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Abstract

In this paper we address a problem arising in risk management;
namely the study of price variations of different contingent claims
in the Black-Scholes model due to anticipating future events. The
method we propose to use is an extension of the classical Vega in-
dex, i.e. the price derivative with respect to the constant volatility,
in the sense that we perturb the volatility in different directions.
This directional derivative, which we denote the local Vega index,
will serve as the main object in the paper and one of the purposes
is to relate it to the classical Vega index. We show that for all
contingent claims studied in this paper the local Vega index can
be expressed as a weighted average of the perturbation in volatil-
ity. In the particular case where the interest rate and the volatility
are constant and the perturbation is deterministic, the local Vega
index is an average of this perturbation multiplied by the classical
Vega index. We also study the well-known goal problem of maxi-
mizing the probability of a perfect hedge and show that the speed

of convergence is in fact dependent of the local Vega index.



1 Introduction

In this paper we will analyze a sensitivity problem with respect to variations in parameters
arising in risk management. However, to keep things simple we will place ourselves in the well-
known Black-Scholes model. In order to fix our terminology we consider a finite time interval
[0, 7*] and assume that the basic market consists of two assets: one locally risk free asset of
price B (-) and one stock of price S (-). The interpretation of the locally risk free asset is as
usual that of a bank account where money grows at the short interest rate r. The asset prices

are modelled by the (stochastic) differential equations

(1.1) { dB (t) = rB(t)dt
B(0)=1
(1.2) { dS (t) = S (t) dt + oS (t) dW ()

S (0) = So

where we assume that the coeflicients r, «, Sy and o are strictly positive constants. Here we
let {W(t):0<t<T*} denote a Brownian motion defined on the complete probability space
(Q,F,P) and we let F = {F,:0 <t <7T*} denote the natural filtration generated by the o-
fields (W (s) : 0 < s <'t) and completed by the P-null sets of F. It is well known that the basic
market is free of arbitrage opportunities and complete, see e.g. the classical article by Harrison
and Pliska (1981). Hence, for any sufficiently integrable Fr-measurable contingent claim G, we

can define the corresponding price process 11 () according to:
(1.3) IL(t) = B(t) B(T)™" Eq[G|F],

where @) is the unique equivalent martingale measure under which the process V (-) := W () —

fd (r;a) ds is a Brownian motion. Consequently, prices are to be computed given the dynamics

(1.4) { dS (t) = rS (1) dt + oS (1) dV (t)

S (0) = So

of the stock. For technical convenience, we will assume from now on that the contingent claims
to be studied are square integrable, i.e. belong to the space L?(Q,F,Q). Note also that the
maturity of a contingent claim 7" is an arbitrary value in the interval [0, T™].

Of course, the Black-Scholes model is a simplified model of reality. This is seen, for example,
by taking the prices of traded options as well as the interest rate as given and thereafter solving
backwards for the implied volatility, see e.g. Dupire (1994) for further details. As a result
one normally finds that the implied volatilities are not constant over time, which contradicts
the specification of the stock price in (1.4). However, taking into account the simplicity of the
Black-Scholes model it is an outstanding benchmark. The only parameter to be estimated is the

volatility o, and thereafter closed form solutions for most contingent claims can quite easily be



obtained. Hence, the derived contingent claim prices will depend upon the estimated volatility,
and therefore it is of course of great interest to know how sensitive the derived prices are to
mis-specifications of o. Clearly, the natural way to carry out this sensitivity analysis is to study
the derivative of the contingent claim prices with respect to the volatility, i.e. % (+) which in
the financial field is known as the Vega index of the contingent claim. However, as we will show
in this paper, there are other ways as well. To see this, consider a generalized version of the

Black-Scholes model where the dynamics of the stock price are given by:
dS(t)y=r({t)St)dt+o(t)S(t)dV (¢),

where r (-) and o (+) are strictly positive deterministic functions. The advantage of the general-
ized version is of course that we now can, more or less, calibrate the volatility structure to the
implied volatilities obtained from the prices of the traded options at the market. However, this
procedure gives us a set of implied volatilities for different points in time, to which we have to fit
the continuous volatility function o (-), hence again we are interested in some kind of sensitivity
analysis. This time, though, things are not as obvious as before since we now would like to
take the derivative of the contingent claim prices with respect to the deterministic volatility
function. Clearly, this cannot be done so instead we have to consider directional derivatives.
However, depending upon in which direction we perturb the volatility function, we get different
directional derivatives. Although the increasing complexity makes it harder to use the result
for classical sensitivity analysis, it gives us the possibility to address very specific questions like:
what happens to the contingent claim prices if the next two weeks will be a very unstable period,
or what happens to the contingent claim prices if the volatility will drop in a month as predicted
by a time series analysis. Of course, such questions are of great interest and arises naturally in
financial risk management. Hence, the conclusion to be drawn is that the commonly used Vega
index is not the only candidate for studying price variations due to changes in volatility.

The quantity we will propose to study is therefore the local Vega index:

olls

(15) T =2

= “B(1) 7 Egl67]|
e=0 8€ “ e=0

where now B (-) := exp (f, (s) ds). The contingent claim G° has the same form as G except
that the underlying security S (-) is replaced by the perturbed stock price S° () defined as the

solution to the stochastic differential equation:

{ S (t) = r (1) S (t) dt + 0. (1,5 (t)) dV (1)

(1.6) o (0)— 50

where o, (-, ) is a deterministic function such that the above equation has a unique a.s. strictly
positive pathwise solution. For technical convenience we assume throughout this paper that e
belongs to the compact set [0, £] for some € > 1, and that the following assumption, which we

will refer to as assumption Al, is satisfied.



Assumption (A1) The volatility o. (t,z) := o (t) x4c6 (t,z) > 0, satisfies 0 < Omin < 0 (1) <
Omax for allt € [0,7], > 0, and ¢ < &. Furthermore, we assume that & (t,z) is infinitely
differentiable in x with bounded partial derivatives of any order uniformly in t, and that o. (t, )
is bounded away from zero in a neighborhood of (0,Sy) uniformly in . The short interest rate

r(-) and & (-,0) are bounded functions.

Note that under Al we allow the perturbations to be random. From a practical point of view
this may be interesting since it gives us the possibility to study different scenarios. For instance
we could model an increase in anticipated volatility when the stock price reaches some threshold
level. Hence, assumption Al is indeed very general, and in fact for some of the contingent claims
that are to be studied it is too general. We will therefore, sometimes, use the following stronger

conditions, which we will refer to as assumption A2.

Assumption (A2) r(t) = r, o(t) = o, and 6 (t,z) = 6 (t)x for all t € [0,T*] and x>0.
The deterministic measurable function o +¢<6 (+) is strictly positive and bounded for all =. More

precisely we assume without loss of generality that 0 < owyin < 0 426 () < Omax for all £,t.

Note that under A2, we can intuitively relate the local Vega index to the usual Vega index
since the stock price S (-) according to (1.4) then corresponds to the case where ¢ = 0 in (1.6).
For the sake of simplicity we will in this case denote S°(-) simply by S (+), and we will use this
kind of convention for any quantity that depends on € when we are working under A2. However,
note that whenever we consider the operator 88—0, as in the case of the Vega index, we assume
that the stock price is defined by (1.4).

The main question of interest is to study the new concept of local Vega index in (1.5) and
compute it when possible. Under A2, we will also study its relationship with the Vega index
41 (.) and give conditions on the deterministic function & (-) for the two sensitivity indices to
coincide.

