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Abstract

We investigate on-line prediction of individual sequences. Given a class of predic-
tors, the goal is to predict as well as the best predictor in the class, where the loss is
measured by the self information (logarithmic) loss function. The excess loss (regret)
is closely related to the redundancy of the associated lossless universal code. Using
Shtarkov’s theorem and tools from empirical process theory, we prove a general upper
bound on the best possible (minimax) regret. The bound depends on certain metric
properties of the class of predictors. We apply the bound to both parametric and non-
parametric classes of predictors. Finally, we point out a suboptimal behavior of the
popular Bayesian weighted average algorithm.
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1 Introduction

Assume that elements of an arbitrary sequence v, ..., y, are revealed one by one, where the
elements y; belong to some set ), which, in the simplest case, is assumed to be finite. At
each time t = 1,...,n, before revealing an element 3,;, we are asked to assign a probability
mass function p; on ) and then observe y, incurring the logarithmic loss —Inp,(y;). Our
total loss at the end is the sum of the losses suffered at each round. As we know the prefix
Y1,...,Y—1 before choosing each probability assignment p;, we may view each p; as the
conditional p(- | y1,...,y—1) of some joint distribution p that we choose before the game
begins. We call p a prediction strategy. Any strategy for playing this game is equivalent to
a probability distribution on Y".

Our goal is to predict (almost) as well as the best strategy in a given “reference” set
of strategies. We will call “experts” the strategies in the reference set. In other words, we
intend to accumulate a loss not much larger than that of the best expert, regardless of what
the sequence yy, ..., ¥y, might be.

In this paper we investigate the minimum excess loss, with respect to the total loss of
the best expert, achievable on any sequence. This quantity, known as minimax regret (under
logarithmic loss), will turn out to depend on certain metric properties of the class F of
experts.

It is well-known, via arithmetic coding (Rissanen, [12]), that every sequential prediction
strategy may be converted into a sequential lossless source code. Conversely, every uniquely
decodable code over V" defines a probability distribution. Thus, the prediction problem
under logarithmic loss is formally equivalent to the problem of sequential universal coding in
data compression. In this context, the subject of our study is the smallest achievable worst-
case redundancy of a sequential lossless code, with respect to a general class of reference
codes. The study of the worst-case regret was pioneered by Shtarkov [15], and later studied
from various points of view by De Santis et al. [14], Vovk [17, 18], Haussler and Barron [8],
Weinberger, Merhav and Feder [19], Yamanishi [20], Rissanen [13]|, Haussler, Kivinen, and
Warmuth [9], and others. Merhav and Feder summarize the relevant history in their recent
survey [10].

The notion of minimax regret has natural applications in gambling and portfolio selection.
This connection was explored by Cover [3], Feder [6], Cover and Ordentlich [4], Barron and
Xie [2], and others.

Definitions. Let ) be a measurable set equipped with a o-algebra A and o-finite measure
i. Let n be any fixed positive integer denoting the length of the sequence or, equivalently,
the number of game rounds. Let (J", A, v) denote the probability space obtained as the
n-fold product of (), A, u). Throughout the paper, all densities on ) and Y™ are understood
with respect to the measures p and v, respectively. Moreover, all integrals are computed
over the set Y™ unless explicitly specified. (If )} is a countable set, then p is usually the
counting measure, and all densities are understood as probabilities.)

For any integer ¢ > 0, we use y' to denote a sequence of ¢ elements from ) (where
y® is the empty sequence). In this context, a prediction strategy is a density p on Y".

Upon observing the prefix y*~!, the strategy p uses the conditional density p(- | ') as a



probability assignment for the next element y; of the sequence.
Fix a class F of “reference” strategies, called here experts. The worst-case regret of a
strategy p (with respect to the class F) is defined by

t=1

" 1 " 1
R,(p, F) = sup < In———— —inf ) In 7>
yreyn 2 p(yely=") fef; f(yelyt=1)
or, equivalently, in terms of the joint densities

n
R,(p, F) = sup lnw .
yn p(y™)
In other words, R, (p, F) is the worst-case difference between the log-likelihood of ™ under
the density p and the log-likelihood of ™ under its maximum likelihood estimator (MLE)
in the class F. The smallest worst-case regret achievable by any predictor is the minimaz
regret
n
R, (F) = infsupln supr /(y")
by p(y™)
where the infimum is taken over all densities p on Y™.

