 1 forecastsarecomputedusing
theposteriormeanofthecoe±cients,afterwehaveplugged-intheestimatesofthepriorparameters
intheformula.ForPA N EL 2 posteriorestimatesofthecoe±cientsarecomputednumericallyusing
M CM Cmethodsandforecastsaredirectlyobtainedfromtheseestimates.

In settingup thepanelV A R models weassumethatH = V ,where V is known. Forthe
PA N EL 1 specī cationwecomputethescalefactorsV andthematrix§uasfollows.W eestimatea
trivariateVA R foreachcountryandtaketheaverageoftheestimatedvariance{ covariancematrix
oftheresidualsacrosscountriesasameasureofV .Furthermore,foreachofthethreevariablewe
estimatea7{ variableVA R (thesamevariableacrosscountries)andstorethevariance{ covariance
matricesoftheresiduals.A nestimateof§uisobtainedas:

§̂u=
3X

j= 1

0
BBBB@

¾1 0 ¢¢¢ 0
0 ¾2 ¢¢¢ 0
...

...
...

...
0 0 ¢¢¢ ¾7

1
CCCCA
j

­

0
B@

0 0 0
0 vj 0
0 0 0

1
CA

wherethe r̄stmatrixcontainsonthediagonaltheestimatedstandarddeviationsobtainedbyrun-
ningthethree7{ variateVA R s;whilethesecondmatrixcontains justoneelementdi®erentfrom
zero,the(j;j)element,which is obtainedfrom thediagonalofthematrix V .ForthePA N EL 2
specī cationweneedtochoosethescaleandthedegreesoffreedom inthevarious W ishartdistri-
bution.W estillsetH= V with V estimatedasbefore.FollowingKadiyalaandKarlsson(1 997)
wesetthedegreesoffreedom ¾0 =N + 2 + (T ¡p)¤G;!1 =k+ 2+ N + g;!2 =k+ 2+ (t¡p)¤G
whilethescalematrices M 0 ,W 1 andW 2 aresuchthat§u;¢ ;§² havethesamestructureas inthe
PA N EL 1 specī cation.
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W ecomparetheforecastingabilityofvariousmodelsusingboththeTheil-U Statisticsandthe
M eanA bsoluteD eviation(M A D )at1 and4 periodsahead.T hesestatisticsarereportedintable
3.N otethatthevariousspecī cationsweuseareinincreasingorderofcomplexityand° exibility.
T herefore,ateach stagewecanassess theforecastingimprovements obtainedaddingoneextra
featuretothemodel.

Toexaminetheperformanceofvariousmodelsasbusinesscycleindicatorswecomputeturning
pointspredictionsoneperiodahead.FollowingZ ellneretal.(1 991 ),wecomputethetotalnumber
ofturningpoints,thenumberofdownturns andno-downturns,andthenumberofupturns and
no-upturns inthesample(across allcountries)andforeachprocedurewereportthenumberof
correctcases intable4.

Finally,foreachmodel,wecomputetheprobabilitythattherewillbeadownwardturninthe
growthrateofU S outputin1 989:1 -1 993:4,giventheinformationavailablein1 988:4.A ccordingto
theo±cialN BER classī cationthelongexpansionofthe1 980 's terminated in 1 990 :3 anditwas
followedbyabriefandshallowrecession.T heprobabilities fortheninemodelsforeachofthe1 6
periodsweconsiderarepresentedintable5.

Theforecastingperformances ofunivariateO L S,ridgeandexchangeableprocedures arevery
similar.Theminimumandmaximum valuesoftheTheil-U acrosscountriesatoneandfoursteps
forthelattertwoareslightlysmaller,butthemeanandthemedianatbothstepsarepractically
identical.O ntheotherhand,aunivariatemodelwheretheparametersareshrunkwithag-prior
is somewhatbetterthan O L S in allthedimensions:themaximum,themedian,themeanand
theminimumvalueacrosscountriesoftheT heil-U atbothstepsaresignī cantlylowerthanthose
obtainedwithO L S.

U nrestrictedVA R models arenotverysuccessfulinforecastinggrowthrates ofoutput,given
thelargenumberofparameterstobeestimated.ThisnoticeableinparticularinthecaseofJapan,
G ermanyandtheU KwheretheT heil-U aresignī cantlyworsethanthoseobtainedwithunivariate
specī cationsattheonestephorizon.H owever,unrestrictedVA R modeloutperformallunivariate
specī cations atthefourstep horizon.H ence,thepresenceofinterdependencies across variables
helps in predictingtheevolution ofthegrowth rateofoutputin themedium run. B V A R are
signī cantlybetterthanVA R andunivariateapproachesattheonestephorizon.Intermsofthe
medianvaluethegains areoftheorderof5-6% overunivariatespecī cations andofmorethan
1 0 % overtheunrestrictedVA R .H owever,theperformanceatthefourstep horizonturnsoutto
be inferiortotheoneofunrestricted VA R ,and comparabletotheoneofunivariate shrinkage
procedures.T his istobeexpectedsincetoimprovetheperformanceatshorthorizonsB V A R tend
toreduceboththememoryandtheinterdependenciesofthesystem,whichwehaveseenareuseful
exactlywhenmedium-longrunforecastshavetobemade.