To motivate the study we consider a financial manager who is responsible for the trading
activity at some company. The manager is aware of the fact that mis-specifications or changes
of the volatility can drastically alter the balance of the trading activity. Therefore, the manager

may impose the restriction to the traders that together they must be more or less “Vega neutral”,

ie Y. 881}' (+) &= 0 where the sum is taken over every contingent claim traded by the company.
Hence, by following this strategy the manager is on average protected from volatility changes.
Now, let us suppose that one day the manager poses the question: what will happen to our
balance if the volatility will rise in two months due to a political meeting that will take place
just before. To answer such specific questions, we already know that we have to use directional
8811’; (+) Oannd

e—=
set the local volatility function & (-, -) according to previous analyses or beliefs. Consequently, it

derivatives, hence in this case the manager should use a strategy setting .

is of course interesting to see if this new strategy will produce other results than the well-known



Vega neutrality concept. The conclusion we will reach is that in some particular cases these two
strategies will give the same conclusions.

The relationship between the two approaches comes out rather straightforward if it is possible
to obtain a closed form solution for the expectation Fg [G¢], however as we will see in the next
sections even if this is not the case we will still be able to compute the local Vega index and
relate it to the classical Vega index. Nevertheless, in order to start our analysis let us consider

an example where this relationship can be deduced easily.

Example 1.1 Let us consider a standard call option with payoff G° = max (S° (1) — K,0) for
some constant strike price K and assume A2. It is easily verified that at time 0 the price is

given by
I (0) = SoIV (&) — e TKN (di - \/26) ,

where N (-) denotes the cumulative distribution function of a standard normal random variable,

and dj s defined by

In (So/K) + rT + %7 T
g = WS/ K) T+ : 26:/ (o + 26 (1)) 2.
N/ 2 0
Straightforward calculations then gives, denoting ¢ (-) = % (+), that
ol 0) = Sop (dY) L/T& tyd o (0) = Sop () VT
D= o = Dop a4y \/T o 3 do = ooy lag .
oIl a11°

Finally, since 5; (0) = 5~ (0), we get the relationship

T
0:%/0 &(t)dtg—g(o).

In fact there are a lot of interesting results that are worth to be pointed out in this very

I
5= (0)

e=

simple example. First we see that the two approaches are identical if fOT 6 (t)dt =T for any
maturity 7' € [0,7*]. This implies that for standard call options the usual derivative % (+) is
identical to the directional derivative with an uniform perturbation, i.e. & (-) = 1 a.e.-A where
from now on A denotes the Lebesgue measure. In fact, as we will show in the forthcoming
sections, this is a result that is true in general and not only for standard options. Moreover, for
standard options the manager’s personal belief about the future market behavior is irrelevant
as long as fOT 6 (t)dt = T. Hence, if the manager anticipates that the volatility will first drop
and then rise symmetrically around the uniform level 6 (-) = 1, the result will be identical to
the converse scenario with a initial rise followed by a drop. This result, however, is not true for
other type of options as we will see later on. If on the other hand, the manager believes that
there will be significant changes in the volatility, the two approaches can give quite different

results.



For all the options studied in this paper, the local Vega index can be expressed as a weighted
average of the perturbation in volatility. Under A2, the local Vega index is an average of this
perturbation multiplied by the classical Vega index. In particular, we will conclude that for
path-dependent options the change in option prices due to a perturbation of volatility decreases
in importance as maturity is approached. This is natural since the payoff of a path-dependent
option depends on the whole path of the stock price. Hence, a change of volatility at the
beginning of the time to maturity will affect almost the whole path of the underlying security,
while a change of volatility at the end of the time to maturity will only affect a small part of the
path of the stock price. In the case of the lookback option, we find in comparison to example
1.1, that not only the average of change in volatility is an important quantity that determines
the change in price, but also the modulus of continuity plays a role in the sensitivity analysis.

The type of results that we exposed here are also quite related with concepts of risk man-
agement for portfolios. In order to see this, let us consider the case where we can calculate
explicitly Eg [G] but not the perturbed expected value Eg [G®]. Under assumption A2 we show,
for example, that for all the options studied in this paper a local volatility change of the form
G (-) > 0 implies the inequality 11 (0) < 11° (0), see El Karoui et al. (1998) and Hobson (1997)
for related results. Consequently, if we use the lower bound 11 (0) as the initial amount of money
we can never obtain a perfect hedge of the contingent claim G*. Therefore we study the problem
of maximizing a perfect hedge and we show that the local Vega index is an important quantity
in determining the speed at which the probability of maximizing a perfect hedge goes to one as
€ goes to zero.

Since, the local Vega index measures the local change in prices due to a perturbation in
volatility in a quantitative manner, we can properly call it an index. Hence, a big value for this
index corresponds to a big change in the option price. This contrasts with the qualitative results
of El Karoui et al. (1998) and Hobson (1997).

To carry out the analysis in a general way we cannot assume that there exists a closed form
solution to the expected value g [G*]. Instead we will use the natural approach of derivation on
Wiener space. For this reason we introduce Malliavin calculus and in particular the integration
by parts formula in the next section. Malliavin calculus is a natural tool to use in finance as
it gives information about hedging portfolios through the concept of stochastic derivation, see
e.g. Bermin (1998a), (1998b), and Karatzas and Ocone (1991). Recently, Malliavin calculus has
been applied in other areas through the integration by parts formula which allows for analysis
of non-smooth functions of smooth random variables, see e.g. Fournié et al. (1997) who used
this technique to study the numerical simulation of greeks.

It is a natural extension to obtain the formulas that we give in the next sections in a general
framework of underlying stock prices modelled by multi dimensional diffusion processes that
satisfy some type of Hormander condition. As our interest, though, is to show that the concept

of sensitivity can be developed and computed explicitly we have decided to leave the extensions



to another publication. The techniques to study higher order derivatives of option prices are of
course similar to the ones we use throughout the paper.

We start in Section 2 with some basic properties of Malliavin Calculus and stochastic flows.
In Section 3.1 we consider so called simple options, i.e. European type options based on the
terminal value of the underlying security. In Section 3.2 we study the case of Asian type options
in order to show that the technique used in Section 3.1 can be extended to any path-dependent
option as long as the smoothness of the random variables involved is preserved. In Section 3.3 we
deal with a case where the random variables are not smooth. In particular we consider lookback
options that depend on the supremum of the path. We believe that the analysis for other path-
dependent options that are dependent on max-min values should be similar. In Section 4 we
try to find a further interpretation of the local Vega index. We investigate the probability of
perfect hedging in the case where a perfect hedge cannot be achieved. We prove that the rate of
convergence of such a probability, as the information on the volatility becomes revealed, is also

determined by the local Vega index. Finally we close with some conclusions and two Appendices.

2 Stochastic flows and Malliavin calculus

In this section we give a brief account of some elementary properties of stochastic flows and
Malliavin calculus. For far more general results see for instance Protter (1990) and Nualart
(1995) respectively. It is well-known that the unperturbed stock price S°(-), according to (1.6),

admits the unique solution

So(t):Soexp(/ot(r(s)—%U(S)Q)ds—l—/ota(s)d‘/(s)) . 0<t<T

Since SY(-) coincide with S (-) under A2, we see that S (f) = Soexp ((r — 1o%)t+ oV (¢)) and

consequently we can without ambiguity, for all ¢ € [0, 7], define the derivative processes:

ds ds
(2.1) g N =5(0)/Sy and (1) = ~[ot =V (1] S ().