The main contribution of this paper is a general upper bound on the minimax regret
R,(F) in terms of some metric structure of the expert class F. In previous works, Rissa-
nen [13]| obtained general upper bounds for parametric classes, which was generalized con-
siderably by Yamanishi [21]. Opper and Haussler [11] were the first to prove upper bounds
for nonparametric classes. However, their bounds are restricted to classes of static experts,
that is, experts which correspond to product distributions. Our main result, Theorem 3
below, extends both results: (1) in the parametric case we are able to significantly weaken
Rissanen’s conditions, and to obtain nonasymptotical bounds; (2) our results extend those
of Opper and Haussler to classes of arbitrary, not just static, experts.

The rest of the paper is organized as follows: In Section 2 we review Shtarkov’s optimal
prediction strategy p*, whose regret R, (p*, F) is always equal to the minimax regret R,,(F).
In Section 3 we establish our main result: a general upper bound on the minimax regret for
any class of experts. In Section 4 we apply our upper bound in concrete situations, which
could not be handled by any of the previous methods. Finally, in Section 5 we point out that
for certain classes of experts, prediction strategies based on mixture of experts may have a
regret which is significantly larger than that of Shtarkov’s optimal predictor.

2 Shtarkov’s theorem, mixture strategies

Shtarkov proved the remarkable fact that the density corresponding to the normalized MLE
achieves the minimax regret for any class of experts.

Proposition 1 (Shtarkov, [15].) For any class F of experts, the density (normalized MLE)

®(OM\ __ supff(y”)
P = Ty f) dv(e)
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1$ a minimax strategy, that is,
R,(p*, F) = R,(F) .

Moreover, p* is an equalizer. That s, for all y" € Y"

lnw = /sup f(z")dv(z") = R, (F) . (1)
p*(y™) F
Note that the equalizer property (1) implies that the minimax regret may be expressed as

R = [ (st 2 ) vt ®
The above expression is at the basis of the proof of the main result of this paper, see
Theorem 3 below.

Even though by Shtarkov’s theorem we may explicitly compute the minimax optimal
predictor, its practical use is limited by the hardness of computing each conditional p*(y|y").
The most common way to define more easily computable prediction strategies is to consider
mixture strategies of the form

p") = [ foly")dw®),

where © is a set of parameters by which the experts are parametrized: F = {fp : § € O},
and w is a probability measure over ©. For an exhaustive survey of related results, we again
refer to [10].

A simple example of a mixture strategy is when JF is a finite class and w is the uniform
distribution over F. In this case, the conditionals of the mixture strategy take the simple

o = jer Sl 1)
-1y _ 2«reF J\YlY Y
p(y|y ) - de}'g(ytil) : (3)

This is just the weighted average (WA) algorithm of De Santis et al. [14], see also [8, 9, 18, 20].

Besides being computationally easier to handle than p*, mixture strategies are (in general)
universal, that is, their conditionals can be computed without knowing the sequence length n
in advance. On the other hand, there are simple finite classes F on which mixture strategies
perform very poorly compared to the optimal predictor. We will discuss this further in
Section 5.

We close this section by recalling the simple and elegant analysis of the regret of the WA
strategy. This result will be used in Section 3.

Proposition 2 (De Santis et al., [14]) For the WA strategy p and for any finite class F of
experts,

Ry(p, F) < In|F|.

Proof. Let Wy = |F|, and W; = Y ;c# f(y'~!), t > 2. Then, on the one hand,

In WV?{I —In (fgff(y")) ~ln |7 2 lnmax f(y") — In 7
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and the other hand,

Wit z”: Wit _ " I Y fer fh)
=1 Wi =1 XferF flyt=1)

n

= Z np(yly'™") =Inp(y") .

=1

Thus, we obtain

Ry, (p, F) < supln max ez J(4") <Inl|F|.

y" p(y™)

3 Main result

We start with some definitions. The diameter of a totally bounded metric space (S, p) is

sup p(z,y) -
T,yeSsS

Let T C S. Then for any € > 0, the e-covering number N,(T,¢) of T is the cardinality of
the smallest subset 77 C S such that

Ve eT)( 3" €T plx,a')<e.

