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Abstract

We study the earnings structure and the equilibrium assignment of work-
ers when workers exert intra-firm spillovers on each other. We allow for arbi-
trary spillovers provided output depends on some aggregate index of workers’
skill. Despite the possibility of increasing returns to skills, equilibrium typi-
cally exists. We show that equilibrium will typically be segregated; that the
skill space can be partitioned into a set of segments and any firm hires from
only one segment.

Next, we apply the model to analyze the effect of information technology
on segmentation and the distribution of income. There are two types of hu-
man capital, productivity and creativity, i.e. the ability to produce ideas that
may be duplicated over a network. Under plausible assumptions, inequality
rises and then falls when network size increases, and the poorest workers can-
not lose. We also analyze the impact of an improvement in worker quality
and of an increased international mobility of ideas.
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1 Introduction

Over the last ten years there has been a renewed interest in problems asso-
ciated with the distribution of income. This interest has been motivated by
the upward trend in inequality that has taken place in the United States and
other countries since the early seventies, and has led to a spurt of empirical
and theoretical research.! This research has studied the role of such diverse
factors as the role of international trade, computers, educational achieve-
ments, and stratification in firms and neighborhoods.

The present paper is a theoretical contribution to that literature, which
was originally motivated by an attempt to understand the effect of informa-
tion technology on the distribution of income. It is mainly concerned with
how technology and stratification interact with each other in determining the
distribution of income. We study the earnings structure and the equilibrium
assignment of workers to firms in a model where workers exert intra-firm
spillovers on each other. We allow for such spillovers to be somewhat arbi-
trary, provided the number of workers within firms is fixed—an assumption
that can be relaxed to some extent— and output is a function of some ag-
gregate index of all the workers’ skills in the firm. Because of the spillover
there are non constant marginal returns to skills, and we allow returns to be
either increasing or decreasing. Despite the possibility of increasing returns
to skills, equilibrium typically exists because the fixed number of workers
within each firm prevents them from increasing profits by simply replicating
themselves.

We show that equilibrium will typically be segregated, in the sense that

the skill space can be partitioned into a set of segments and that any firm

!See Levy and Murnane (1992), Bound and Johnson (1992), Katz and Murphy (1992),
Juhn, Murphy and Pierce (1993). Some of the theoretical literature on segmentation and
inequality that this burst of empirical research has motivated is referred to below in the
text.



hires from only one segment. The number of segments depends on the shape
of the curve relating total output to aggregate skills, with convex portions
acting as a force toward segregation and concave ones as a force toward unifi-
cation. The wage schedule is always convex in skills, regardless of the shape
of spillovers, implying that market forces, by allocating people of similar
skills into the same firms, magnifies differences in skills and tends to skew
the distribution of income to the right. Wages can be interpreted as the dif-
ference between the worker’s marginal product and a shadow cost of bodies
that captures the spillover exerted by the worker on other workers within the
firm. This cost is positive if there are increasing returns so that firms are
willing to pay a negative wage for some categories of workers.

Next, we develop an application of the model which yields some insights
about how information technology affects the distribution of income. There
are two extreme ways in which one can think about that problem. At one ex-
treme is the standard view, which ignores job characteristics and treats each
labor type as homogeneous and divisible. According to that view, computers
are substitute for unskilled workers, so that their introduction is quite similar
to a rise in the supply of unskilled workers or trade with a country abundantly
endowed in that factor.? At the other extreme there is the ”Superstar”, or
”Winner-takes-all”, view, according to which information technology allows
the best people to spread their talent over an ever larger share of the mar-
ket, at the expense of less able workers who may find themselves displaced
into low-paying jobs, despite being only marginally less talented. This trend
toward a society where all the rewards go to the best has been analyzed in
Frank and Cook (1995), who provide numerous examples from sports, per-
forming arts, and top executives. The question, however, is whether such
effects are pervasive throughout the labor market or limited to football play-
ers and divas. Rosen, (1996), in his review of the book, argues that these

phenomena are confined to those segments of the market where a product

2See Krueger (1993) and DiNardo and Pischke (1996) for the empirical aspect of that
debate.



can be duplicated at no cost (the media) and/or where being the best is the
essence of the product (sport competition).

The model we develop takes an intermediate view. We think of wages
as the return to two types of human capital. One is productivity, that is
how many units of output one can produce; the other is ”creativity”, i.e. the
ability to produce ideas that may be duplicated over a segment of the econ-
omy, that we call a "network”. In our model such ideas increase the output
of all other workers in the same network—this is the nature of the spillover.
We assume that firms and networks coincide, so that the beneficial effect of
ideas will increase profitability and, through competition, eventually increase
wages for the most creative workers.> There is a ”winner-takes-all” dimen-
sion to creativity because only the best idea is applied. We model progress in
information technology as an increase in the size of the network over which
ideas can be spread. It is therefore a force that increases the return to the
most creative workers. But, contrary to what happens in e.g. sports, best
performers are complementary to other workers since a good idea increases
the productivity of all participants in the network. This is a force that mit-
igates the inegalitarian effects of information technology. Furthermore, as
networks get larger, the most creative workers end up competing with each
other in the same networks, which reduces the return to creativity.

Under plausible assumptions, we show that inequality rises and then falls
when network size increases. Our conclusions are therefore far less pessimistic
regarding the impact of information technology on inequality than the ex-
treme ”superstar” approach. We also show that the poorest workers cannot
lose from an improvement in information technology and analyze the im-
pact of an improvement in worker quality and of an increased international

mobility of ideas on income distribution and worker segmentation.

3Thus we abstract from the problems of imperfect appropriability of intellectual con-
tributions, as emphasized by the literature on endogenous growth (See Aghion and Howitt
(1998), Grossman and Helpman (1992), Romer (1990), Lucas (1988)).

A Coasian argument would lead to the conclusion that the boundaries of the firms will
endogenously adjust so as to internalize the externality; therefore in equilibrium firms will
coinncide with networks.



The present paper is related to several strands of literature. One is the
literature on job assignment, whose central claim is that an earnings func-
tion that relates wages to worker characteristics is insufficient for predictive
purposes, because it ignores the assignment of workers to jobs (See Sattinger
(1993) for a survey). In our model this critique holds too, since the distri-
bution of income depends not only on the distribution of skills but also on
how workers are endogenously grouped together in the labor market, and a
change in the underlying distribution of skills will also affect the way work-
ers are grouped. However, this literature generally assumes that workers are
assigned to occupations of jobs whose differences are specified exogenously,
while in our case jobs are symmetrical ex-ante, but end up being different
because one’s productivity depends on one’s colleagues’ skills, which differ
across firms in equilibrium.

Another literature is the one about ”clubs”, ghettoes, and segregation,
whose archetypal example is Becker’s (1973) theory of marriage. Segregation
arises when complementarities are prominent, so that people want to end
up in the same ”club” or firm, as the "best” ones. This is often the case
in problems of local public finance or peer group effects (as in Epple and
Romano (1998), Bénabou (1993,1996), Fernandez and Rogerson (1996), or
Rioux (1999)). As in that literature, strong spillovers (that in our case show
up in the form of convexity rather than complementarity) lead to segrega-
tion. The present paper, however, is more concerned with the determination
of earnings and establishes general results regardless of the shape of the
spillover.