In order to define the derivative process of S°(-) with respect to ¢, we first use theorem 39
in Protter (1990) to ensure that we can always choose versions of {S°(¢) : 0 < ¢ <T™} which
are continuously differentiable with respect to ¢ for each (t,w) € [0,7*] x Q. Now, we let the

stochastic process {Z° (t) : 0 <t < T*} denote the derivative process of S° (-) with respect to e,

defined as the solution to the stochastic differential equation:

(2.2) { dZ7 (t) = r(0) 77 (t) dt + ol (t, 5% (1)) Z° (£) AV (t) + &(¢, 57 (£))dV (¢)

75 (0) =0

where o. denotes the derivative with respect to the space variable.
e P p



Lemma 2.1 The solution to the stochastic differential equation (2.2) is given by

(/56 1! (s, 5% (1)) 6 (s, S° (s ds_/gf - sSE())dV(s))Es(t),

where £ (1) := exp (fg (r (s) — 2oL (s5,5%(s)) )ds—l—fo (5,9°(s))dV (s)) Note especially

that
€0 (1) = exp (/Ot (r (s) - %a (5)2) ds + /Ota (s)dV (s)) =: 5°(t) /So,

and in particular under A2:

Z7°(t) = - (U/Ot&(s)ds—/ot&(s)d‘/(s))S(t).

Proof. The solution is constructed using theorem 52 in Protter (1990). However, the proof
can also be obtained directly from the It6 formula. m
For the sake of simplicity we will from now on use the short hand notation Z () for Z° (-

just as for the stock prices whenever we are working under A2.

Remark 2.1 If we assume A2, and combine lemma 2.1 with (2.1), we see that a.s. for all
€ [0, 77, 45 (t) = Z () if and only z'f( o [lo(s)ds— [6(s)dV (s )) = (ot — V (t)). This will
of course be the case only when & (-) = 1. Hence, we recover the same result as we found in the

introductory example for standard options.

Now we introduce some concepts of Malliavin calculus. Note that under assumption A2, we
can work directly on the probability space (2, F, Q) since the Brownian motions W (-) and V' (+)
generate the same filtration, see Karatzas and Ocone (1991) for details. In general though, this
does not have to be the case. However, since we will only deal with quantities in expectation
and all our stochastic differential equations have strong solutions, we can always change the
underlying probability space accordingly so that the concepts of Malliavin Calculus can be
applied there. We will do this if necessary without further mentioning.

We will use the following version of the integration by parts formula. Let the stochastic
variable F' € DY (for definitions, see Nualart (1995)) and the stochastic process u (-) € dom(d),
then

T*
Eq[Fé(u)] = Eg / w (t) DeFdt
0
Here 6(u) denotes the Skorohod integral of u (-) which coincides with the usual stochastic integral
if w()is adapted while D. denotes the Malliavin derivative defined in D'?. We remind the
reader that D fo s)dV (s) = g (t) for deterministic functions ¢ (-) € L? ([0,77]), and that




the usual chain rule applies in the sense that if ¢ (-) is a deterministic Lipschitz function and F’

is a stochastic variable in DY2 | having a density, then 1 (F) € DY? with

In particular, it follows that D;S?(s) = o(£)SY(s) 1;<,. Finally, we state the Clark-Ocone

formula which says that any Fp-measurable stochastic variable F' € D2 has the representation
T
F = FEq[F] —I—/ Eq[DF| FeldV (1) .
0
For more details about these concepts we refer the reader to Nualart (1995).

Remark 2.2 The space D'? is a dense subspace of L (Q, F,Q) and therefore it is possible to
extend the Clark-Ocone formula. However, for F € L*(Q,F,Q) we generally have to consider
D.F in the distributional sense, see e.g. Ustiinel (1997) and Bermin (1998a).

3 The effect of local volatility changes

In this section we will start by proving a slight generalization of Example 1 using the tools
of derivation of stochastic flows and the integration by parts formula of Malliavin calculus. In

particular, we analyze the change in prices due to anticipated volatility changes for different kinds

of Furopean contingent claims. The purpose is to compute the local Vega index 88115 (0)‘6:07

and under assumption A2 derive relations between the local Vega index and the classical Vega

index % (0). It will be shown that these relations depend very much on the specific contingent

claims that are treated. In order to define different kinds of contingent claims we need the

concept of a payoff function and here we follow El Karoui et al. (1998).

Definition 3.1 A payoff function is a convex function ® (-), defined on (0,00) and having

bounded one-sided derivatives, that is
@' (a)| < C ; Va,
for a positive constant C'.

We recall that for any convex function @ (-) : Ry — R, there is a countable set N C R4 such
that @ (-) is differentiable on R4\ NV and

' (v) = DY® (z) = D™ ® (a) ; r € Ry\N,

where DT ® (-) (respectively, D™ ® (-)) denotes the derivative of ® (-) taken from the right (re-
spectively, from the left). The second derivative ®” (-) may not exist so we define the second
derivative measure ¢ (+) on (R, B(R)) by

s ([a,b)) =D~ ®(b) — D™ (a) ; —00 < a < b< +oo,

10



such that < (+) is positive and ¢ (dz) = ®” (2) dx if ®” (-) exists. In general, ¢ (dz) = ¢” (z) dz +
m (dz), where m () is a positive measure which is singular with respect to the Lebesgue measure
and ®” (-) is defined as the second derivative of ® (-) whenever it exists and zero otherwise. From
now on, though, we will use the second derivative in a formal sense and interpret expressions
like Eg[®” (F)] with F being a random variable having a smooth density fr (), by

(3.1) Eq [ (F)] = /OOO i (ac)g(dac):/ooo fr () @ () dac—l—/ooo fir () m (d2) .

In general, our assertions do hold under greater generality for the behavior at infinity of & (-)

but we will only remark this on each respective section.

3.1 Simple options

We say that a simple option is a contingent claim G* in the form & (S°(7')). Recall that in
example 1.1, ®(z) = max(z — K,0). If we for the moment assume that the payoff function is

sufficiently smooth then formal calculations yield:

olls

(3:2) 5 0 =B By [# (5" (1) 2(1)]
and
O 0= B ) g |/ (5 (1) 02 (1)

Hence, due to remark 2.1 we see that we only have to consider % (0)‘6:0, since % (0) can

be obtained under A2 by just setting & (-) = 1 in (3.2), i.e. under assumption A2, 21 (0) =
% (0)‘6:0 ()=1" An extension of this argument now gives us the following proposition, which

generalizes the results in example 1.1.
Proposition 3.1 For simple options, i.e. contingent claims with payoff ® (S°(T)), we have
that

(33) o)

T
N /0 Eq [p(s, T)é(s,5%))] o(s)ds,

e=0
where p (-, T) is a positive adapted process that is independent of & (+,+) but depends on S°(-),
¢ () and its derivatives.

If we further assume A2 we have

o=
5= (0)

T
:%/0 &(t)dtg—f(()).

e=0

11



Note that although the two formulas in the above proposition look somewhat different, it is
straightforward to rewrite the second formula in the general form of (3.3).
Proof. Let us start by considering the case where the payoff function ® (-) is infinitely
continuously differentiable with bounded derivative. Using lemma 2.1 and the integration by
parts formula we have from (3.2) that

o=
7= (0)

- B B [@’(SO ) 0T / £%(5)76 (5, 5°(5)) o (s)ds

e=0

/50 & (s,5%s ))dV(s)]
— _B(T)Ey [/ & (5°(T ))EO(T)EO(S)_l&(S,SO(S))U(s)dS]

0T
+B(T)™! Fq [/0 Dy (9 (S(1)) EY(T)) £°(s) 716 (5,5°(s)) ds] :

Moreover, from the identity £°(-) = S°(-) /So, the chain rule, and the fact that D;S%(s) =
o(t)S° (s) Li<s, we also see that

D, (®' (5°(T)) £9(1)) = £°(T)D,#' ($° (1)) + @' (8° (1)) D.E°(T)

= &) " (S°(1)) o(s)S° (T) + @' (S° (1)) o (s)E°(T).