To any class F of experts, we associate the metric d defined by

d(f,9) \IZSUP (In f(yely) = Ing(yely'))* . (4)

t=1 y
We use N(F,¢) to denote the e-covering number of F under the metric d.

Theorem 3 For any class F of experts,
R, (F) < inf (lnN(]-",e)+24 [ Vi N(F9) d6> .

Remark I. The main Theorem in Opper and Haussler [11] has a similar form. In particular,
they showed that if every expert f in the class F has the special form f(y|y"™!) = f'(y)
(i.e., every expert f corresponds to the product of n identical distributions f’ on ) — we
call such experts static), then for some constant K,

Ry(F) < inf (m N, (F,e) + K /0 N (F8) ds + n62> (5)

where p is a metric on F. With Theorem 3 above, we show that in the upper bound (5)
the term ne? is unnecessary. We also show that the metric p can be replaced by another
metric d, defined in (4), which satisfies Ny(F,d) < N,(F,6) for any 6 > 0 and any class F
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of static experts. (Note that the relative weakness of the bound (5) did not prevent Opper
and Haussler from obtaining upper bounds of the right order in their applications.) Most
importantly, however, we extend the result of [11] to classes of arbitrary, not just product
experts. Our proof of Theorem 3 shows some similarities with that of Opper and Haussler,
in that we also use techniques from empirical process theory. Nevertheless, their proof does
not seem to be extendable to handle the general case treated here.

Remark II. Theorem 3 requires that the expert class be finitely coverable in the metric
d. This in turn requires that all conditional densities be bounded away from zero. It is
unclear whether such a condition is necessary. For certain special expert classes, such as the
class of all product distributions, such boundedness conditions are not needed, see [2, 7].
Nevertheless, we do not know how to avoid this condition in the general case.

In order to prove the theorem, first we recall some well-known notions from empirical
process theory. A family
{Tf . f € f}

of zero mean random variables (indexed by a metric space (F,p)) is called subgaussian in

the metric p whenever
E [e/\(Tf—Tg)] < NrU19)%/2

holds for any f,g € F and A > 0. We also assume that the family is sample continuous, that
is, for any sequence fi, fs,... € F converging to some f € F, we have Ty, — Ty — 0 almost
surely.

The main tool used in our proofs is the following result of empirical process theory, stating
that the expected supremum over a subgaussian family is governed by geometrical properties
of the family in an appropriate metric. The result is a simple version of Dudley’s classical
metric entropy bound (see, e.g., [16]), whose proof is given in the Appendix for completeness.
Note that we ignore measurability issues here, by implicitly assuming the measurability for
all suprema.

Proposition 4 If {T; : f € F} is subgaussian and sample continuous in the metric p, then

D/2
< 12/ JInN,(F.2)d
<12 nN,(F,e)de

E [sup T
f

where D is the diameter of F.

We use Proposition 4 to obtain a first (weak) bound on R, (F) based on a direct analysis
of Sharkov’s strategy p*. This will be later used as a tool to prove the stronger bound of
Theorem 3, which is based on the analysis of a variant of p*.

Lemma 5 For any class F of experts,

D/2
Rnf<24/ In N(F,e)d
Fy <o [ fuNE ) de

where D is the diameter of F.



Proof. Using (2), we write

r#) = [ (swom 20 o vt
E i

(where Y = (Y7,...,Y,) is a vector of random
variables distributed according to p*)
n Y;5|Yt 1) ‘|
= su ln
[ P )

fY) fFRYT

(85 el

where the last step follows from the nonnegativity of the Kullback-Leibler divergence of the
conditional densities (see, e.g., [5]):

* t—1 _ ,t—1

gl @Y =y

FY [Vt = yi-1)

>0 . (6)