Finally, the present paper is also related to the literature on ”superstars”,
following Rosen (1981), who, in a seminal paper, established that the large
income for superstars results from their ability to cover a larger market. The
present paper differs from Rosen’s superstars model in that spillovers play a
key role in determining the distribution of income, while in Rosen’s paper the
key mechanism rather came from the ability of talented individual to cover a

larger market, much in the fashion that, under imperfect competition, firms



1 Kremer’s (1993) o-ring production

with lower costs have more customers.
function has more in common with the present paper. In both papers firms
consist of a fixed number of workers® and workers exert spillovers over each
other. Here, however, we allow for a much more general pattern of spillovers.
Both the o-ring production function and the ideas/networks application that
we develop are special cases of that general analysis. In fact, in our case it
is the best workers who exert positive spillovers, while in Kremer’s model it
is the worst performer who exerts negative spillovers.®

Despite the generality of our results, there is one aspect of that litera-
ture that is not captured by our model, namely the hierarchical one. Many
authors, such as Calvo and Wellisz (1979), Rosen (1982), or, more recently,
Garicano (1998), have developed models which predict that more talented
people are more likely to be "above” in hierarchies and that span of control is
increasing with talent. This is clearly not captured in our model where tasks
are modelled as symmetrical; as we briefly argue, to capture these aspects
would require a production function where in addition to the mean, higher
moments of the intra-firm distribution of skills would enter.

The paper is organized as follows: in section 2 we establish our basic
general results regarding existence and efficiency of equilibrium, as well as
the pattern of segregation and the shape of the wage distribution. In section
3, we show how this framework can be applied to ideas and information
technology. In section 4, we perform comparative statics exercises, looking
at the impact on the distribution of income and the pattern of segregation
of an increase in average worker quality, and improvement in information

technology, and increased mobility in goods and ideas. These exercises are

“Murphy, Shleifer, and Vishny (1991) have applied Rosen’s ideas to understand the
interaction between economic growth and the allocation of talent across different activi-
ties. This is a very different route from the one pursued here, although the two kinds of
considerations could be merged.

5QOr, more fundamentally, the number of workers enters the production function sepa-
rately from the aggregate labor input.

SFurthermore, the correlation between productivity and creativity plays a key role, in
our model, in shaping the structure of returns to scale, while skill has only one dimension
in the O-ring case.



motivated by the above mentioned debate on the rise of inequality. Section
5 briefly discusses potential extensions of the model, while section 6 contains

concluding comments.

2 A model of the labor market under intra-
firm spillovers

2.1 Basic setup and equilibrium definition

We consider an economy populated by a continuum of workers who differ by
their skill level y, which is distributed over the interval I = [y, y;] with a
measure 4, which has full support. The total mass of workers is normalized to
1. Firms freely enter the market and consist of a mass s of workers. Therefore
there will be a mass 1/s of firms in equilibrium.”

A firm’s total output is given by a(y), where 7 is the average skill level
of its workers. Therefore, we assume that skills can be defined in such a
way that the firm’s output only depends on the aggregate skill level within
the firm. In the absence of spillovers, the firm’s output is simply the sum
of the contributions of each individual worker, which does not depend on
his colleagues’ characteristics. Consequently, by redefining the skill level as
being productivity, we get that the a(.) function is then linear. If, on the
other hand, there are intra-firm spillovers, then the a(.) function will be
nonlinear and this is the case of interest.

The production function exhibits increasing returns to skills if a'(y)y >
a(y). This condition is different from the condition for increasing marginal
returns to skills, which is given by a”(.) > 0. In our application below the
first condition is always satisfied while the second may not hold. For the
time being we do not make any assumption about the returns to skills, just

assuming that a(.) is continuous and twice differentiable.

"More generally, the assumption of a fixed number of employees within each firm could
be relaxed by specifying a production function which depends on both the number of
workers and their aggregate skill level. This is discussed below in section 5.



An equilibrium is characterized by a wage schedule w(y) which tells us
how much a worker of skill y will be paid, and by an assignment of workers
to firms such that all workers are assigned, firms maximize profits and no
potential entrant could make strictly positive profits. The assignment can
be represented by a mapping 1 which tells us the skill level of worker ¢ in
firm k. The definition below uses such a representation to precisely state the
conditions for an equilibrium.

DEFINITION 1: Let M be the set of mappings from [0, s] to I. Let m
be the Lebesgue measure on [0, s] x [0,1/s]. An equilibrium consists of (i) a
mapping n from [0,s] x [0,1/s] to I, (i,k) — yu, (worker assignment) and
(ii) a mapping w from I to R, y — w(y) (the wage schedule) such that:

a. V' k€|0,1/s], a(yr) = [y w(yir)di, where g, = ([5 yidi) /s is firm k’s
average skill level.

b.YveM:i—y,allyydi/s) < [5w(y;)di.

c. V.S CI,u(S)=m(n*9)).

The first property tells us that because of the free entry condition, existing
firms make zero profits. The second condition says that potential entrants
cannot make positive profits, otherwise they would indeed enter. The third
condition is the full employment condition for any type of worker, which says
that the distribution of y implied by the assignment of workers matches the

actual one.

2.2 The structure of earnings

The next task is to characterize equilibrium and prove its existence. To do
so we proceed in several steps. The next proposition tells us how to recover
the wage schedule given the initial configuration of firms.

PROPOSITION 1 - The equilibrium wage schedule is such that:

() w(y) = a(@)/s +a'(G)(y — Tr) /s, YV y € I,V k € [0,1/5]

(i)

wly) = a(ye)/s + ' (W) (y — 4e) /s, (1)



if firm k employs some workers of type 3.8
(iii)
w(Tk) = alfk)/s

PROOF: To compute their desired optimal employment structure firms

maximize
maxa ([ w@ydu/s) - [w@u@dn
subject to
wly) > 0,Vy eI
and

[ @)= s 2

That is, they elect how much of each type they want to hire, subject to

the constraint that their total size is s. A type y is employed in that firm iff
w(y) > 0.

The first order condition with respect to any w(y) is therefore

a' (Ge) y/s — w(y) < M (3)

where ), is the Lagrange multiplier? associated with (?7), and where
equality holds if w(y) > 0. Integrating both sides over all employees of firm

k and making use of the zero profit condition, we get that

A_ﬂmm—dm
k= S .

8Formally, this means that k € Py(n~'(y)), where P, is the projection operator from
[0,s] x[0,1/s] to [0,1/s].

90One cannot readily apply the Kuhn-Tucker theorem because a(.) may not be concave.
However, consider a type y employed by firm k& and a replacement of a small mass of that
type by another type y’. For the firm to be at its optimum it must be that such a change
does not increase profits, which is equivalent to

!

o ()% — wly) < @)% - wly)

If 9’ is also employed in positive quantity by the firm then the converse must also hold,
implying that the quantity a'(7x)% — w(y) is the same for all workers employed by the
firm. Denoting that quantity by A, and calling it the Lagrange multiplier we get back to

(27).