Hence,

34 20

T
:B(T)_l/o Eq [S(T) 8" (5° () 2(T)E%(s) " o (s)6 (s,5%(s))] ds,

e=0

and consequently, it follows that
(s, T) = B(T)™" Bq [S°(1)? @ (5° (1)) |7, | 5°(s) 7.

In the case that where we assume A2 we have

£ T
GO =B B[P s @] e [Cois
and in particular
81_[ 81_[6 -1 2 xN
e 0=30| = =BT S ()" (5 (1)) o,

from which the relationship between the local Vega index and the classical Vega index is obtained.

Finally, we need to verify that (3.4) remain true for general payoff functions as in definition
3.1. It is a standard result, see e.g. Rudin (1976) theorem 7.17, that if there exists a sequence of
functions {II¢ (0)} differentiable with respect to ¢ such that T2 (0) — T1° (0) and the sequence

of derivatives {aanjl (0)} converges uniformly in £, then 2L (0) = lim,,_, o 88H€; (0).

12



We define 115, (0) = B (T)™! Eg [®, (5% (T))], where we let {®,, (-)} be a sequence of infinitely
continuously differentiable functions with bounded derivatives, i.e. in C}°. Given assumption
A1, the payoff ® (S° (7)) is square integrable for any e, which is identical to saying that the
payoff function ® (+) is in L? (v°) where v° is the measure defined by v (4) = Q (5S¢ (T) € A).
Furthermore, the corresponding density function, denoted f¢ (-), exists and is smooth, and one
obtains (after a slight modification of the proof of Theorem 3.1 in Taniguchi (1985)) that if we

define the function

Fla) o { Clexp (—g [ ()]?) f z

then there exist constants C', Cy, and z¢ independent of £ such that f° () < f() for all . Now,
defining the measure 7 by i (A) = [, f(z)dz we see that ®(-) € L2(0) = ®(-) € L? (v°).
Consequently, since the space C}° is a dense subspace of L? () we can always chose a sequence
P, () = ®(-) in L? (#) (and therefore also in L? (v¥) for any ¢). Trivially, we have that

- 10 - PO < Jim B O (/OOO (@ (2) — @ (2))? f° () dx)%
< BT Jim (/OOO (@, (z) — @ (2))* f (2) dw)%

= 0.
By using the integration by parts on (3.2) we have that

?f (0) = B(1)™" Eq [®), (5° (1)) 2° (I)] = B(T) ™" Eq[@, (5° (1) H* ()],

for some random variable H® (T") € L? (2, F, Q) uniformly in ¢ and for all p > 1. Consequently,
with ||-||, denoting the norm in L? (Q, F, Q) we get

lim sup ‘ 351; (0) = B(T)™! Eg[® (5° (T)) H° (T)]‘

n—00 ¢ e

< lim sup B (1) ( | @ - e @) dw) a1,

n—0oo e

<p@ i ([T @0 -0 @P Fed) sl @),

n—0oo

This proves that the expression % (0) ‘5:0 is well defined and that in the particular case where

we assume A2, we get: 2L (0)‘6:0 = lim,_ o % (0) o limp o0 [, 6 (1) dt2= (0) =

T fOT & (t) dt9L (0). To finish the proof in the general case we need to define the adapted process

13



g (-, T) and show that it is a.s. positive. For this let us write (3.4) as:

Flie
7 (0

— B (1)} /OT Eq [EQ [50 (T)2 & (S°(T)) | S° (s)} S°(s)" 16 (S,SO(S))} o(s)ds.

e=0
We need to show that Eqg {SO (T)? @ (S°(T)) |S° (s)} = [T y2 ) (y) pr (y]S° (s)) dy con-
verges to a positive adapted process. Here we let pr (y ‘SO (s)) denote the conditional density
of SY(T) given S° (s). Using integration by parts and then passing to the limit we obtain
/ yQ(PZ (y) pr (y ‘SO (s)) dy — / ysz (y ‘SO (s)) ds (y) Q-a.s.

0

0

The right hand side is positive and equal to Fg {SO (1)? @ (S°(T)) |50 (s)} in the formal sense
of (3.1). Therefore the positive adapted process (-, 1") is defined just as before. m

Remark 3.1 Note that the above formulas are satisfied in greater generality. Under the as-
sumption A2 we only need ® () to be an element of L*(9) where ¥ is a measure dominating
all the measures v°. In particular, if ® (-) is any measurable function with polynomial growth at
infinity, the relationship between the local Vega and the classical Vega index is maintained. In
the general case one could also allow some flexibility for ® (-) but then the expression of the local

Vega index starts to depend on the derivatives of & (t,-).

By considering the general case, assumption Al, we obtain a little bit more information
about the local volatility & (-, -) than what could be extracted from example 1.1. For instance,
the expression (3.3) also says that there is a trade-off between the size of volatility and the
permissible amount of mis-specification of it. In other words, the local Vega index will be the
same in the following two cases: First, one allows & (-, ) to be big when o (+) is small and second
one allows o (-) to be big when & (-,-) is small.

A natural question to pose is whether the local Vega index is positive or negative. For the
sake of simplicity let us assume A2. It is easily verified that for simple options % (0) > 0, and
therefore a sufficient condition for 2L (0) ‘5:0 > 0is that [; & (t)dt > 0. Furthermore, this also
implies that I1¥ (0) > I1 (0) for £ small enough.

Now, let us try to answer the following question: when is the price IT* (0) greater or equal than
I1(0). Note that the first price corresponds to the case where the stock has the volatility o+6 (+),
while the second price corresponds to the case where the stock has the volatility . As shown
in El Karoui et al. (1998) a condition for I1* (0) > I1(0) is that 0 < fOT {20& (t) 4+ & (t)*| dt. We
will hint that this is only a sufficient condition and present an equivalent condition by using the
concept of the local Vega index.

Following the proof of proposition 3.1 we easily find that

e T
%lz (0) == /0 [0+ 26 (1)] & (1) dt.

14



where the positive constant C* = B (T)™" Fg {(P” (S5(1)) 5° (T)Q}. Moreover, it follows from
the Fubini theorem that

mo-no - | %H; (0) d=

_ /Olcfdg(/:[g+c&(t)]&(t)dt),

where C' = [ eC®de/ [, C*de. Hence, we see that 0 < fOT {U& (t)+Co (t)z} dt if and only if
I (0) > 11 (0).

3.2 Asian options

We say that an Asian option is a contingent claim G* in the form ¢ (fOT w(t)S® (t) dt) . Here w (+)
is a bounded measurable positive weight function, such that w (t) > wo > 0 in a neighborhood
around zero. Note that in this case there exists no closed solution for the price of the option and
therefore there is no straightforward way of computing the sensibility indices we are interested
in.