Now, for each f € F let
1.0 t—1 Y, Yt—l
=52 (111 L) g llnLtl)\YHD
23 (yely'1) pr(Y Y1)
so that we have R, (F) < 2E [sup, T¥]|.
To apply Proposition 4, we need to show that {7y : f € F} is indeed a subgaussian

family under the metric d. (Sample continuity of the process is obvious.) To this end, note
that for any f,g € F,

n

Tr(y") — T,(y") = > Zi(y'") ,

t=1

Z) = <1n flwly™) & [m fY Yyt = y“)D _

2\ gl |y gV [ Y=t =yt
Now it is easy to see that Ty — T, = Ty(y") — T,(y") is a sum of bounded martingale
differences, that is, each term Z; has zero conditional mean and range bounded by 2d,(f, g).
Then the Hoeffding-Azuma inequality [1] implies that, for all A > 0,

where

2

B[] < exp (100"

Thus, the family {7y : f € F} is indeed subgaussian. Hence, recalling that R,(F) <
2E [sup, Ty] and applying Proposition 4 we obtain the statement of the lemma. O

Lemma 5 provides a sharp bound on the regret of p* if the diameter D of F is very
small. However, inequality (6) becomes very loose for experts f far away from p*. To avoid
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such situations, we prove our general bound by analyzing the following prediction strategy
(different from p*): F is partitioned into small subclasses and the minimax predictor is
calculated for each subclass (in which Lemma 5 may be applied). Finally, these predictors
are combined using the WA algorithm.

Proof of Theorem 3. Fix an arbitrary ¢ > 0 and let G be an e-covering of F of minimum
size N = N(F,e). Let Fi,...,Fn be the cells of the Voronoi tessellation of F, under the
metric d, having the elements of G as cell centers (remember that F and G live in the same
metric space, but G does not have to be a subset of F). Then Fi,..., Fy is a partition of
F. Foreachi=1,...,N, let ¢®) be Shtarkov’s optimal predictor for F;,

@) () ny — supg, f(y")
W)= Toupy, f@) dvla) -

Now let the predictor p. be the WA algorithm defined in (3) run over the set of “experts”
g, ..., g™, Clearly, R,(F) < inf.so R, (pe, F). So all we have to do is to bound the regret
of p..

To this end, fix any y™ € V" and let k = k(y™) be such that

9

Insup f(y") =Insup f(y") .

Tk
Then,
L AU S VDR Supa;kf(y ) )
p-(y™) p-(y) g® (y")
As k = k(y™) ranges in {1,..., N}, by Proposition 2 we get
(k) (,m
suplnw <InN. (8)
v Pe(y")
Furthermore

supg, f(y")
supln = Grimy S g supln — iy~ = may,
y 9™ (y SISV y oY o

Hence, combining (7), (8), and (9) we get

Bo(pe, F) < InN + max Ry(F) . (10)
Now note that the diameter of each element of the partition Fi, ..., Fy is at most 2. Hence,

applying Lemma 5 to each F; in (10) we find that

Rulp., F) < 1nN+11%1%>§V24/0 JIn N(F;, 6)do
< I N(F 24/8\/1 N(F,8)ds
< InN(F,e)+ Vi (F,0)

concluding the proof. O



Remark ITI. Similarly to an analogous derivation in [11], Theorem 3 could be also proven
by direct manipulation of the minimax regret in the form

ln/Sl;p fy™)dv(y™) .

This is done by partitioning F as in the proof of Theorem 3 and then replacing the derivation
of the bound (10) with the following:

Ru(F) = In [ sup f(") dv(y")

< lnN+1réliz%>]<vln/sE})f(y ) dv(y")

= InN + max InR,(F;) .
1<i<N

Though a bit more concise, this proof ignores the algorithmical meaning of the right-hand
side of (10).

Remark IV. It is interesting to note that, while strategies like p. can have a regret close
to the optimal value R, (F), p* is the unique strategy with regret equal to R,(F), and
this is precisely due to the fact that p* is an equalizer. To show this, pick any F and
assume there exists p’ such that p’ # p* and yet R,(p/, F) = R,(p*, F) = R,(F). As pis
normalized, p’ # p* implies that p(y") < p*(y") for some y"™. Hence, supx f(y")/p'(y™) >
supr f(y™)/p*(y") for this y”. But (2) implies that supx f(y")/p*(y") = R,(F) for any y".
Hence supx f(y")/p' (y") > R,(F) contradicting the assumption R, (p/, F) = R, (F).