A ddingtimevariation inthecoe±cients and interdependencies across countries substantially
improves theforecastingperformancebothatshortandatmedium horizons.Forexample,the
medianT heil-U atonestepgoes from 0 .85 withasimpleB V A R to0.82 withthepanelversionof
thismodelandfor5 countriestheTheil-U islowerbyasmuchas 1 0 %.Similarly,themeanacross
countriesdropsbyabout3% withtheP B V A R specī cation.T heimprovementisnoticeablealsoat
longerhorizons.T hedistributionoftheTheil-U acrosscountriesatthefourstephorizonissimilar
totheoneobtainedwithaunrestrictedV A R ,whichisthebestamongthebenchmarkmodels.
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O urrē nementoftheL itterman's prior,whichallowforbothcross sectionalandtimeseries
a-priori restrictions, gives aperformancewhich is essentially similartotheoneofthe P B V A R
modelbothattheoneand atthefourstep horizons.Fewfeatures oftheoptimallyestimated
parameters areworthdiscussing.First,whileµ6,thetimevariationparameterinthevarianceof
¸ is di®erentfrom zero,itdoesnotappeartoaddmuchtotheperformanceofthemodel.H ence,
atleastwithquarterlydata,allowingforheteroskedasticitydoesnothelp inimprovingthequality
oftheforecasts.Second,whileintheP B V A R ,thecoe±cientvectorevolveswithapersistenceof
0 .95 butwithverysmallvariance,inourPA N EL 1 specī cationthetimevaryingcomponentofthe
coe±cients is closetobeawhitenoise.N otethatthisdi®erenceis inconsequentialforforecasting
andcanbeexplainedbyexaminingtheroleoftheparametersregulatingthecrosssectionalprior(i.e.
thetightnesson® and¹®).T heseparametersforceahighdegreeofcoherenceacrosscountriesinthe
timeinvariantcomponentandleavethetimevaryingcomponenttorandomlyevolve.IntheP B V A R
thisdistinctionisnotpossibleandtoproducecoe±cientswhicharealmostconstantovertimeitis
necessarytohaveclosetoarandomwalkdynamicscoupledwithasmallvariance.U singequation
(9),onecanseeinfactthatcoe±cientsofthePA N EL 1 modelareapproximatelyconstantovertime
andaretightlylinkedtoeachotherbecauseoftherestrictions imposedon®i.T heomissionofthe
x̄ede®ectcomponent,whichis preciselywhatthePB V A R does,biases upwardestimates ofthe
persistenceparameterandthismayexplainwhythetwoestimatedspecī cationsaresodi®erent.
T hird,themaximizedvalueofpredictivedensityofthePA N EL 1 modelissignī cantlyhigherthen
theoneoftheP B V A R model(-36.90 vs.-985.35)suggestingthattheourspecī cation t̄sthedata
forthein-sampleperiodbetter.H owever,thissuperiorin-sample t̄appearstobeunimportantfor
forecastingout-of-sample.T hatis,the(wrong)restrictions thattheP B V A R imposes andwhich
biasesthepersistenceparameterofthetimevaryingcoe±cientsdonottranslateinpoorforecasts
atthehorizonsweconsider.W econjecturethatthis mayhavetodowiththepeculiarityofthe
forecastingsamplemorethanwithtruesimilaritiesbetweenthetwospecī cations.

Theperformanceofthe PA N EL 2 specī cation is alsocomparabletotheoneobtainedwith
P B V A R attheonestep horizon.H owever,whiletherankingoftheT heil-U across countries in
P B V A R and PA N EL 1 were identical, there is somereshu²ingwith the PA N EL 2 specī cation.
T hatis,themodelis somewhatbetterforJapanandFranceandsomewhatworsefortheU S and
Italy.A tthefourstephorizontheperformanceofthemodelis signī cantlyworsethananyother
model.W hilewehavenotbeenableto n̄dareasonforthis result,weconjecturethatthis has
todowiththefactthatthepresenceofalargeamountofrandomness inthespecī cationofthe
modelcompoundsatlonghorizonsandworsenssignī cantlyitsperformance.Infact,thedi®erence
betweenPA N EL 1 andPA N EL 2 specī cations,apartfromproblemofprecisionofestimates isonly
inthefactthatthereisanadditionallayerofuncertaintyinthepriorofthemodel.