Just as in the previous example we will start by assuming that & (-) is infinitely continuously
differentiable with bounded derivatives. The general case will then be obtained by density argu-
ments. Moreover, it is straightforward to show that we can interchange the order of integration

and derivation since all the operators involved are linear. Hence, formal calculations yield:

one o (7 wins® L o020
(0) =B(T) Eg|® w(t)S® (t) dt w(t)Z” (v) dv| ,
Je e=0 0 0
and
o1l 1 T T dS
— (0)=B(T)" Eq |® t)S (t) dt — (v) dv| .
=B g o ([ uwswa) [Cu@3E e
Again we see that we only have to consider 2 (0) ‘5:0’ since 21 (0) can be obtained by assuming

A2 and setting & (-) = 1, i.e. under A2, 21 (0) = 2L (0)‘5:0,&():1‘

Proposition 3.2 For Asian options, i.e. contingent claims with payoff ® (fOT w(t)Se (1) dt),

we have that

I
5= (0)

T
B /0 E [p(s,T)6(s,5%s))] o(s)ds,

e=0
where p (-, 1) is a positive adapted process that is independent of 6 (-, ) but depends on ® (-) and
its derivatives, and on the past of S°(-) and w(-).

Furthermore, if one assumes A2 then

oll#

a1l
5= (0)

T
:/0 (5. T)6 () ds (0).

e=0

15



where

Fo [qw (Jy wv)s @) (S7 w(e)s (@) ar) ]
(s, T) = ’

[T Eq [@// ( I w(t)s (1) dt) ( ITw(t)s (1) dt) 2] ds

and (-, 1) is a decreasing density function such that lin%ﬂ(s, T)y=0.1
5—

It can be shown that the pair (fOTw t)dt f dt) has a smooth joint density
for all s € [0, 7] and therefore the function ,u( 7T) is Well deﬁned in the formal sense of (3.1).
Proof. Westart by considering the case where the payoff function ® (-) is infinitely continuously

differentiable with bounded derivatives. First note that

8826 (0) i = B (T)—l /OT Eq [(I)’ (/OTw(t)SO (t) dt) w(s)Z° (s)] ds
ol ([ ([t

/ £° (u (u, S0 (u)) dV (u)) g0 (s)] w(s)ds

= Egle”( | wt)s®@) dt Tw(v)a(u)SO(v)dvEO(s)-
/ / [ (f vos ) |

16 (u, 80 (u))] duw(s)ds.

The last equality follows from the fact that by using the integration by parts formula, we see

that
Eq [cp' (/OTw(t)SO 0 dt) £°(s) /0 £%(u)™'6 (u, S° (u)) dV (u)] ,

Eq [/OSDu (cp’ (/OTw(t)SO () dt) g0 (s)) E%u)7'6 (u, S0 (u)) du] :

where in addition

D, (@’ (/OTw(t)SO (t) dt) 50(5)) = ¢ (/OTw(t)SO (t) dt) D,E%(s)

+£°%(5) D, @’ (/OT w(t)S° (t) dt)
_ o ( /0 " 50 (1) dt) () E%(s) Lucs
+E0(5) D" ( /0 w50 1) dt) o (u) /u " w)s° (1) dr,

is equal to

!From here and on we interpret % = 0 for all the density functions.
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as Dy, [ w(t)SO (1) dt = [Fw(t)D,SO (1) dt = [] w(t)o(u)S® () Lucrdt = o(u) [ w(t)SO (t) dt.

Now, by changing the order of integration we get the representation

o=
7= (0)

. = B (T)—l/OT Eg [<I>// (/OTw(t)SO (t) dt) o (w)E%(u) 71 (u, SO (u)) -

. /u " (o) $(0)do uT £ (s) w(s)ds] du.

This equation shows that the adapted positive process p (-, 7') should be defined as

" (/OT w(t)S° (t) dt) (/T w(v)SO(v>dv)2 |fu] ,

olIl¢
de

as in definition 3.1, one proceeds as in the proof of proposition 3.1. The properties needed are

p(u,T) = B(T)™ $%w) ™ E,

since by definition £° () = S°(+) /So.

In order to show that the expression for

(0) ‘5:0 remains true for general payoff functions

proved in Appendix B.

Finally, by assuming A2, one proves as before the relationship between the classical and local
Vega index. m

We observe that the relations are qualitatively similar to the ones in Proposition 3.1. There-
fore similar remarks as those already made are valid for this case too. In particular, under
assumption A2 one finds similar to the previous section that there exists a positive decreasing

density function f, (-,7') such that

1 pT
I (0) —1(0) = /0 ; fe (5,1)6 (s) (o + 26 (s)) dsde

0

for certain positive deterministic functions C'(-) and C'(-). In Appendix A we show in particular
that 1 (0) > T1(0) if 6 (-) > 0.

By choosing particular forms for the weight function w (-) one can study properties of other
Asian type options such as, for instance, discretely monitored Asian options. Needless to say,
this is of great importance since every Asian option traded at the market is discretely monitored,
i.e. in the form ® (377 | A(t;)S° (t;)) rather than & (fOT w(t)S* (t) dt). Note also that the weight

function is easily extended to the multi dimensional case.

3.3 Lookback options

So far, we have treated somewhat smooth functionals of the underlying asset. Now we concen-
trate on the case of an option based on an irregular functional such as the maximum process.

As a consequence, the techniques used in the previous section cannot be used in this case due to
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the lack of smoothness of the maximum process. In order to solve this problem without having
to worry about other technicalities, we assume A2 throughout this section.

We say that a lookback option is a contingent claim whose payofl function G¥ is in the form
P (sup0<t<T Se (t)) for some payoff function. (Actually it is also possible to define lookback op-
tions as_co_ntingent claims in the form G* = ® (info<;<7 S° (t)), however, for notational simplicity
we do not consider this case). This time, though, it is not obvious that we can interchange the
order of integration and derivation since the running maximum process is highly path-dependent
and non-smooth. Moreover, the problem is that we do not have a closed form expression for the
derivative with respect to £ of the running maximum process and therefore we cannot simply
use formal calculations to obtain a relationship between the two approaches. However, as shown
in Appendix A, we still have the inequality I1° (0) > II (0) if the local volatility change is of the
form & () > 0 and ¢’ (0) > 0.

Proposition 3.3 For lookback options, i.e. contingent claims with payoff (sup0<t<T Se (t)),

we have that

oIl oll®

o= S0

do de £=0,6(-)=1
ole T ) oll
5 0= [ s medsg o

where the density function u(-,T) is given by

o 1) = 0 8 (i S (1) supocicr S ) (g, + )]
Jo Eo [® (supgei<r S (1) supgcicr S (1) (Elozr + X)] ds

The random time 7 is implicitly defined by the relation supgc,<7 S (t) = S(r) and X is an

appropriate random variable that belongs to LP (2, F,Q) for any p. Furthermore, if ®(-) is
monotone then p(-,T) is decreasing and if &' (0) > 0 then lim,_7 p (s,7) > 0.

Before giving the proof we present an auxiliary lemma. For the proof, see Seshadri (1988).

Lemma 3.4 Let a and ¢ be real numbers. Suppose that W (-) is a Brownian motion and let the
process X (-) be defined by:

X ()= Os<usgt (aW (s) 4+ cs).

Let U be a centered Gaussian stochastic variable with variance t, and let I’ be an exponential

stochastic variable with parameter (Qt)_l independent of U. Put

Y = (aU—I—ct—l— \/a2F+(aU+ct)2).