4 Applications

In this Section we illustrate some natural applications of our upper bounds that, to the best
of our knowledge, could not be obtained with previous techniques.

4.1 Parametric classes

As a first example, consider classes F such that there exist positive constants k£ and ¢ such
that for all € > 0,
c/n
InN(F,e) < kln cvn (11)
£

This is the case for most “parametric” classes, that is, classes which can be parametrized
by a bounded subset of R¥ in some “smooth” way. Asymptotic expressions for R, (F) were
established by Rissanen [13] for such classes under certain general conditions. In particular,
Rissanen showed under his conditions that R,(F) = (k/2)Inn. However, these conditions
are difficult to check in some situations, and they are asymptotic in nature. Theorem 3
allows us to derive a simple nonasymptotic bound under the sole metric condition (11).
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Corollary 6 Assume that the covering numbers of the class F satisfy (11). Then for each

n so large that
cv/n > 48v24/In(ev/n) /k

k| In(eyn)
2 K

we have

R, (F) < +klnc+ 6k .

Elnn+
2

Proof. Substituting (11) in the upper bound of Theorem 3, the first term of the expression
is bounded by %lnn + klnc— klne. Then the second term may be bounded as follows:

24/6,/1 N(F.0)ds < 48cVE /°° 2=7%
Vo (F,0) < A8evikn | ate™ du

(by substituting x = {/In(c\/n/9)
and writing a,, = \/In(c\/n/e))

anp, 1 foo .2
= 48cVk — d
eviemn | 2¢y/n/e + 2 Ja, © x]

(by integrating by parts)

an 1
48evkn | 2¢y/n/e * 2anc\/ﬁ/a€]
(by using the gaussian tail estimate
e dn < et /(21))
48Vkane  (whenever es < ¢\/n)

< 48v2e\/kIn(cy/n)  (whenever £ > 1/(cy/n))

The obtained upper bound is minimized for

1 k
"7 182\ ey

which yields the desired result. O

IN

IN

Remark V. The main term (k/2)Inn is known to be the best possible for most k-
dimensional parametric families such as the family of all i.i.d. measures over a finite alphabet
Y of k + 1 elements [15], or, if k = 2™, for the family of all m-th order stationary Markov
measures over a binary alphabet [19]. The lower-order term in the Corollary above is how-
ever not the best possible in some cases, when much sharper estimates are available (see,
e.g., Barron and Xie [2], Freund [7]). In fact, typical specific upper bounds have the form
(k/2)Inn + O(1). We do not know if, in the generality treated here, the second O(kInlnn)
term is necessary. Also, Corollary 6 may only be used if all conditional densities are bounded
away from zero. Such condition is not necessary in the parametric examples mentioned above.
On the other hand, the general condition under which the Corollary holds makes it useful in
situations where all previously known techniques fail. This is illustrated in the next simple
example.
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Example: fading-memory predictors. Let Y = {0,1}, and consider the one-parameter
class F of distributions on {0,1}" containing all experts f(® with a € [0, 1], where each f(®

is defined by its conditionals as: fl(a)(l) =1/2, f2(a)(1|y1) =1, and

1= a(2i —t)
Ay = — g (14—

for all y*=! € {0,1}*~" and for all £ > 2. In other words, each expert predicts according to a
weighted average of the past outcomes with linearly decaying weights as we go back in the
past. The parameter a determines the slope of the decay. Unfortunately, Theorem 3 cannot
handle this class because the values of ft(a)(1|yt*1) and ft(a)(0|yt*1) may be arbitrarily close
to zero, and therefore the covering numbers of this class with respect to the metric d are
infinite. To avoid this difficulty, we slightly modify the experts by considering the class G of
all experts ¢ of the form
g (W) = 7(F7 (Al

where

x if v € [6,1 -]