Substituting into (??) completes the proof of (i) and (ii). To prove (iii),
note that (i) applied to y = g, implies w(yx) > a(yx)/s. Assume (iii) does
not hold; then it implies w(gx) > a(7x)/s and that firm k& does not employ
any worker of type y = 7. But then, any firm that employs workers of type
7 could strictly increase its profits by replacing them by the same mix of
workers as those employed in firm k. This would not affect its average pro-
ductivity and yield an average labor cost equal to a(yx)/s+ a' (yx) (Yx — Yr) /s
= a(yr)/s < w(yx). Consequently, no firm would employ type g workers,
which contradicts the equilibrium assumption. Thus, (iii) must hold. O

COROLLARY - The wage schedule w(y) is convet.

PROOF - Proposition 1 implies that w(.) is the maximum of a set of
linear functions. O

The RHS of (??) is firm’s ¢ willingness to pay for any type (y). It must
be equal to its wage if the firm employs that type, and lower than its wage
if it does not. The interpretation of (?7?) is as follows. Wages paid by firm
k can be decomposed as w(y) = a' (gx) y/s — \g. The first term a' (gx) y/s is
the marginal product of an individual of type y if he works in firm k. It is the
only term that would remain under constant returns to scale. The second
term A\, = w is the shadow price of bodies in firm k, or equivalently
the price that anyone has to pay to be a member of that firm (or network).
This price is positive if there are increasing returns and negative if there are
decreasing returns. Under constant returns it is exactly equal to zero and
people are just paid their marginal product. If individuals could be hired in
addition to those already in the firm, they could simply be paid their marginal
product, without affecting others. But by joining a firm with a fixed number
of employees, the individual is filling a slot, reducing the number of slots
available for his other colleagues. In equilibrium he will compensate them
by transferring to others the value of a slot ;. That value is equal to the
reduction in output per capita associated with the reduction in the firm’s
work force by one unit. This is what the other colleagues lose, on average,

if the worker gets his full marginal product; to them, this is equivalent to



having one less person in the firm. An important aspect of (??) is that under
increasing returns, there exists worker types such that the willingness to pay

for those workers by firm k is negative. This arises for y low enough relative

to Y-

2.3 Segregation and workers’ assignment

The next issue is: how does the equilibrium look like in terms of the equilib-
rium distribution of firm’s average skill levels and in terms of the assignment
of workers to these firms? The next proposition characterizes the equilibrium.

PROPOSITION 2 — Equilibrium can be characterized as follows:

There exists a partition of I into adjacent intervals I, C I, indexed by
a € A, such that

(i) For any firm k there exists a(k) € A such that all workers of firm k
come from I, :Vk € [0,1/s], 3o, n ([0, s], k) C I,

(ii) The wage schedule w(y) is linear over I, : VYo € A, Yy € I, w(y) =
Wa + 00y

(iii) For any firm k recruiting in I, the wage schedule is tangent to the av-
erage output schedule at y = G : Sagey = 0/ (i) /55 wagey = [a(7k) — ' (G) 7] /5

(iv) The wage schedule is convex

(v) w(y) = a(y)/s, Vy € .

(vi) The mean of y over I, is a convex combination of the mean skill
level of the firms that recruit in I,.

(vii) supply equals demand, i.e. condition (c) in definition 1 holds.

PROOF. We must prove that these conditions are necessary and sufficient
for equilibrium. Let us prove that they are sufficient first.

Over the interval in which a firm hires people, wages are linear. Aggre-
gating them using (ii) and (iii) implies that a firm’s average labor cost is
a(gx)/s. Thus existing firms make zero profit.

As the wage schedule is convex ((iv)), an entrant with average skill g
cannot do better than hiring workers who all have the same skill . But then

his profits are given by a(¢) — sw(y), which by (v) cannot be positive. Thus

10



properties (a) and (b) in definition 1 hold. Property (c¢) holds because of
(vii).

This proves sufficiency.

Let us now prove that these conditions are necessary. (iv) must hold
because of the corollary to proposition 1. (vii) must hold because of definition
1. If (v) were violated for some g, an entrant hiring s workers of type 7 would
make strictly positive profits, violating (b) in definition 1.

Next, consider two existing firms k£ and [, with different means y;, < y;.
We prove that the most skilled employee of firm k, of skill y;~ > g must be
less skilled than the least skilled employee of firm [,of skill y, < ;. To see

this, note that proposition 1 implies

swyy) = a(g) +d @)y — ) > alte) +d' @) wr — o) (4)
sw(yl) = a(@r) +d' @) (Wil — T6) > al@) + @) wd —5) ()

Taking the difference between the left hand side of (??) and the right

hand side of (7?), and making use of these inequalities, we get
@) — @) - (s —vi) = 0.

Thus, either y;” > y;" or d'(4;) < d/(Jx). But we have, again from propo-

sition 1:

these two inequalities imply that

d (1) < M < d'(q)
Y — Yk
a(@)—a(ge) _
Y1~k
a'(y;) = 0 exactly. In that case the two firms offer the same wage schedule

Thus the only way we can have y; < y; is if d/(x) =

and can recruit within the same cluster.!® Furthermore, all firms with mean

10This is what we call a dual cluster.

11



skill level between g, and y; will also offer the same wage schedule. Let
p index such a firm. Assume first that a(y,) > a(yx) + 0(yp — yx). Then
by hiring workers of types g and g in proportions (4, — @,)/(%1 — §x) and
(Up — k)/ (G — Tx) respectively, the firm gets a total labor cost equal to
a(7x) + 0(Y, — Ux), thus obtaining strictly positive profits, which contradicts
the equilibrium assumption. Next, note that a(7,) < a(gx) + @' (k) (Fp — Tr)
cannot hold, as it contradicts (i) in proposition 1, since by (iii) we have that

a(yp)/s = w(yy). Thus we necessarily have
a(5p) = a(Gr) + (G — Tk)

Finally, note that if 6 # a/(g,), there exists some y in the neighborhood
of 4, such that a(y) > a(gx) + (9, — Uk). The above argument can then be
used to show that an entrant with an average skill level equal to y would
make strictly positive profits. Consequently one must also have a’(y,) = 6.

To summarize: Either two firms offer the same wage schedule, in which
case so do all firms in between, or they must obey the ”sorting property”:
the most skilled person employed by firm k£ cannot be more skilled than the
least skilled person employed by firm [.

The preceding results imply that if we order firms by increasing values
of yi, they can be grouped in clusters that hire within the same adjacent
intervals. To construct these intervals, group all firms into subsets of ”con-
secutive” firms offering the same wage schedule. For any such subset «, define
I, = Ukean ([0, s], k) . As the distribution of types has full support, these sets
cover the whole interval /. Furthermore, to match the above sorting property
they must be intervals.

Within each I,, the wage schedule is linear since all firms offer the same
one, and tangent to each firm’s mean value of y by construction. This proves
(1), (ii), and (iii). To prove (vi), note that firms recruiting in I, must hire
the whole supply of workers in I,. Thus the employment weighted average
of the mean skill in each firm must be equal to the mean of y over I,.