1
2

Then the pairs (W (t), X (t)) and (U,Y) have identical distributions
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Now we are ready to do the proof of proposition 3.3.
Proof. In the proof we will assume directly that the payoff function ® (-) is in the form of
definition 3.1. Let us start by defining the stochastic integral M= (-) := [, (6426 (s)) dV (s)
and the quadratic variation process (M®). = [; (0 +¢c6 (s))? ds. Tt follows from (1.6) that

0<t<T 0<t<T

sup S°(t) = Spexp ( sup A° (t)) ,

with A®(t) = rt — 2(M*®); + M*(t). Moreover, since ¢ = f0<ME>t_l (0 + 26 (5))* ds implicit
derivation with respect to ¢ yields that % =(o+ 5&(<M5>t_1))_2. Consequently we have

15 ey—1 _ ! r 8—1 & ey—1
A ()Y = /O<U+€&(<Me>;1)>2d S A7)

_ /Oths(s)ds—l—(%—%)t—l-B(t%

where by definition B(t) = M*((M*®)7") and h*(s) = —rs&(<]\gz>s__:)$2\;i§£<1];;>;1))- In particular,

note that B (-) is a @-Brownian motion, see e.g. Karatzas and Shreve (1988) page 174. Therefore

the problem is reduced to finding the derivative with respect to ¢ of

() = B(T)'Eg @(sup Se (t))]

0<t<T

0<t<T

[ t
= B(I) 'Fg |® (Soexp ( sup / h® (s) ds—l—ct—l—B(t)))] )
L 0<t<(M*)r JO

where we have set ¢ = 25 — % Now using the Girsanov theorem we see that the expectation in

[ (M*): _
= B (T)_1 Eq |® (Sg exp ( sup /0 he (s)ds+ c(M*®);+ B (<M5>t)))]

the above expression is equal to

ﬂ@ So exp sup ¢t + V*(¥) )
Qs 0<t<(M*)r

where V() := [, h® (s) ds+ B (-) is a Q°-Brownian motion and

d 1 M5 (M*)r
dgs = exp (—5/0 e (t)2dt —/0 e (t)dV® (t)) :

Hence, in order to find the derivative of (3.5) we have to compute the limit when ¢ — 0 of:

g™! (EQa j—QQE(P (SO exp (0<til(1]\p45) ct+V* (t))) ¢ (OiltlgTS (t))]) .
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By construction V* (-) will remain a °-Brownian motion for all values of ¢, and therefore we

may just as well consider
1 M5 (M*)p
[ E |exp —5/ hf(t)?dt—/ BE ()W (1) | @ (2°)
0 0

where Z% := Spexp (sup0§t§<Ma>T ct + W(t)) and W (-) is a canonical Brownian motion in-
dependent of V (-),V#(:), and B(:). Note that it follows from a change of variables that

L . .
AR supg<i<7 S (¢). Now, we rewrite the above expression as

(exp (—% /O<ME>T B (1) di — /O<ME>T B (£ AW (t)) - 1) ® (7)

(3.6) +e T (E[® (29)]) - E[®(2°)]) .

~Efe ()

'R

where as before ¢ = -5 — % According to lemma 3.4, we have for all € the alternative charac-

terization:

a7 Esen (5 (U7 ke + P e i) ) = v

where U® = \/(M*®)7 - A with A ~ N (0,1), and F'* = 2(M*)r - B with B ~ exp (1). From this
representation though one easily obtains that the second limit exists and is given by the usual

derivative

8 (=
gE[q’ (2°)]

8 &
= P07

e=

e=0
Now, we would like to interchange order of derivation and integration and to justify this we
recall that a convex function (our payoff function) is almost everywhere differentiable. Moreover,

according to (3.7) the argument of ® (-) has a density and therefore the above derivative is given

by:

L
2

L

¥ Yo% /oT o (s)ds {T_%A + 20¢ + (QUQTB + (U\/TA + CUQT)2)
: (QUB + (U\/TA—I—CUQT) (T_%A—I_QUC))H 7

which can be written as F {Xq)’ (Yo) Yo} fOT 6 (s) ds, for some appropriate random variable X

that does not depend on & (+). Finally, by using (3.7) and the relation Z° £ supo<i<r S (1), we

conclude that the second limit is given by

T
X9 ( sup S(t)) sup S(t)] /0 G (s) ds,

0<t<T 0<t<T

Eq

where X is an appropriate copy of X in the space (2, F,Q).
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The limit of the first term in (3.6) exists and is equal to

I QAL PR NPT

o3

(3.8) E

The way to obtain the result is to use the relation e* — 1 = a + €% 22 /2 for some zq € [0, z], and
noting that =1 f I he(t)2dt — 0 and @ (Z°) — @ (Z°) when ¢ — 0. Here the convergence

is in the sense of almost surely, and also in L?(2). Therefore, we only have to verify that
—et (T e a1y — (7 TMdW( )

terms vanishes. Inserting the expression for h°(-) and doing some algebra we find that

o /<M€>T BE ()W (1) — /UQT 200 (5/%) ()

— 0 a.s. when ¢ — 0, since higher order

o3

equals

M)z 2r [6 ((M#)7 >_&<8/02>]dW s) —e7! <ME>Th5 s)dW (s) + O (e
/0 U(U—I—eSU <<Ms>s—1))2 ( ) /U2T ( ) ( ) ( )

This expression though, goes to zero almost surely if & (+) is a continuous function since (M) —
s/o?*. Now, consider the case where 6 (-) € L% ([0,T*]). It is easily shown that (3.8) is true if we
can prove that lim .o f0<ME>T [6 ((M=);1) -6 (S/O'2>]2 ds = 0. First, note that we can always
find a sequence of continuously differentiable functions { f, (-)} such that fo — fa ()P ds <

« for any «. Therefore

(M) ) (M) )
[ et - ateeta <o ([ ) - g e

for some constant C', from which (3.8) follows.
Finally, we want to rewrite (3.8) using the integration by parts formula in order to identify
a density function just like in the case of the previous studied contingent claims. However, note

that after a time change and a change of probability space we can express (3.8) as
2
/ ré (u )dV( )P (sup S(s))]
0 g 0<s<T
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Since @ (-) is a convex function with bounded derivatives it is also a Lipschitz function. Moreover,
the maximum of the stock price has a density and belongs to the space D''?. Consequently,
b (sup0<5<TS(8)) € DY“?, see Nualart (1995) for details, and the usual chain rtule applies.

Hence, we can rewrite (3.8) as

T
/0 & (u) @' ( sup S (s)) D, sup S (s) du] .

0<s<T 0<s<T

2r
3.9 —F
(3.9) —Eq

The Malliavin derivative D, supgc <7 S (5) = 0supgeser S (5) Lu<, Where 7 is the random time

where the maximum is achieved, see for instance Bermin (1998a). Hence, we get the expression

81_[6 1 T ’ 2r N
(0) =B(T) Eqg |®"| sup S(t)] sup S(t) | —1lu<r + X )| 6 (u) du.
O =0 0 0<t<T 0<i<T o -
Now, if we repeat the above calculations for the case of the derivative % (0), we find that
oIl oll®
—(0) = 0
do © e 0) e=0,5()=1

from which we conclude that there exists a density function g (-,7") as stated in the proposition.
In order to verify the decreasing property of pi (-, 7) whenever ® () is monotone, we start
by considering the case where the payoff function ® (-) is increasing. The first derivative, which

exists almost everywhere, then is non-negative. Consequently,

Eq

2r

O | sup S(t) | sup S(f) —ls<,
0<t<T 0<t<T g -

is decreasing since the set over which we integrate, i.e. {s < 7}, is decreasing. For the case

where the payoff function ® (-) is decreasing we note that —®’(-) is non-negative and the same

arguments apply thanks to the denominator in the expression for pi (-, 7). Moreover, if we

consider a local volatility change ¢ (-) > 0, then according to Appendix A, aan: (0)‘6:0 and
consequently also % (0), are non-negative. As a conclusion we find that the density function
@ (-, T) is non-negative as well. m

To get a little bit more intuition of the way the local Vega index and the classical Vega index

are related one to the other, we present the following result.