T(x)=4¢ 0 ifx <o
1—6 ifz>1-96

for some fixed 0 < § < 1/2. Now clearly, for all ¢ > 1, and «a,b € [0, 1],

(@) L)y — @ (11 E=1Y _ 1ny B (11,81
di(9'”, ") = X [l g (1)y"™) = Ing” (1fy"")|
1 (a) t—1 (b) t—1
< gyt_lg%?f}t_l 90 Uy ) — g (Lly )‘
1 (a) t—1 (b) t—1
< gyt_lg%?f}t_l f7 Uy ) = £ Ay )‘
1 1 =2 (a—0b)(2i —1)
T S yelone|f - 1 ;y t—2
1 1 = (20 —1)
= = —b :
T it (L ;y t—2
1 j
< = by
S 5 e le 0 ‘t T2
_ la—b
J— 5 -
Therefore, we immediately see that for all £ > 0,
Vn
In N <In-—
n (g7€) — n 65 )
so Corollary 6 yields
1 1 1
R,(G) < élnn—i—ilnlng—l—lnquG .
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Note that this class cannot be handled by Rissanen’s asymptotic expansion, which requires
that the MLE in the class satisfy a uniform central limit theorem condition. In fact, the
experts in G are nonstationary, and reach far back in the past, so proving a central limit
theorem for the MLE of a would be extremely difficult (let alone a uniform one!), even if we
had known what the MLE was.

4.2 Nonparametric classes

Next, we illustrate on two examples how Theorem 3 can be applied for very large, nonpara-
metric classes. The first example shows that nontrivial bounds may be obtained even for
utterly huge classes of predictors.

Example: Lipschitz-Markov predictors. Assume, for simplicity, that the alphabet is
Y =[0,1]. Let C be a class of densities (with respect to the Lebesgue measure) on [0, 1] such
that its covering number N,(C,¢) with respect to the metric

p(p,p') = sup |Inp(z) —Inp'(z)]
z€[0,1]
satisfies In NV,(C,e) < ce™® for some a,c > 0. (An example of a nonparametric class of
densities satisfying this condition is the class of all Lipschitz densities which are uniformly
bounded away from zero, a class also considered in [11].)
Now consider the class F of all k-th order Markov measures on [0, 1]" such that for all
t <nand

Uik = Wit - - tu=1) € [0, 1],
the conditional densities satisfy ft(-|yf:,i) € C, and moreover, for all t < n and yfjli, Zf:]i c
[0, 1]F,

t—1y t=1\| < N .
sup [n fulelyi) —In fialeip)| < max e |

The last condition requires that a small change in the past does not cause a drastic change
in the log of the conditional density. Notice that all these are quite natural smoothness
assumptions, and the resulting class of experts is very large.

To use Theorem 3 it suffices to observe that Nx(¢) may easily be bounded by

k
Ni(e) < [Ne(e/2)] Y™,
where ¢; is a positive constant. Now it is a matter of routine calculation to obtain the bound

R,(F) =0 (n¥57) .

Example: Monotone predictors. Let J = {0, 1} be a binary alphabet, and consider the
class F of all experts f = [], f; such that f(1|y*™") = f,(1) € [§,1 — 4], where 6 € (0,1/2)
is some fixed constant, and for each ¢ = 2,3,...,n, fi(1) > f;_1(1). In other words, F
contains all static experts (i.e., experts which predict independently of the past data) which
assign a probability to the outcome “1” in a monotonically increasing manner. This class is
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again “nonparametric”, but here the richness of the class is not due to the richness of the
conditional densities, but rather to the nonstationarity of the experts in F. To estimate the
covering number of F, consider the finite subclass G of F containing only those monotone
experts g = [, g; which take values of the form ¢;(1) =0+ (i/k)(1 —26),i =0, ..., k, where

k is a positive integer to be specified later. It is easy to see that |G| = ("Zk) < (2n)* if

k < n, and |G| < 2F otherwise. On the other hand, for any f € F, if g is the expert in G
which is closest to f, then for each t < n,

1
_ < Z _
yre%%,)l(} |In fi(y) —Ing,(y)] < 5 erI}%,)l(} \fi(y) — a:(v)|
1
= g|ft(1) - 9t(1)|
1
< —.
- Ok

Thus, d(f,g) < /n/(0k), where the metric d is defined in (4). By taking k = \/n/(de), it
follows that the covering number of F is bounded as

(2n)VP/09) if € > ﬁ

N(F,e) <
( ) < { 9vn/(de) otherwise.