TherelativeperformanceofthevariousmodelswiththeM A D is somewhatsimilartotheone
obtainedwiththeT heil-U atbothhorizons.H owever,fourfeaturesdeserveacomment.First,all
univariateshrinkageproceduresappeartobebetterthanO L S attheonestephorizon.T hesameis
trueatfourstepshorizonsexceptforthecaseofg-prior,whichisnowsignī cantlyworse.Second,
unrestrictedand simple B V A R displayasomewhatmediocreperformancebothatoneandfour
stepshorizons.Ingeneral,thedistributionoftheM A D acrosscountries ismoreconcentratedbut
themeanandthemedianareabovethoseobtainedwithunivariateshrinkageapproaches.Third,
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theimprovementsobtainedwithpanelV A R approaches aresignī cantandourrē nementofthe
L itterman'spriorproducesthebestdistributionofM A D attheonestephorizon.Theimprovements
areprimarilyconcentratedforthosecountrieswhichareinthecentralpartofthedistributionand
this is re° ectedinthelowermedianvalueweobtain.Fourth,thePA N EL 2 specī cationis better
thananyotherwhenweusethemeanM A D acrosscountrytomeasuretheforecastingspecī cations
atbothhorizons. Thatis, PA N EL 2 produces adistribution ofM A D across countries which is
centeredbelowtheoneobtainedwithothermodels andmoreconcentrated.N oticealsothatthe
signī cantforecastingdi®erencesproducedbyPA N EL 2 fortheT heil-U andtheM A D atthefour
stephorizonprobablyhavetodowiththedi®erentwaythetwocriteriatreatforecastingoutliers.

Insum,usinginterdependencies,addingtimevariationinthecoe±cientsandusingcross sec-
tionalrestrictions in thepriorforthecoe±cients helps in improvingforecasts atshort-medium
horizon.N evertheless,itshouldbepointedoutthatthedistributionofforecastingstatisticsacross
countriesisverywide,forexample,theM A D forItalyis6 timestheoneoftheU S.T hisdi®erences
indicatethattheprocess forthegrowthrateofG D P insomecountries does notsharemuchfea-
tureswiththegrowthrateofG D P ofotherG -7countriesandthatsignī cantimprovementsonthe
resultswepresentcanbeobtainedbyrestrictingattentiontothesubsetofthecountrieswhichare
moresimilar.A lsonoticethattheforecastingperformanceforU S andCanadaG D P growthisvery
similaracrossspecī cationsandjointlyimproveswiththecomplexityofthemodel,con̄ rmingthat
thereareforecastingexternalitieswhichcanbeobtainedbycross-sectionallylinkingthenational
modelsforthetwocountries.

H owgoodarevariousapproaches inpredictingturningpoints?O utof96 totalactualturning
points in the sample, univariate approaches recognize between 72 and 75. D i®erences primar-
ilyemergewhenwetrytopredictupturns andnon-upturns andforthis typeofturningpoints,
Z ellner's-gapproachis betterthantheothers.U nrestrictedVA R modelsareverypoorinthisdi-
mensionandrecognizeabout1 0 % lessturningpointsthanZ ellner's-gapproach.T heperformance
oftheB V A R modeliscomparabletotheoneofunivariateR idgeandExchangeableapproachesbut,
contrarytothem,itpredictsupturnsandnon-upturnsbetterthandownturnsandnon-downturns.
T heperformanceoftheP B V A R modelis surprisinglypoor:itis thesecondworstinrecognizing
thetotalnumberofturningpoints and is comparabletounrestricted VA R s in predictingdown-
turns andnon-downturns.Finally,ourtwoPanelapproaches produce73 and74 turningpoint
forecasts andrecognizethesamenumberofupturns andnon-upturns.Comparativelyspeaking,
theysubstantiallyimproveoverP B V A R andarecompetitivewiththebestapproaches.

Three furtherconclusions can bedrawn from table 4. First, di®erentmodels arebetterin
recognizingdi®erenttypesofturningpoints.Ifpredictingdownturns(andnon-downturns)ismore
importantthanpredictingupturns (andnon-upturns)ourresults suggestthatVA R ,B V A R and
P B V A R shouldnotbeused.Second,whileintermsoflinearforecastingstatisticstherewasaclear
rankingofprocedures,withmorecomplicatedonesdoingabetterjob,whenwelookatnonlinear
forecastingstatistics,simpleunivariateapproaches,and O L S in particular,areas goodas other
morerē nedapproaches.Third,PanelV A R modelsofthetypewehaveproposeddoabetterjob
thananyotherprocedurewhenwejointlyuselinearandnonlinearstatisticstomeasureforecasting
performance.