Corollary 3.5 For lookback options we have the alternative characterization

ae
7= (0)

I ol 2
_ T/o 6 (1) dt (0) + e T

P (OESETS(S)) (/OT&(t) 4v (1) —V(T)%/OT&(t)dt)] .
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In particular if & (-) is differentiable, then

2r —rT
= _/ dt— )—I—;e :

T T &
o (OESETS(S)) (v (T)%/O G (T)—&(t))dt—/o Lfi—t(t)V(t) dt)].

Proof. From the previous proof we have that

T
[ (s s0)

X9 ( sup S (t)) sup S (t)] G (s)ds,

0<t<T 0<t<T

o11¢ (0)
e

'EQ

I
7= (0)

= B(T) "Eg

e=0
T
+[ e
0

which together with the property % (0) = % (0)‘6:0 5()=1 yield the first part of the proof.

The second part then follows by using the integration by parts formula for stochastic integrals.

|

Note that this last statement shows the dependence on the way the anticipated volatility
structure changes. For example if one considers ¢ (t) = o11(t < 1/2) + 021(t > T/2), one finds
that the local Vega index is given by

ol o+ 0011 re "1
de (0) - 2 do (0)+ o?

(01— 02) Eg

o s500) (v (5) -4

The second term could be positive or negative according to what the values for oy and o, are,

which shows a clear dependence of the behavior of the price on the modulus of continuity of
the local change in volatility. Note that if we assume ®'(0) > 0 then according to Appendix
A, 11 (0) > I1(0) and consequently the local Vega index and the Vega index are both positive.
Moreover, by using the integration by parts formula and setting M*Tg = SuPogngS(S) for

notational simplicity, we find that the above expectation equals:

o (172 o (T
5[ Eale (M) Mive = G [ Bo @ (M7) M7 ] .

0 T/2
This expression is positive since the integrand Eg [®' (supg< <75 (5)) supgc < S () 1i<-] is a
decreasing function as shown in the final part of the proof (;fg)roposition 3._3._Hence, this little
toy example clearly shows that a perturbation of volatility close to maturity (take for instance
o1 = 0 and o3 = 1) has less effect on the option prices than a similar perturbation at the

beginning of the time interval (7 = 1 and o3 = 0).
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4  Extensions on hedging of European options

There are two aspects regarding the hedging problems that one may think of after the local
change in volatility has been studied. One is how much more money is needed to put into the
hedging strategy? in order to cover for the change in volatility. This question is answered by
analyzing the quantity 88;—11;0 (0) o’ which of course can be carried out using similar calculations
as the ones showed in the previous sections. The other question, though, is known as the goal
problem and in our study it takes the form: given that we cannot or are not willing to add more
money into the hedging portfolio what is the strategy to follow so that the chances of being
able to cover the option are the highest? This question has been partly answered, although in
a somewhat different setting, by Kulldorff (1993). Here, we briefly extend the results to time
dependent volatility. The following analysis will be carried out under assumption A2 since the
general case does not seem to lead to a tractable problem. We assume that the contingent claims

to be studied are square integrable.

4.1 The goal problem

Let us start by giving a short resumé and a little extension of the goal problem. We refer to
Karatzas (1996) for details and further references. Let us recall that the discounted value process

of a self financing portfolio is given by the expression

(4.1) B ()7t x®€ () :960+/ B(s)7 € (s) o (5)dV (s) ; o(t):=04¢e6(t).
0

Here x is the initial wealth in our portfolio, i.e. zg = X70:¢ (0), and the strategy & () represents

the amount of money that is invested in the stock at each point in time. Of course we require & (-)

to be an F-adapted process. According to the extended Clark-Ocone formula any Fp-measurable

contingent claim G¢ € L? (2, F, Q) can be expressed as
T
B G =B Bo[6]+ [ B R (av(s),
0

where 7 (t) = o ()" B (t) B(T)™" Eg[D:G?| F4] a.s. for all t € [0,T]. Hence, starting with the
initial wealth ug := 112 (0) = B (T)~" Fg [G®] and using the strategy 7 (-) we will at maturity
obtain a perfect hedge, i.e. X" (T') = G* almost surely. Moreover, in this case B (-)7' X" (.)
is a )-martingale and consequently the fair price of G%, i.e. the price consistent with no arbitrage
opportunities, is given by X“™ (t) := B (t) B (T)™" Eg [G®| Fi).

Now, suppose that our initial wealth zq is less than the money required to obtain a perfect

hedge, i.e. we assume 0 < 29 < ug, then as we can no longer obtain a perfect hedge we will

“Note that when hedging a contingent claim, the number of units to be held in the underlying asset at each

point in time, is given by the derivative of the option price with respect to the stock price.
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instead try to maximize the probability of a perfect hedge:

pe) = sup P (XIO’g (1) > GE) .
&(+) tame
XZ0+u0.4(T)>G* as.
Note that in the case of a perfect hedge X" (T) = ¢ € L*(Q,F,Q), which implied that
B ()7 X407 (\) was a Q-martingale. However, in this situation we do not have a terminal value
for X®0:¢ (-) and therefore we have to impose the condition that & (+) is a tame strategy meaning
that the process [, B (s)71 € (s) o (s)dV (s) is a.s. uniformly bounded from below by some real
constant. By using Fatou’s lemma we see that the discounted value process B (-)™! X @0 (1) is

a Q-supermartingale whenever the portfolio £ (-) is tame, and in this case we also have that
P (Xxo’f (T) > Gf) —p (B (7)™ X=7 (T > 1) ,

where @ = z¢/ug € [0,1] and 7 (-) = [£ () — 7 ()] /uo, such that 7 (-) as well is a tame strategy.
Moreover, it follows that the inequalities X*0F40:€ (T) > G a.s. and X% (T) > 0 a.s. are

equivalent. Therefore the above stated problem is identical to solving

(4.2) Go (2) == (jltp P (B (7)™ X=™(T) > 1) .

X®™(T)>0 a.s.

Proposition 4.1 The maximal probability of obtaining a perfect hedge is given by

ple)=N|N! (2—2) +|a—r|\//0T[U+€5(t)]_2dt),

with ug := 112 (0) = e " T Eg [G*]. Moreover, the optimal strategy is given by the expression:

where
T () =0 ()" B(t)B(T)™" Eq[D.G*| F],
and
O A I R i ) R A i BT e
ftT c (s)_2 ds ftT c (s)_2 ds
rt -1 -1 z,T U(t) :
= (N (B(T)”" X" (1)
(v (s xee))

Here, we have used the notation o (t) := 0 + <6 (1), and let ¢ (-) denote the derivative of N (-).
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It is interesting to see that the expressions for the optimal strategies (7*,£") do not depend
on the stock appreciation rate a. This, however, ceases to be the case whenever the risk premium
|ov — 7| is time dependent. Note that although the strategy 7 (-) satisfies the requirements in the
original problem, it is never optimal.