Q.E.D.

12



Proposition 2 is very useful to understand the structure of equilibria. The
typical structure is illustrated on Figure 1, which shows us a map of how the
economy organizes itself into various zones with very different properties.
The average output schedule, which gives us a(y)/s as a function of the firm’s
average skill level y, and is represented by the dotted curve, will in general
have convex parts and concave parts. In the concave zones, or "humps” there
are local decreasing returns to average human capital, which create a force
for agglomeration of different people within the same firm. In the convex
zones there are local increasing returns, which create a force for segregation,
i.e. matching of people with similar levels of human capital within the same
network.

As can be seen on figure 1, equilibrium is characterized by a map of seg-
regated clusters. The relevant intervals are determined by the points where
the wage schedule w(y), represented by the plain curve, has a kink. Because
of convexity, wages are always more sensitive to skill when one moves up
the distribution of income. Both that property and the segregation property
are quite general and do not depend on a(.) being convex throughout. If
a(.) were concave there would be a single cluster and a linear wage schedule,
but typically it is enough for it to be convex over some interval to generate
segregation and increased steepness of the wage schedule.

The following taxonomy emerges:

1. In many cases there will arise ”unitary zones”, i.e. intervals of values
of y in which all people are hired in a single type of heterogeneous firm. By
single type we mean that they all have the same mean skill level, although
they clearly can achieve that mean using different workers, provided they
only hire from the relevant cluster. These firms are segregated in the sense
that two firms with different mean skill levels hire from different intervals;
but within each interval there is complete agglomeration in the same firm
types. Each interval roughly corresponds to a hump or a concave zone.
Indeed, (iii) and (v) in proposition 2 imply that for any firm that employs

several types of workers the average output schedule is locally concave at

13



that firm’s mean skill level.!!

The wage schedule paid by the firm is tangent
to that hump at precisely the mean of the distribution of human capital over
the corresponding interval. Since in equilibrium all workers in that interval
must be hired by firms of the same type, their common mean skill level
must be equal to the population mean of that cluster. The mass of firms
of a given type is then determined so as to ensure that all workers in the
corresponding interval are employed. On figure 1A we have represented a
unitary zone covering two humps, and on figure 1B we have two consecutive
unitary zones corresponding to two consecutive humps. Therefore, not all
humps generate a separate cluster, as workers in a hump may be absorbed
in a firm corresponding to a bigger hump.!? The number of different unitary
zones is not necessarily equal to the number of humps; it all depends on the
underlying distribution of workers. However, the number of unitary zones
cannot exceed the number of humps.

2 .There may be a "hypersegregated”, or ”assortative” zone where there
is a continuum of firm types each hiring a single type of workers. In this zone,
where the output per capita schedule is necessarily convex, the wage schedule
exactly matches the output per capita schedule. As illustrated on figures 1C
and 1D, this typically happens when the wage schedules of two consecutive
humps cut the average output schedule before cutting each other. In terms
of proposition 2, in a hypersegregated zone, each skill level defines a cluster,
which is reduced to one point.

3. Finally, there may exist ”dual clusters”, where two different types of
firm hire from the same pool of workers, offering the same wages. This is
illustrated on figure 1E. The interval of workers hired in a dual cluster roughly
covers the two humps corresponding to each firm type. This corresponds to

the case where the interval I, contains more than one type of firm. In that

1 This property can also be directly proved using the second-order condition of the firm’s
optimization problem discussed in proposition 1.

12This will occur if these workers are not too far away not too numerous, so their
participation in the cluster is compatible with that interval’s mean skill level being located
in the zone of the other hump.

14



case, the two firms may not be segregated: some people employed in the
high productivity firm may be less skilled than some people employed in the
low productivity firm. There are many possible equilibrium distributions
of workers between the two firms; the only constraints are that everybody
is employed and that the mean skill of each network corresponds to the
tangency point. While in principle there may be more than two different
types of firm in [I,, generically this will never arise.

Now that we understand the structure of equilibria, we proceed and an-

alyze its efficiency and existence.

2.4 Efficiency and existence

One interesting question is: is the equilibrium efficient? Intuitively, the
answer should be yes. There is no market failure and the spillovers exerted
by people on each other through ideas are entirely internalized by firms, and
in fine reflected in the wage structure. The next proposition proves that this
is indeed the case.

PROPOSITION 3 - An allocation is an equilibrium if and only if it max-
imizes total output.

PROOF - First, let us take an allocation that maximizes total output and
prove that it may be supported by an equilibrium. Let us normalize s to 1
to save on notation.

Let k,l, be two types of firms in that allocation, with corresponding
mean skill levels g, 4;. Let py (resp. ) be the measure representing the
distribution of people working in firms of type k (resp. 1).

Consider the following reallocation of output: take a distribution of people
of total infinitesimal mass ¢ and mean y out of firms of type k and allocate it
to firms of type [ in such a way that all firms of type k (resp. ) keep having
the same common mean.

Then the new mass of type k firms is py(I) —e while their new mean skill
level is g + %(gjk — ). Similarly, the new mass of type [ - firms is p;(I) +¢

o
and their new mean skill level is 7, + ﬁ(l)(y — ).

15



The contribution of these two types of firms to total output is therefore

Mk([)

This cannot exceed the original contribution, equal to py,(I)a(yx )+ (I)a(y;).

(1) = ep(D)] (g + —— (5 — y)) + (1) + <] a(m + ﬁ(y — 7))

Using a first order Taylor expansion, we see that for ¢ small enough this is

equivalent to

a(@) + (v — g)a' () < a(fe) + (v — Tx)a’ (Fr) (6)

This must hold for any pair (k,l) and any y employed by some type
k—firm.

Another option is to create a mass ¢ of firms with average skill level

exactly equal to y. The contribution of total output to these firms and type

k firms must then be equal to

(1) — epe(D) a(Ge + Mki([)@k —y)) +caly)

This cannot exceed the original contribution of type k firms, i.e. py(I)a (7).

Taking again a first-order Taylor expansion we see that this is equivalent to

a(y) < a(fe) + (v — r)d (i) (7)

It is then not difficult to see that by taking w(y) = max;a(yx) + (y —
Uk)a'(g) this allocation supports an equilibrium. Equation (??) and our
definition of w(y) guarantee that (i)-(iv) hold in proposition 2, while (v)
holds because of (??) and (vi)-(vii) hold by construction.

Conversely, consider an equilibrium. Because of free entry, total output
Y must be equal to total wages. Consider any other allocation. Let y; be the
mean skill level of firm % in that allocation, k& € [0, 1]. Let duy be the distri-
bution of workers hired by firm k. Then free entry implies a(gx) < [ w(y)d .
Aggregating over firms yields [y a(jx)dk < [ [ w(y)durdk = [w(y)dp =Y.
Thus, total output cannot exceed the equilibrium one.