G iventhatoursuggested specī cations aregood inforecastingonaverage,wewouldliketo
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knowiftheyarealsogood inpredictingaspecī cepisodeofinterest,i.e.,thedownwardturnin
realactivityoccurredintheU S in1 990 :3.T hisisinterestingbecausealternativeapproaches,which
wereforecastingprettywellinthesample1 970 -1 980 ,failedto n̄danyrelevantsigns inthedata
thatwouldpredictthatadownturnandashortrecessionwereforthcoming(seee.g.Stockand
W atson (1 993)). Interestinglyenough,and contrarytomostforecastingmodels,allprocedures
predictthatthereisasignī cantprobabilitythatapeakineconomicactivitywilloccurat1 990 :3.
Forunivariateproceduresthisprobabilityismuchlargerthanthethresholdof0 .5 whichweuseto
considerthedateadownwardturn.Infactallfourunivariateapproachespredicttheexistenceof
apeakwithprobabilityabove0.64.SinglecountryVA R ,withandwithoutaBayesianpriorare
worsethanunivariateprocedures(probability0 .32 and0 .36 respectively)butthismaybedueto
thelargernumberofparameters tobeestimatedwiththeinformationavailableat1 988:4.T he
P B V A R specī cationisoverwhelminglypredictingadownwardturnin1 990 :3 (probabilityis 0 .82)
anddoes notproduceanyfalsealarm intheneighborhoodofthis date.T hesecondPanelV A R
approachimprovesoversinglecountryVA R substantiallyandaproduceprobabilityofadownturn
in 1 990 :3 whichis comparablewiththoseofunivariateapproaches.Theperformanceofthe r̄st
Panelapproachispoorandfailstoproduceaprobabilityinexcessof0 .5 in1 990 :3.N otealsothat
whileunivariateapproacheshavethetendencytoproduceafalsealarm in1 989:4,probablydueto
thestockmarketcrashofthefallof1 989,theprobabilitiesproducedbyVA R andB V A R atdates
otherthan1 990 :3 aresmallandneverexceed0.5.T heP B V A R model,ontheotherhand,produces
ahighprobabilityofadownturnin1 991 :3 adatewhereadownturnmaterialized.Thesecondpanel
specī cationalsoproducesahighprobabilityofadownwardturnin1 991 :3 whiletheprobabilities
atotherdates aresmall.Finallynoticethatthepeakin 1 989:2 ismissedbyallapproaches:the
oneswhichgivehighestprobabilitytothis eventaretheP B V A R (0 .42)andthe r̄stPanelV A R
approach(0.41).

Inconclusion,ourproposedBayesianPA N EL V A R approachis atleastas goodas anyother
approachwehaveexaminedand inmanycases improves theforecastingperformanceofexisting
specī cation. This is truewhenwecompareprocedures usinglinearand non-linearforecasting
statisticsandwhenwelookatspecī chistoricalepisodes.

7 Conclusions

T hetaskofthis paperwas todescribethe issues ofspecī cation,estimationand forecastingin
amacro-panelV A R modelwithinterdependencies.T hepointofviewused is B ayesian.Suchan
approachhasbeenwidelyusedintheVA R literaturesincetheworksofD oan,L ittermanandSims
(1 984), L itterman(1 986),andSims and Z ha(1 998)andprovides aconvenientframeworkwhere
onecanallowforboth interdependencies andmeaningfultimevariations inthecoe±cients.W e
decomposetheparametervectorintotwocomponents,onewhich is unitspecī candtheother
whichis timespecī c.W especifya° exibleprioronthesetwocomponentswhichparsimoniously
takes intoaccountpossible interdependencies inthecross sectionandallows fortimevariations
intheevolutionoftheparametersovertime.T hepriorsharesfeatureswiththoseofL indlayand
Smith(1 972),D oan,L ittermanandSims(1 984)andH siaoetal.(1 998)anditisspecī edtohavea
hierarchicalstructure,whichallowsforvariousdegreesofignoranceintheresearcher'sinformation
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abouttheparameters.
BayesianVA R sareknownproducebetterforecaststhanunrestrictedVA R and,inmanysitua-

tions,A R IM A orstructuralmodels(Canova(1 995)forreferences).Byallowinginterdependencies
and somedegreeofinformation poolingacross units in themodelspecī cationweintroducean
additionallevelof° exibilitywhichmayimprovetheforecastingabilityofthesemodels.

W eanalyzeseveralspecialcases ofourspecī cationandcomputeB ayesianestimators forthe
meanparameterinthecross sectionandfortheindividualcoe±cients.Insomecases analytical
formulasfortheposteriormeanareavailableusingstandardformulas.W henevertheparameters
ofthepriorareunknown,weemploythepredictivedensityofthemodeltoestimatethem and
plug-inourestimates intherelevantformulas inanempiricalBayesfashion.