Substituting this bound into Theorem 3, it is a matter of straightforward calculation to
obtain

Ry(F) =0 (n'?6 2 1* n) .

Note that the radius optimizing the bound of Theorem 3 is about € ~ n'/6§=/3 1n/3 n.

5 Suboptimality of mixture predictors

As we have pointed it out in the introduction, instead of the minimax predictor given by
Proposition 1, often mixture predictors are used. In some cases, the worst-case regret of
mixture predictors, in particular, the WA predictor (3), is very close to the optimal value
R, (F), see [2, 7, 9]. The purpose of this section is to point out that this is not necessarily
so. In fact, even for very simple classes of static experts, the ratio of the minimax regret
of the WA algorithm and that of the optimal algorithm can be arbitrarily large. Note that
this does not contradict Theorem 3, where the WA algorithm was run on a special set of
predictors derived from F, instead of being run directly on the expert class F, as prescribed

by (3).

Theorem 7 For every n > 1 there exists a class F, of two static experts such that, if p
denotes the predictor defined in (3), then

P AR

where ¢ is a universal constant.
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Proof. Let F, contain the two experts f, g defined over the binary alphabet ) = {0,1}

by
1 1

1
=1y _ * t-1y _ =
fly™) = 5 and g(1y"™) 5t 5,

for all t <mn and "' € {0,1}'"1. We may easily estimate the minimax regret R,(F,) using
Lemma 5. The diameter of F,, is easily seen to be

Dzd(f,g)zﬂln(l—i—%) !

S

Also, since N(F,,€) < 2 for all € > 0, Lemma 5 provides the upper bound

12v/1n2
Vn
On the other hand, the definition of the WA algorithm in (3) shows that

fy") +g9y")
.

R,.(F,) < . (12)

p(y") =

The relative loss of p is

R,(p,F,) = Inmax

> In

Comparing this lower bound with (12), we obtain the statement of the theorem with ¢ =

In ( 21> /12\/1112 ~ 0.038. 0

1+<

Appendix

To prove Proposition 4, we use the following simple lemma, whose elegant proof was shown
to one of us by Pascal Massart.

14



Lemma 8 Let o0 > 0, and let X4, ..., Xy be real-valued random variables such that for all
A>0andl1<i<N, E [eAXi} < N2 Then

E Hg\;(X’} <ov2InN .

Proof. By Jensen’s inequality, for all A > 0,

e)xE[maXiSN Xl] — E |:6/\maXiSN XZ:I —E

max 6)‘Xi]

i<N
N

< ZE [GAXi] < Ne/\202/2 _
i=1

Thus,
E [max X;

<N

and taking A = /21n N/o? yields the result. O

Proof of Proposition 4. For each & = 0,1,2,..., let Z*) be a minimal cover of F of
radius D27%. Note that |F*)| = N(F, D27%). Denote the unique element of F© by f;.
Let f* € F be such that sup;c Ty = T-. (Here we implicitly assume that such an
element exists. The modification of the proof for the general case is straightforward.)
For each k > 0, let f; denote an element of F*) whose distance to f* is minimal. Clearly,
p(f*, fi) < D27% and therefore, by the triangle inequality, for each k > 1,

p(fiu i) < (5, fi) + p(f"s fiy) <3D27F. (13)
Clearly, limy_,o fi = f*, and so by the sample continuity of the process,

sljlcp Tf = Tf* = Tfo + Z (Tf,: - Tfl:—l) ’
k=1

and therefore
E [sup T
f

giE[ max (Tf—Tg)].

o LreF®) geFt-n

Since there are at most N?(F, D27F) pairs (f, g) with f € F® and g € F*=1, and recalling
that {Ty : f € F} is subgaussian, we can apply Lemma 8 using (13). Thus, for each £ > 1,

(Ty —T,)| < 3D27*\/2In N(F,D2-+)2 .

E max
feFk) geFk=1)

Summing over k, we obtain

E[supr] < Z3D2‘k\/2lnN(f,D2—’f)2
f k=1

= 123 D2 ®+ ln N(F, D2-*)

k=1

D/2
< 12/ JIMN,(F,e)de
> 0 nN,(F,¢e)de

as desired. O
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