Q.E.D.
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Since total output is bounded, there will always exist an allocation that
maximizes it. Therefore, there always exists an equilibrium and it is typically
"unique” '3,

In particular, there may well be increasing returns to skills over some
range, and this does not prevent an equilibrium from existing. Why? The
main difference between that model and a standard production function with
increasing returns to scale is that it is impossible for a firm to take advantage
of increasing returns by simply replicating itself. The size of a firm is fixed by
assumption, so we have increasing returns to worker quality but not to scale.
This has important consequences for equilibrium. Under economies of scales,
replication always leads to an increase in profits because revenues increase
more than proportionally to size, while costs increase only proportionally.
Hence an equilibrium with zero profits cannot exist since a deviator, by in-
creasing its size, always gets positive profits. Here to increase worker quality
we need to hire a different miz of people, which bids up the wages of the
most skilled, thus defeating, in equilibrium, the firm’s attempt to increase its
profits. In other words, while in the standard case increasing returns makes

equilibrium incompatible with perfect competition, this is not the case here.

2.5 Examples and counter-examples

The above framework applies to a variety of setups, including the one we shall
see in the next section. One example is Kremer’s (1993) o-ring production
function, where a firm’s output is given by [, hf/ " where each firm has
n members and h; is the human capital of individual ¢, as defined as the
probability that the corresponding task is performed properly. This can be
rewritten as exp(ey), where an individual i's ”skill level” is defined as y; =
In h;, and ¢ is the firm’s average skill level. Hence it corresponds to the
case where our a(.) is exponential. The average output schedule is then

clearly convex throughout the whole interval of values of y, meaning that the

13In the sense that the clusters and the distribution of firms’ average skill levels are
uniquely determined.
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equilibrium is always hypersegregated, or assortative (Figure 2). Firms only
employ workers of one type, and there is a continuum of firms indexed by
the worker type that they hire, with a density of firms proportional to the
density of workers. The wage of any worker type is simply equal to average
output in the firms that employ this type of workers.

By contrast, the above model cannot be applied when one cannot write
output as a function of a single aggregate of the firm’s employees’ skill levels.
This will be the case whenever there exists asymmetries across workers within
the firm, for example if they perform different tasks. This is the case in the
important class of hierarchical models where the typical prediction is that
the most talented workers will be assigned to supervisory tasks with the
span of control increasing with talent (See Calvo and Wellisz (1979) and
Rosen (1982)). In this case total output will not only depend on the average
skill level within the firm but also on some higher moments. Consider the
case, for example, where a fraction € of the firm’s employees are assigned to
supervisory tasks, the remaining workers being assigned to production task.
Assume output is proportional to ysy,, where y, is the average skill level
of supervisors and ¥, the average skill level of production workers. Then, if
§ < 1/2, and if the firm hires from a uniform distribution over [g; — o, 7k, + 0],
one can show that if the best workers are allocated to supervisory tasks
output can be written as 7; + o(1 — 20)yx — 026(1 — 6). Thus it is now
a function of both average skill and its standard deviation, a(y, o), which
satisfies a} > 0, afy, > 0, and aj, >=< 0.

We will briefly discuss the implication of higher order moments appearing

in the production function in section 5 below.

3 Application: ideas, networks, and informa-
tion technologies

We now apply the above framework to the issue that was mentioned in the

introduction, namely the effect of advances in information technology on the
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distribution of income. We first derive the properties satisfied by the a(.)
function corresponding to that specific application, and then, in the next
section, study how the distribution of income changes when the parameter
that characterizes the efficiency of information technology shifts; we also do
other comparative statics exercise, looking at the impact of the supply of

skills and of international trade.

3.1 Basic setup

As above the economy is populated by a continuum of agents, whose skill
is given by a number y € I = [y, y;]. The distribution of y is still given by
measure /1, and the total mass of workers still normalized to 1. An agent with
skill ¥ has a physical productivity equal to ¥y, and at the same time an ability
to have ideas h (referred to as ”creativity”). We assume that h = cy + b.
Therefore, productivity and creativity are perfectly correlated.

As above each firm hires a mass s of workers. Firms are two things. First
they are firms, i.e. they hire people and sell output, maximizing profits.
Second they are networks, i.e. they are the space over which informational
spillovers take place, i.e. an idea can be applied at no cost to all the workers
of the firm. Firms and networks coincide, so that spillovers are internal to
the firm. As already mentioned, this coincidence is what we would expect to
arise in equilibrium following a Coasian argument'. It might be interesting,
however, to allow for the frontiers of firms to differ from those of networks.

Hence, the size of the firm s is also the range over which ideas can be
spread at no cost. Improvements in information technology can therefore
be represented by an increase in s: the larger the network, the larger the
number of workers who can benefit from a given idea.

The timing of events is as follows:

1. Firms freely enter the market.

2. The labor market operates and hiring takes place. Firm maximize

their expected profit. This yields an equilibrium wage schedule w(y). Note

1 Coase (1995).
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that wages are set prior to production.

3. A finite number N of randomly drawn workers have an idea. Each
firm makes use of its workers’ ideas to improve production. Production takes
place and wages are paid. We assume that N is large, so that each firm
considers that among its employees there will be exactly n = sN workers
that will have an idea.

We now describe the idea process and the production process. Each idea
is represented by a random variable z € [0,1]. It is drawn from a cumulated
distribution function Q(z,h) where h is the creativity of the worker who
has the idea. More creative people have better ideas. To represent that, we
assume that as h increases () changes in such a way that the new distribution
dominates the old one in the first-order stochastic dominance sense. That is,
we assume 0Q)/0h < 0.

A very convenient specification is Q(z, h) = F(z)". It guarantees that an
increase in A shifts () downwards while preserving the boundary conditions
Q(1,h) =1 and Q(0,h) = 0. Furthermore, it has very convenient analytical
properties.

Then, if an idea z is applied to a given network, total output in that
network is given by:

u(z2) /Os Yiedi = u(2)SYk,
where u is an increasing function of z and, as above, y;;, denoted the skill
level of worker 7 in firm £, while g, is the average productivity of network £’s
workers. Thus the production function is linear in individual productivity,
while any employee’s idea can be applied by all workers in the network, so
that it acts as a multiplicative shift to the production function. Below we
shall correctly refer to u(z) as the firm’s total factor productivity.

We assume that ideas are not cumulative, that is any network will ap-
ply the best idea among its employees. An idea is useless even if it is
only marginally worse than another one that can be applied over the same
network, while productivities add up so that if a worker’s productivity is

marginally lower than another’s, so are their marginal products.
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The number of ideas in a network is n. The cumulative probability dis-
tribution of the best idea is then, conditional on the set of workers who have

ideas:
n

Oy (2, {hi}) = [] Q(z, i) (8)

i=1
Using our specification we can see that this is equal to F(z)Z hi Applying
the law of large numbers this is approximately equal to F(z)”ﬁ’“, where hy, is
the firm’s average creativity.
Thus we have the convenient property that the only thing that matters for
the distribution of the best idea is the firm’s average creativity, irrespective
of how it is distributed across workers. This makes it possible to apply the

results of the previous section.