Inthecaseoffullyhierarchicalpriors,aM arkovChainM onteCarlomethod(theG ibbssampler)
is employedtocalculateposteriordistributions. Suchanapproach is particularlyusefulin our
setup sinceitexploits therecursivefeatures oftheposteriordistribution.R ecursiveformulas for
multistep,multiunitforecasts,consistentwiththeinformationavailableateachpointintime,are
providedusingtheposterioroftheparametersorthepredictivedensityoffutureobservations.T he
predictivedensityoffutureobservationisalsousedtocomputeturningpointprobabilities.

To illustrate the performanceofthe proposed approach, we apply themethodologytothe
problemofpredictingoutputgrowth,offorecastingturningpointsinoutputgrowthandcomputing
theprobabilityofarecessionintheG -7usingathreevariables(outputgrowth,realstockreturns
andrealmoneygrowth)foreachcountry in thepanel. Toevaluatethemodelwealsoprovide
aforecastingcomparisonwithotherspecī cations suggested intheliterature.W eshowthatour
panelVA R approachimprovesoverexistingunivariateandsimpleB V A R modelswhenwemeasure
theforecastingperformanceusingthe Theil-U and the M A D criteriaboth attheone step and
atthefoursteps horizons. T he improvements areoftheorderof5-1 0 % with theT heil-U and
about2-4% withtheM A D .T heforecastingperformanceofourspecī cationisalsoslightlybetter
thentheoneofaB V A R modelwhichmechanicallyextendstheL ittermanpriortothepanelcase.
Intermsofturningpointprediction,thetwoversionsofourpanelapproachareabletorecognize
about80 % ofturningpointsinthesampleandtheyturnouttobethebestforthistask,alongwith
Z ellner's g-priorshrinkageapproach.T hesimpleextensionoftheL itterman's priortothepanel
casedoespoorlyalongthisdimensionand,amongalltheproceduresemployedisthesecondworst.
Finally,alltheproceduresproduceahighprobabilityofadownturnat90 :3,thedateselectedby
theN B ER committeetoterminatethelongexpansionofthe80 's.Inthis instance,ourapproach
is competitivewiththebestandavoids thefalsealarms thatotherapproaches produceatother
dates.

W econsidertheworkpresentedinthispaperasthe r̄ststepindevelopingacoherenttheoryfor
BayesianPanelV A R modelswhichtakeintoconsiderationboththenatureofinterdependencies,
the similarities in the statisticalmodelacross units and the existence oftime variation in the
coe±cients.Extensionsofthetheoryoutlinedhereincludetheformulationofinterestinghypothesis
onthenatureoftheinterdependencies,onthesimilaritiesacrossunitsandontimevariationsand
thedevelopmentoftoolstoundertakestructuralidentī cationinthesemodels.T heworkofSims
andZ ha(1 998)isthestartingpointforextensions inthislattercase.
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Append ix
Proofofproposition1

(i)N oticethat(1 4)and(1 5)canbewrittenas

¹®¤=ª¤
·
Z 0t

³
Z t̂­tjt¡1Z 0t+ §u+ W t¢ W 0

t
¡́1 ³

Yt¡Z ţ̂ tjt¡1
´
+ ª¡1¹

¸
(31)

ª¤=
·
ª¡1 + Z 0t

³
Z t̂­tjt¡1Z 0t+ §u+ W t¢ W 0

t
¡́1
Z t

¡̧1
(32)

Settingª¡1 =0 ,theresultfollows.

(ii)T heposteriordistributionof® isnormalwithmean®¤=S N ¹ + Á12 Á¡12 2 [Yt¡Z t(¹ + ^̧
tjt¡1)]

andvarianceV ¤® =Á11¡Á12 Á¡12 2 Á2 1 whereÁ11 =(S N ªS 0N + ¢ );Á12 =(S N ªS 0N + ¢ )W 0
t;Á2 1 =

W tÁ11;Á2 2 =W tÁ11W 0
t+ Z t̂­tjt¡1Z 0t+ §u.InamorecompactwayV ¤® canbewrittenas

V ¤® =
·
W 0

t

³
§u+ Z t̂­tjt¡1Z 0t

¡́1
W t+

¡
S N ªS 0N + ¢

¢¡1 ¡̧1
: (33)

N oticethat(SN ªS 0N + ¢ )¡1 =¢ ¡1¡¢ ¡1S N
¡
S 0N ¢

¡1SN + ª¡1
¢¡1 S 0N ¢ ¡1.H ence,forª¡1 =0 ,

thisexpressionisequaltoF .M oreovertheposteriormeancanbewrittenas

®¤=V ¤®
·
W 0

t

³
§u+ Z t̂­tjt¡1Z 0t

¡́1³
Yt¡Z ţ̂ tjt¡1

´
+

¡
S N ªS 0N + ¢

¢¡1 S N ¹
¸

(34)

U singthepreviousresultandthefactthatF S N =0 ,theresultfollows.

(iii)T heposteriormeanandvarianceof¸tcanbewrittenas

¸¤t=­¤t
n
Z 0t

£
W t

¡
SN ªS 0N + ¢

¢
W 0

t+ §u
¤¡1 (Yt¡Z t¹)+ ­̂¡1tjt¡1 ^̧tjt¡1

o
(35)

­¤¡1t = Z 0t
£
W t

¡
S N ªS 0N + ¢

¢
W 0

t+ §u
¤¡1 Z t+ ­̂¡1tjt¡1 (36)

T hematrixW t(S N ªS 0N + ¢ )W 0
t+ §ucanbewrittenas Z tªZ 0t+ (W t¢ W 0

t+ §u)andits inverse
isequaltoM ¡1¡M ¡1Z t

¡
Z 0tM ¡1Z t+ ª¡1

¢¡1 Z 0tM ¡1 whereM =(W t¢ W 0
t+ §u).Settingª¡1 =

0 ;thelastexpressionreducestoM ¡1
h
I¡Z t

¡
Z 0tM ¡1Z t

¢¡1 Z 0tM ¡1
i
.Premultiplyingthismatrixby

Z 0t,wegetazeromatrix.H ence,from (35)and(36)­¤¡1t = ­̂¡1tjt¡1 ¸
¤
t= ^̧

tjt¡1 andtheposterior
distributionfor¸tis justequaltotheprior.
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Proofofproposition2

R ecallthat§¡1" =0 implies ­̂¡1tjt¡1 =0 :

(i)Considertheposteriormoments (31 )and(32).[(W t¢ W 0
t+ §u)+ Z t̂­tjt¡1Z 0t]¡1 = M ¡1¡

M ¡1Z t
³
Z 0tM ¡1Z t+ ­̂¡1tjt¡1

¡́1
Z 0tM ¡1 where M was previouslydē ned.W hen ­̂¡1tjt¡1 = 0 ;this

reduces toM ¡1 ¡M ¡1Z t
¡
Z 0tM ¡1Z t

¢¡1 Z 0tM ¡1 whichgives azeromatrixifpremultipliedby Z 0t.
Consequentlyª¤=ª ¹®¤=¹ andtheposteriordistributionof¹® is justequaltoitsprior.

(ii)Considertheposteriormoments (33)and(34).W hen­̂¡1tjt¡1 = 0 ,
³
§u+ Z t̂­tjt¡1Z 0t

¡́1
=

S =§¡1u ¡§¡1u Z t
¡
Z 0t§¡1u Z t

¢¡1 Z 0t§¡1u .Substitutinginto(33)and(34),givestheresult.

(iii)T heproofofthis statementcomesstraightfrom(35)and(36).

D ē nitionofthematricesfortheG ibbssampler

Ŵ 1 = W 1 +
X

i

¡
AiE i¡¹A

¢0V ¡1
¡
AiE i¡¹A

¢
;

Ŵ 2 = W 2 +
X

t
(¤t¡½¤t¡1)0V ¡11 (¤t¡½¤t¡1)

^M o = M o +
X

t

¡
Y t¡B tW 0

t
¢
H¡1¡Y t¡B tW 0

t
¢0

P̂ o = P o +
0X

t

¡
Y t¡B tW 0

t
¢0§¡1

¡
Y t¡B tW 0

t
¢

®̂ = V̂®

ÃX

t
W 0

t(§­H)¡1(Yt¡Z ţ t)+ ¢ ¡1S N ¹®

!

V̂® =

ÃX

t
W 0

t(§­H)¡1 W t+ ¢ ¡1
! ¡1

®¤ = V̂ ¤
Ã
(V ­­ 1)¡1

X

i
R i®i+ ª¡1¹

!