3.2 The output schedule

To do so, all we have to do is to compute how a firm’s expected output

depends on its worker’s average quality. We get

Bu()sie = { / - u(z)d(F(z)”h’“)] ST

=0

u(l) — /01 u'(z)F(z)”ﬁ’“dz} STk,

where we have integrated by parts. It can be shown that the RHS is concave
in hy, : the marginal return to creativity is decreasing, reflecting our assump-
tion that ideas are bounded. An infinitely creative person is simply sure to
have the best idea, but that best idea only boosts output by a finite amount.
The following proposition then characterizes how expected output de-
pends on average skill.
PROPOSITION 4 - A network k’s expected output can be written as

Ew(Y) = ¢(shy) sy,

where ¢(.) is increasing and concave.
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PROOF: We have ¢(shy) = [u(i) - fu’(z)F(z)”ﬁkdz] . As n = sN, this

is a function of shy. Taking derivatives we get that

o = —N/u'(z)F(z)"ﬁk In F(2)dz > 0, 9)

¢ = —N? / W' (2)F (2)" (In F(2))2dz < 0. (10)

Q.E.D.
Because h is a linear function of y, expected output is a function of the

firm’s average skill only. That is,

Ep(Y) = ¢(s(cyk + b)) syr = a(ik)-

This equation defines total output as a function of average worker quality
so that the previous section’s analysis applies. If creativity and productiv-
ity are positively correlated (¢ > 0), then this function exhibits increasing
returns to worker quality: ya'(y) > a(y), although marginal returns can be
either decreasing or increasing. An increase in productivity by a factor A
increases output by more than A, because these people will also have bet-
ter ideas. In the less intuitive case where ¢ < 0, then there are decreasing
returns.

Note that a(.) would be concave if people differed in their creativity h
but not in their productivity y. That is, skill is now redefined as creativity
only and total output is now equal to a(h) = ¢(h), where ¢ is concave, as
we have seen. This concavity reflects the fact that our production process is
in some sense the opposite of the o-ring one. In the o-ring case, output is
determined by the worst performance, which leads to a convex dependence
in average worker quality.!® Here it is determined by the best idea, which
leads to a concave dependence of total factor productivity on average worker

quality. Therefore, if y is the same for all workers, according to Proposition 2

15To get back to the o-ring case, just change the sign of u/(z) in equations (??) and
(??): if w is decreasing in z, it is the worst idea that we are picking up, not the best one.
In that case it is clear that ¢ is convex rather than concave—implying that convexity is a
property inherent to the worst performer’s dominance and does not depend on the specific
functional form chosen by Kremer.
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there will be a single type of network in equilibrium, and this type’s average
skill level will be equal to the population average—as in Figure 3. Thus,
despite the fact that it is only the best idea that is being applied, the positive
spillovers associated with the spreading of ideas lead, to the extent that ideas
are bounded, to integrating heterogeneous people into the same networks.

Things are more complicated, however, in the more interesting case where
creativity is correlated with productivity. In such a case, the total output
function is given by a(y) = é(s(ay + b))sy, and may be either concave or
convex. In principle, thus, many configurations may arise, including dual
clusters. However, a plausible configuration is an S-shape form for a(y), i.e.
convexity for low values of y and concavity for high values of 3. This would
be the case, for example, if there were only two possible ideas, a good one
21, and a bad one z;. Let P be the probability of having a bad idea. Then
expected output would then be equal to, as a function of average productivity
Y

aly) = sy (u(z1) = PO [u(z1) - uz9)]). (1)

It is straightforward to check that this is first convex and then concave
as y rises. More generally, average output can be written as an integral, over
various ideas, of expressions such as (?7). So it is plausible that it will have
the same S-shape, although one can construct examples where it is convex
throughout.

This S-shape pattern reflects the fact that at low levels of worker quality,
the best idea is very sensitive to the average quality of the workers employed
by the firm. By contrast, at high levels of worker quality, one is almost certain
to get the best idea, so that expected output increases almost linearly with
average worker quality. In between, there is a zone where the elasticity of
average output to skills falls as one quickly reaches the zone where the idea
potential is almost exhausted.

As illustrated on figure 4, in equilibrium the labor market typically seg-

regates itself into a hypersegregated zone of low skill workers and a unitary
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network type of high skill workers'®. Hence, people at the bottom of the
income distribution work in homogeneous firms employing similarly skilled
workers, while at the top they work in diversified networks where there is, in
some sense, a complementarity between the most able workers, whose value
is in the ideas they have, and the least able ones, whose value is mostly in
their contribution to output.

As the non linearity in production entirely comes from the existence of
ideas, it is interesting to reinterpret the wage equation in the following way.
Since a(y) = ¢(s(ay + b))sy, we can apply Proposition 1 to compute wages
in firm k, getting:

w(y) = d(shp)y + ¢ (shy)sye(h — hy). (12)

The interpretation we gave of equation (??), decomposing it into a marginal
return to skill and the shadow price of bodies, still holds. But there is an-
other, interesting interpretation that can be given to (??). The first term
¢(shy)y is the worker’s return to his productivity, which is simply equal to
his physical product in his firm ignoring his intellectual contributions. The
second term ¢'(sh,)sy,(h — hy) is a "bonus” paid for creativity. Because of
the zero profit condition this bonus has to average to zero, and we can see
that it is proportional to the deviation between this individual’s creativity
and average creativity in the firm. Thus people earn more (less) than their
physical marginal product depending on whether they are more (less) cre-
ative than their firm’s average. This way, low creativity people are penalized
for the fact that they occupy a job that might be instead held by somebody
equally productive but with better ideas. Hence, the wage structure rewards
absolute productivity, but relative creativity, where the basis of comparison

is average creativity in the same network.

I6If the line tangent to the average output schedule at the population average of y
intersects the vertical axis above the average output schedule, then there is a single cluster
which also covers the zone where the average output schedule is convex.
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4 The impact of technical change on segrega-
tion and income distribution

In this section we will discuss how technical change —broadly defined —
affects the distribution of income in our model. We shall assume that ¢(.)
is such that the average output schedule a(.) has the S-shape studied in the
previous section, so that worker assignment is summarized by Figure 4. More

specifically, we assume that ¢(.) has the convenient exponential form:
$(z) = A(1 - fe=o).

This specification is exact in the special case where there are only two

possible ideas. It yields the desired S-shape for a(.).

4.1 An improvement in the quality of the workforce

We start with the simplest experiment, namely a change in the underlying
distribution of skills. The average output schedule is independent of that
distribution, and therefore does not shift. Equilibrium changes, however,
because the initial distribution of network types no longer matches the dis-
tribution of agents. Figure 5 illustrates what happens when skills improve
in the new distribution. The mean skill level of the initial unitary network
increases beyond its original value. To restore equilibrium unitary networks
must have a greater average skill level, which, given the local concavity of the
average output schedule, implies that these networks hire a more diversified
set of people. Thus the networks that hire the top of the distribution of in-
come broaden the range of skills they are hiring from. As ideas are ”cheaper”
they are more willing to hire low quality people. The least skilled, however,
remain in hypersegregated networks and gain nothing from the change, as
they do not cooperate with more skilled workers in production. Next, there
exists a range of skills that were previously confined to hypersegregated net-
works and can now join a unitary network. These people enjoy a large wage

gain. So do those who were previously employed in the unitary network
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but relatively unskilled relative to that network’s average. Finally, the most
skilled suffer from the reduction in the value of creativity and experience
a wage drop. Overall, society is less segregated and more equal, but there
remains a mass of poor workers who do not benefit from the change, because
segregation prevents them from benefitting from the greater flow of good
ideas. Indeed, the gap between that group of people and the average income

of the rest of the population has increased.

4.2 An increase in network size s

An increase in network size s means that the range of spillovers is greater.
We can take it as representing an improvement in information technology.
Formally, it is somewhat similar to an improvement in the quality of the
workforce, as in both cases a network recruiting any given set of workers will
have better ideas. However, the analysis is slightly more complex here, as
the average output schedule shifts.

The following proposition tells us that the response of inequality to net-
work size is typically hump shaped.

PROPOSITION 5 - Let w'(y; s) be the slope of the wage schedule at point
y. Let INEQ = [w'(y, s)du, an inequality measure equal to the average of
the absolute return to skill over I. Then

(i) There exists so and sy such that

OINE

s < s 7Q>0;
0s
OINE

s > 81:>TQ<0.
S

Therefore, inequality rises with s for s small enough but falls for s large
enough.

PROOF - The slope of the wage schedule for a firm with type 7 is given
by

w'(y; s) = ¢(s(chr + b)) + @' (s(clx + b))esin
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Taking derivatives with respect to s we get that
0
gw'(y; s) = (2¢qy + b)¢' + (¢ + b)esyrd”, (13)

where derivatives of ¢ are computed at cfp + b. As ¢" = —ad', this has
the same sign as (2¢yg + b) — a(cgi + b)csyy, an expression which we denote
by K (i, s). This expression is quadratic, concave in g and its maximum
value is 1/(as) + b — b?as/4. This is clearly negative for s large enough, and
one then has %w’(y; s) < 0 Yy, implying % < 0. This proves statement
(i7). As for the minimum value of K (7, s) as 7 increases, since K (y,s) is
concave in y it is given by min{ K (yo, s), K (y1, s)}, which is always positive
for s small enough. In that case we have %w’(y; s) > 0 Yy € I, implying
BU;% > 0,which proves statement (7). Q.E.D.

Hence, contrary to some conventional wisdom, improvement in informa-
tion technology does not necessarily increase inequality. This is only so below
a certain level of technology. This nonmonotonicity is the result of conflicting
effects. On the one hand, the most creative workers can spread their ideas
over a larger network of economic activity when s increases. This tends to
increase their wages relative to others. On the other hand, when networks
get larger, the ideas of a given, highly creative worker, are less valuable be-
cause it is more likely that somebody else in the network would have had an
idea almost as good. That is, past some large network sizes superstars end
up competing against each other which eventually pushes down their wages
relative to other workers.

What happens to inequality within the unitary network? As it is a net-
work with high skill workers the above proposition may not imply that in-
equality increases within that network. More precisely, the fact that a unitary
network may only arise at a mean firm skill level such that a(y) is locally
concave puts restrictions on the sign of the RHS of (??). In fact, one can
show that if b < 0 there exists a zone where the slope of the wage schedule

offered by the unitary network may increase. In this case, the model predicts

that intra-firm inequality may increase over some range. By contrast, if b > 0
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this cannot happen.!” The unitary network is then always in the zone where
it has enough ideas so that an increase in network size lowers the return to
skills.

Figure 6 summarizes these results. On the horizontal axis there is the
average skill level of a firm y. On the vertical axis there is network size s.
The first frontier HH is the frontier between hypersegregated and unitary

8 The second one II is the frontier between the zone where local

firms.!
inequality, as measured by w'(y), increases with s, and the zone where it is
reduced.! If b < 0, II is above HH, so that inequality may increase within a
unitary network as s rises. If b > 0 II is below HH, so this cannot happen.

Another interesting question is whether an increase in network size could
actually make some people poorer. Here, this can only happen at the top
of the distribution of income, not at the bottom. Thus, despite the possible
increase in the steepness of the wage schedule offered by the unitary network,
technical progress in the form of increased network size cannot impoverish
the poorest. This is summarized in the following ” Anti-Marxist” result:

PROPOSITION 6 (No impoverishment) - Remember that vy, is the lowest
value of y. Then Ow(yy)/0s > 0.

PROOF - If y is in a hypersegregated zone, wages in a firm employing

17Let us prove this claim. The unitary network has a j;, such that a(.) is locally concave,
or equivalently

2¢" + sy <0,

which may be rewritten

_ 2
Ye > ——
acs
Computing the expression (2cgk +b) — a(cyy, + b)csyy at p = == we simply get —b. So,
if b >0, dw'(y;s)/ds < 0 over the whole range of values of g where the unitary network
may arise, while if b < 0 for some distributions pu one may see a unitary network with a
value of g such that ow'(y;s)/0s > 0.
181t is defined by s = 2/(acy). The previous footnote implies that above that locus,
the average output schedule is locally concave at y, a necessary condition for a firm with
average skill y to define a unitary zone. Conversely if that condition holds we can always
pick up an distribution p such that the unitary zone has a mean precisely equal to y.
19This frontier is defined by s = (2cy + b)/ [a(cy + b)cy] .
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workers of type y are just equal to output per capita, which obviously in-
creases with s as these people, when more numerous, will share better ideas.
If yo is included in the unitary network, then this network must cover the
whole interval of skill levels. Then its mean skill level is equal to the popu-

lation one, 7, which is unaffected by an increase in s. Next, we can compute

aw(y)/ﬁs = yﬁkd)'(sﬁk) + d)l(Sl_?,k)gk(h — i_lk) + ¢,I(Sﬁk)8gkﬁk(h — 77,]9)

Because the average output schedule must be concave at y = ¢, we must
have
2@3,(877,]9) + sagjkd)"(sﬁk) <0,

implying, as long as h < hy, :
ow(y)/ds > [hgjk + he (T — y)] ¢ > 0.

. Q.E.D.

4.3 International trade

Although the recent empirical literature on the rise in inequality does not
ascribe a big role to foreign trade, it is interesting to discuss how ”globaliza-
tion” may affect the distribution of income in our model.

This economy has a continuum of skill levels and only one good. There-
fore, as long as labor is not mobile, international trade should not affect the
distribution of income. However, things are different if ideas, in addition to
goods, are mobile, that is, if information technology allows ideas to spread
across borders. A multinational network can then take advantage of cross-
country differences in relative wages to structure its workforce optimally. A
country’s distribution of income will then be determined by the world dis-
tribution of skills. What happens, then, if a high-skill country trades with a
low-skill one? It is as if the distribution of skills in both countries suddenly
became equal to the world’s distribution of skills. To maintain equality be-

tween supply and demand, some multinational networks, that have the same

29



skill composition of similar national networks, will arise. So, in the high-skill
country, it is as if there was a reduction in the quality of the workforce; that
is, the reverse of the experiment we made above.