V̂ ¤ =
³
N (V ­­ 1)¡1 + ª¡1

¡́1

whereY t is N £G,B tis N £GkandW t=(IG ­X 0
t): M odel(1)is justarawvectorizationof

Y t=B tW 0
t+ U t,whereB t= [vecr(B 1t);:::;vecr(B N t)]0:H erevecr()is therowvectorizationof

amatrix;B it= Ai+ ¤tE i is aG £kmatrixandtheparametervectors ®iand¸tin(4)and(6)
aretherowvectorizationsofAiand¤trespectively.
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Table1 :EstimatedH yperparameters:P B V A R

G eneraltightness(µ1) 0 .0 1
L agdecay(µ2) 1 3.96
O wncountrytightness(µ3) 3.5-e0 0 5
O thercountriestightness(µ4) 7.3-e0 0 4
W orldvariabletightness(µ5) 5.0 e-0 0 7
A R coe±cient(µ6) 0 .95
Priormeanonthe r̄stlag(µ7) 0 .1 1 0 48

Table2:EstimatedH yperparameters:PA N EL 1

T ightnessfor® (µ1®) 0.1 20 7
T ightnessfor¸(µ1¸) 0.1 30 0
T ightnessfor¹® (µ¹®) 0.0 0 0 4
L agdecay(µ2) 1.91 56
T ightnessonothercountries(µ3) 0.0 0 46
T ightnessonworldvariables(µ4) 4.780 4
L awofmotionof¸ (µ5) 0.1 21 1
T imevariation(µ6) 0.4295
Priormeanon r̄stlag(µ7) 0.0 754
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Table3

Theil-U Statistics
M ethod Step U S Japan G ermany U K France Italy Canada M edian M ean
V A R 1 1.0 6 0 .88 0 .91 0 .94 1 .0 0 0 .73 0 .95 0 .94 0 .92

4 0 .73 0 .95 0 .56 0 .81 1 .32 0 .96 0 .72 0 .81 0 .86
B V A R 1 0 .83 0 .89 0 .69 0 .91 0 .90 0 .80 0 .85 0 .85 0 .84

4 0 .75 0 .89 0 .65 0 .79 1.1 6 1 .0 0 0 .70 0 .89 0 .85
O L S 1 1.21 0 .86 0 .88 0 .86 0 .90 0 .79 0 .91 0 .88 0 .90

4 0 .77 0 .90 1 .0 7 0 .76 0 .98 1 .0 3 0 .67 0 .90 0 .88
R idge 1 1.1 7 0 .83 0 .89 0 .85 0 .89 0 .79 0 .89 0 .89 0 .90

4 0 .76 0 .88 1 .0 6 0 .75 0 .99 1 .0 1 0 .68 0 .88 0 .87
Exchangeable 1 1.1 8 0 .84 0 .90 0 .85 0 .89 0 .78 0 .89 0 .89 0 .90

4 0 .76 0 .90 1 .0 9 0 .75 0 .99 1 .0 1 0 .68 0 .90 0 .88
g-prior 1 1.0 6 0 .86 0 .69 0 .78 1 .0 0 0 .72 0 .92 0 .86 0 .86

4 0 .83 1 .0 7 0 .77 0 .75 1.1 2 1 .0 2 0 .70 0 .83 0 .89
P B V A R 1 0 .82 0 .85 0 .68 0 .76 0 .98 0 .73 0 .85 0 .82 0 .81

4 0 .86 0 .91 0 .77 0 .75 1.0 8 1 .0 3 0 .66 0 .86 0 .87
Panel1 1 0 .81 0 .88 0 .67 0 .75 1.0 2 0 .70 0 .88 0 .81 0 .81

4 0 .86 0 .90 0 .76 0 .74 1.0 7 1.0 3 0 .66 0 .86 0 .86
Panel2 1 0 .93 0 .81 0 .69 0 .78 0 .99 0 .78 0 .85 0 .81 0 .82

4 0 .83 1 .59 1 .62 1 .55 1 .47 1.93 0 .90 1 .55 1 .41
M A D Statistics

V A R 1 0 .46 1 .71 1 .74 1.35 1 .26 2.91 0 .65 1 .35 1 .44
4 0 .35 1 .55 1 .1 8 1 .33 1 .66 2.74 0 .56 1 .33 1 .34

B V A R 1 0 .46 1 .62 1 .48 1 .32 1 .1 5 3.22 0 .58 1 .32 1 .40
4 0 .40 1 .39 1 .25 1 .28 1 .42 2.98 0 .51 1 .28 1 .40

O L S 1 0 .56 1 .59 1 .51 1 .37 1.0 6 3.1 7 0 .57 1.37 1.40
4 0 .34 1 .54 1 .58 1 .28 1 .1 4 3.1 9 0 .54 1 .28 1 .37

R idge 1 0 .54 1 .50 1 .68 1 .31 1 .0 7 3.1 4 0 .56 1 .31 1 .40
4 0 .36 1 .46 1 .72 1.25 1 .1 7 3.0 9 0 .53 1 .25 1 .37

Exchangeable 1 0 .54 1 .52 1 .68 1 .32 1 .0 6 3.1 4 0 .56 1 .32 1 .40
4 0 .35 1 .48 1 .73 1.26 1 .1 7 3.0 9 0 .53 1 .26 1 .37

g-prior 1 0 .53 1 .63 1 .33 1 .1 8 1 .26 2.89 0 .54 1 .26 1 .34
4 0 .41 1 .60 1 .35 1 .1 8 1 .34 3.1 2 0 .51 1 .34 1 .36