Overall, the effects are qualitatively similar to the ones predicted by the
Stolper-Samuelson theorem, with two important provisos. First, the crucial
mechanism is the mobility of ideas, rather than goods. Second, openness
affects the pattern of segregation, and workers who remain in the hyperseg-
regated zone are not affected by the change.

Finally, note that in the model ”globalization” affects the distribution of
income despite having no effects on relative prices, since there is only one
good. This may lead to a reconsideration of the role of international trade
in inequality, since it was dismissed empirically precisely because the rise in

inequality was not associated with adequate movements in relative prices?.

5 Extensions

In tis section we briefly discuss how relaxing some of the assumptions of our
models may affect our results. The first two extensions are concerned with
the specific ideas/networks application, while the last two deal with the more

general framework.

5.1 More than one good

The interpretation of the results in terms of income distribution may be
slightly more complex if there is more than one good in the economy. Above
we considered that people produced a single homogenous good. We were
therefore looking at changes in the distribution of wages expressed in terms
of that good (call it good A), rather than in terms of welfare. If there are
other goods, and if these goods are less intensive in information technology,

then an improvement in IT will lower the relative price of good A.2! It is

20Gee Laurence and Slaughter (1993), for example.
21Gee Cohen and Saint-Paul (1994) for an analysis of the implications of asymmetrical
technical change on wages and employment dynamics.
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now possible for those workers who gain little when their wage is expressed
in terms good A to actually lose in welfare terms. Consider for example an
improvement in the economy’s average skill level. We have shown that if the
least skilled workers were in a hypersegregated zone, their wages—in terms
of good A— did not change. If the relative price of good A falls then their
real wage will actually fall, and reallocation of these workers to other sectors
may only partially mitigate that phenomenon. The same phenomenon may
arise in the case of an improvement in information technology if the rise in
the poorest’s wage in terms of good A is small relative to the fall in the price

of that good.

5.2 Unbounded ideas

The results we established in the previous section depend on the assumption
that output is S-shaped in average skill, which came from the concavity of
¢(.). Such concavity depended on the assumption that ideas are bounded—
more precisely that their effect on total factor productivity was bounded—,
which implied that as workers got more talented and/or network size in-
creased, the return to creativity eventually fell. Things may be different,
however, if ideas are unbounded, in which case the output schedule may be
convex throughout. An easy way to formalize unbounded ideas is simply to
assume that the wu(.) function has a vertical asymptote at z = 1, implying
that as z converges toward 1, total factor productivity goes to infinity. In
that case integration by parts is no longer possible, implying that one cannot
prove that ¢(.) is concave.

Therefore, if ideas are unbounded, the zone where inequality falls with

network size may disappear.

5.3 Endogenous firm size

Our results clearly depend on the assumption of a fixed firm size; however,
the framework can be extended to a variable size. Going back to our general

model, we assume that total output is a function of both the number of
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workers and their average skill. Let us denote by a(7, s) such a function.
Then one has to add to the analysis the determination of optimal firm size.
One can check by extending the proof of Proposition 1 that the corresponding

first-order condition is

oa a(Gg, S) 1 Oa

2s M) =T T gy

(35:5) (149)
This equation determines the firm’s optimal size as a function of its aver-
age level of human capital. Note that the rest of the analysis is unchanged,
in particular the wage schedule offered by a firm still obeys (?7), so that our
basic results are still likely to hold, allowing for variations in firm size.

The right hand side of (??) is nothing but —\, the opposite of the shadow
price of bodies. Hence, if size is determined optimally, the shadow price of
bodies will be equal to the marginal cost of increasing the size of the firm,
— %4y, s). Under increasing returns to worker quality the firm will end up
in a zone where da/ds < 0, meaning that an increase in the number of
employees will reduce net output. For this to occur it must be that there
exists a cost of increasing the size of the firm, say a setup or investment
cost, which ends up increasing more than the direct contribution of the extra
employees to output.

Equation (??) implies that firms that have the same type, i.e. the same
average skill level, will also have the same size, but that size will in general
differ across firms. It sounds reasonable to think that firms with a greater
average skill level will be larger; this is what happens in Kremer (1993), and
is in accordance with the often found result that more talented people have a
greater span of control (as in Rosen (1982)). However it all depends on cross
derivatives, and on whether positive spillovers are stronger in firms with more
talented people. If this is true then the right hand side of (?7) will become
more negative as y, gets larger, implying that these firms will have a bigger

marginal cost of size and therefore will typically?? be larger.

2By "typically” we actually mean provided the cross derivative 8?a/d%y;0s is not too
negative.
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In the case of our idea/networks model size can be made variable by

deducting a convex setup cost from average output, so that we would have

a(y,s) = o(s(cy + b))sy — v5°/2.

One can then easily check that the first-order condition determining op-

timal firm size is equivalent to:

§ = p(s(cf + b))F + 25c5°¢' (s(cf + b))

It is very likely that this defines a positive relationship between s and 7,

but if ¢” is negative enough this may not happen.

5.4 Higher moments

Another important assumption is that the effect of the intra-firm distribution
of skills on output can be represented as depending only on an aggregate,
additive, index of worker’s skills. The results therefore depend on how good
that assumption is as an approximation. In more general cases, higher mo-
ments of the firm’s distribution of skills will intervene, and the results can be
substantially changed. Consider for example what happens when the second
moment as well as the first enters the production function, i.e. when output
in firm k is given by a(gg, pux), where iy, is the average square skill in the
firm, i.e., using the notations of definition 1, y = [§ y%di. Then one could

check that firm k’s willingness to pay for worker y is given by

a(k, ) Oa(Tr, ) Yy — T Oa(Tr, p) Y* — Lk
+—= +
S Oy S Oy, S

This is now quadratic rather than linear, and the analysis is far more
complex given that the type of a firm is now characterized by two parame-
ters rather than one. It will still be true that the wage schedule is convex
if da/0p > 0, but even then, workers may not be assigned to firms in a

segregated fashion, since two quadratic curves may cross more than once.
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6 Conclusion

The framework developed here is flexible and general enough to be applicable
to the analysis of people’s assignment and segregation in a variety of settings.
Potential examples include schools, neighborhoods and ghettoes, and social
networks.

On the other hand, as any model, it has some limitations. In particular,
as we have seen, in order to capture the hierarchical aspects of the firm’s
organization, one would need a more flexible specification of spillovers which
would make use of higher moments of the intra-firm distribution of skills.

Our application to information technology has yielded a variety of in-
sights; let us insist on two of them, which we believe are most relevant.
First, increases in network size have both positive and negative effects on
inequality. Under reasonable assumptions, we find that inequality typically
rises and then falls as network size increases. This is somewhat consistent
with the observation that after years of an upward trend, inequality seems
to be falling again in the nineties. Second, in many cases the bottom of the
distribution of income was locked into a ”hyper-segregated” zone; i.e. they
were not interacting with high skill workers in production. This prevented
them from benefitting from an increase in the supply of skilled workers, and
they were likely to benefit less than other workers from an improvement in
information technology. Their real wage could even fall if one considered a

multi-good world.
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