P B V A R 1 0 .46 1 .47 1.29 1 .1 7 1.27 2.85 0 .53 1 .27 1.29
4 0 .44 1 .48 1 .27 1.1 2 1 .31 3.1 4 0 .51 1 .27 1.32

Panel1 1 0 .46 1 .53 1 .24 1 .0 8 1 .37 2.82 0 .54 1 .24 1 .29
4 0 .44 1 .48 1 .27 1.1 1 1 .31 3.1 4 0 .50 1 .27 1.32

Panel2 1 0 .49 1 .45 1 .27 1.1 8 1 .32 3.0 9 0 .60 1 .27 1.34
4 0 .55 1 .40 1 .25 1 .1 1 1 .43 2.96 0 .65 1 .25 1 .33

N otes:VA R is aV A R (2)modelforoutputgrowth,realstockreturnsandrealmoneygrowth,B VA R is
thesamemodelwithaM innesotaprior.O L S refertoamodelwheretheparametersareestimatedwithO L S,
R idgetoaR idgecorrection,Exchangeabletoamodelwithanexcheangeablepriorandg-priortoZ ellner's
g-priorspecī cation.P B V A R is a21 V A R modelwithaM innesotapriorandtimevariations,Panel1 is a
panelVA R modelwithall7countrieswithamodī edM innesotapriorandPanel2 isthesamemodelwith
ahierarchicalprior.
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Table4:Turningpointsforecasts

M ethod TurningPoints D T & N D T U T & N U T
T R U E 96 47 49
V A R 65 32 33
B V A R 72 34 38
O L S 74 37 37
R idge 72 37 35
Exchangeable 72 37 35
g-prior 75 37 38
P B V A R 68 32 36
Panel1 73 36 37
Panel2 74 37 37
N otes:VA R is aV A R (2)modelforoutputgrowth,realstockreturnsandrealmoneygrowth,B VA R is

thesamemodelwithaM innesotaprior.O L S refertoamodelwheretheparametersareestimatedwithO L S,
R idgetoaR idgecorrection,Exchangeabletoamodelwithanexcheangeablepriorandg-priortoZ ellner's
g-priorspecī cation.PB V A R is a21 V A R modelwithaM innesotapriorandtimevariations Panel1 is a
panelVA R modelwithall7countrieswithamodī edM innesotapriorandPanel2 isthesamemodelwith
ahierarchicalprior.D T meansdownturn,N D T meansnon-downturn,U T meansupturnandN U T meansa
non-upturn.

Table5:ProbabilitiesofadownturninU S G D P growth

quarter VA R B V A R O L S R ID G E EXCH A N G EA B L E g-P R IO R P B V A R PA N EL 1 PA N EL 2
89:1 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0
89:2¤ 0 .0 0 0 0 .0 0 5 0 .0 0 5 0 .0 1 0 0 .0 0 0 0 .270 0 .420 0 .41 0 0 .1 60
89:3 0 .0 20 0 .0 1 0 0 .0 0 5 0 .0 1 0 0 .20 0 0 .250 0 .0 1 0 0 .250 0 .230
89:4 0 .780 0 .590 0 .625 0 .81 5 0 .370 0 .280 0 .0 70 0 .21 0 0 .470
90 :1 0 .20 0 0 .375 0 .365 0 .1 60 0 .0 70 0 .0 50 0 .0 70 0 .230 0 .0 40
90 :2 0 .0 0 0 0 .0 0 5 0 .0 0 0 0 .0 0 0 0 .0 70 0 .0 80 0 .0 40 0 .220 0 .0 30
90 :3¤ 0 .645 0 .660 0 .70 0 0 .660 0 .320 0 .360 0 .820 0 .30 0 0 .550
90 :4 0 .0 0 5 0 .0 1 0 0 .0 30 0 .0 1 5 0 .280 0 .380 0 .0 40 0 .250 0 .21 0
91 :1 0 .0 0 0 0 .0 0 5 0 .0 0 0 0 .0 0 3 0 .230 0 .0 50 0 .1 30 0 .240 0 .0 20
91 :2 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .170 0 .0 60 0 .0 0 0 0 .250 0 .0 0 0
91 :3¤ 0 .0 0 5 0 .0 1 5 0 .0 0 0 0 .0 0 0 0 .1 80 0 .490 0 .790 0 .230 0 .630
91 :4 0 .0 1 5 0 .0 0 5 0 .0 0 5 0 .0 35 0 .250 0 .350 0 .0 80 0 .240 0 .320

N otes:A ¤indicatesthatadownturnoccuredinoutputgrowthatthatdate.