Proof. In order to solve problem (4.2), we will start by showing that Gy (z) = G (z) = G (2)
for & € [0, 1], where

G) : = sup P(B(T)_lXWr(T):l)
w(-)EH (@)
Gu(z) @ = sup P (B)

BeFp, Q(B)<w

and

T
H(x)= {ﬂ:[O,T]XQ—HR / 72 (t)dt < 0o, and 0 < B ()7 X*™ (t) < 1 a.s. for allt}.
0

We get immediately that G (z) < Gg(2) and G (z) < G (). Moreover, for any 7 (-) tame with
X®™(T) > 0 a.s., we have

0 (B (7)™ X=7 (T > 1) = Ey {1 {B (7)™ X=7 (T > 1}]
< Bo B0 X7 (1)
< a,

since the discounted value process is a ()-supermartingale for 7 (-) tame, which gives G (z) <
G (2). Summing up we have G (z) < G () < G (2) . We therefore only have to establish the
equality G« () = G (2). However, in order to do this we will first start by characterizing G ().
According to the Newman-Pearson lemma it follows that if we can find a number k =k (2) > 0
for which the event
dP
By = {@Zk} has Q (Bg) =z,
then Gy () = P (By). We define the risk premium 6 (t) = [a — r] /o (t), such that

o e (/OTO(t)dW(t)+%/OT9(t)2dt) = exp (/0T0<t>dv<t>—§/:0<t>2dt)7

Q(By)=N L ewtditink

and

0o
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where as usual N (-) denotes the cumulative distribution function of a standard normal random
variable. Setting ) (By) = z, we get that

(4.3) k= -N"(z) //OTe (1) di — %/OTo (02 dt,

and consequently
T
G.(2)=PBy) =N [ N"T(@)+ /O(t)th .
0

Now, we try to find a portfolio #* (-) € H (z) such that {B (T)™' X=7"(T) = 1} = By as.,
since it then follows that G (z) = G, (z). We define X (1) = Eg[1{Br}|F.] = Q (B |F.).
Hence, X (-) is a Q-martingale taking values in [0, 1], with X (0) = Q (By) = z and X (T) =
Eq[1{Bi}|Fr] = 1{Bx}. From the Clark-Ocone formula and the martingale property we
have the representation X (-) = z + Jo Eo {DS)A( (1) |]-'5} dV (s), and the integrability condition

Ji o | (£0 [D.X )17.])°

ds < 4o00. Now, defining

()= B() Eq [DX(T)|F |0 ()7,

we have according to (4.1) that B (:)”' X*™ (.) = X () and consequently 7* (-) € H (). This
also shows that G () = Gy (2) concluding the first part of the proof.

In order to obtain a representation for the optimal portfolio we interchange the order of
Malliavin derivation and conditional expectation, see Bermin (1998b), and use the martingale

property of X (-)
Eq [D.X (T)|F,] = Doig [X (1) |7, ] = D,X (5) = D,Q (Be| 7).

The conditional probability @ (B |F,) can be calculated explicitly:

Q(Bp|F)=N (fOSO(t)dV(t)% OTO(t)zdtlnk) ‘

NIRIGRC

Finally, by using the chain rule and the relation D, f; 6 (t) dV (t) = 6 (s), we get that

[0ty dv (t)+ N=L(z) /[ 6(t)* dt 0 (s)
NIIOR: \/fSTe(t)Qd/

where we have used the optimal expression for Ink, i.e. equation (4.3), and introduced the

function ¢ (-) = ¥ (1). In fact we can express 7 (-) by a feed-back representation. In order to

Eq [D.X (1) |f5} =y (
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see this, note that

Jeo ) av () + N7 (2)y/ fi o ()72 dt
[Fo(t)y~2dt

B(s)"' X™T (s) = Q (By|Fy) = N

Hence

/Osa(t)_ldV(t):N_l (B x5 () /STa(t)_zdt—N_l (2) /OTa(t)—2dt,

from which the proof follows. m

One undesirable feature of the optimization problem considered in this proposition is that
the set of admissible strategies cannot be chosen arbitrarily, i.e. we have to consider strategies
such that £ (-) is tame and X¥0+u0:¢ (T') > G almost surely. Without this restriction one could
not obtain the sequence of equivalences between the optimal problems stated at the beginning
of the proof. To some extent thus, the problem is somewhat artificial since the class of strategies
for which X®0+%.£ (T) > G a.s. is indeed very large. Furthermore, there is not a completely
obvious economic interpretation for why we should seek the optimal strategy within this class.
Nevertheless, we find that the local Vega index is an important quantity in determining how

fast perfect hedging is achieved. This is the topic of the next subsection.

4.2 The speed of convergence

We consider the situation were the time 0 price of a contingent claim G in the classical Black-
Scholes model is given by the quantity zo = I1(0) = e~ Fg[G], whereas in the perturbed
model the corresponding contingent claim is worth the amount ug := I1° (0) = e~"T Eg [G?].
Now, let us suppose that we cannot or are not willing to put more money into the hedging
strategy than xzy where it is assumed that zg < wg. Alternatively, suppose that we don’t know
how to explicitly calculate the quantity up although we have managed to show the inequality
xg < ug, see for instance Appendix A. In both situations though, we can no longer obtain a
perfect hedge and therefore we will instead try to maximize the probability of a perfect hedge

as in proposition 4.1:

T
(4.4) pe) =N [ N (r?s((%))) +lo— 7| \//0 [0+ 26 (0] dt

Now, letting ¢ — 0 we see that p (¢) — 1 according to the assumption 6 +£6 () > opin for all €
and t € [0, 7*]. Hence, in the limit we will obtain a perfect hedge. So, the question is: how fast

will p () converges to one? As we will see, the quantity that determines the speed is the ratio
oll®
de
index. Throughout this subsection we will make the following assumption:

(0)‘6:0 /I1(0). This gives another motivation for the importance of studying the local Vega
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Assumption The perturbed price 11° (0) has a Taylor expansion of order 2 around ¢ = 0, in

the sense that

olls

117 (0) = 11 (0) +

) e+GE)e

e=0

where G (+) is differentiable around 0, and |G ()| < Cy for e <E.

By using the same techniques as in the previous sections where we have computed the local

Vega indices for different options it can be proved that these prices satisfy the above assumption.

Proposition 4.2 The mazimal probability of obtaining a perfect hedge in (4.4) has the property

: 1-p(e) ol
~ll—%gexp (—eN—1(1-2¢)) D= (0) /11(0),

e=0

= exp (—c?/2)
where ¢ = MCT;H\/T

Note that N7' (1 —¢) &~ /= Ine, hence exp (—cN ™! (1 —¢)) goes to zero slower than any
polynomial.

Proof. We start by expanding the perturbed price I1° (0) around ¢ = 0. Consequently,

1%((00)) -1_ %&g(o) is given by
L BOLerce | B,

1(0) + 4E(0)|__, 2 + G (=) 2 11 (0)
where we now have that |F ()| < Cy for ¢ < . In order to simplify the notations we define

a:= 4L (0)]__,/11(0) and c. == |a —r| \/fOT [0 426 (t)] 7% dt, with ¢ := lim._oc. = |a;r|\/T.
Let f(g) :=1—p(e) such that f(0) =0 and

df (N1 (1—as+ F()e?) +c.) dr 9
- = —2eF (g) — —
) SN (et P - EE -6
de.
—o (N (1—as + F(2)€?) 4 ¢.) d_fs
Note that the last expression follows from the identity % = 1—as+F (¢)£?, and the derivation
rule for inverse functions. Now, we set L = lim._yq sexp(—cfjsfs—)l(l—s)) and according to I.’Hopital’s
rule we find that
d
£

L = lim .
exp (—eN-L(1 —¢)) (1 +eclp(l— €)]_1)

Without too much problem we see that lim._gec[p (1 — )] = 0, hence we conclude that

af
L = lim 2 (€) .
e=0 exp (—eN~1 (1 — ¢))
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The derivative % () consists of two terms where the second term will actually not contribute.

Hence, after several applications of I.”Hopital’s rule and somewhat messy algebra we find that

-1 _ 2 dee
o PNV mas A FE ) te) G
c—=0 exp (—eN—1 (1 —¢))

leaving us with the expression

b EVT =t FE ) 4 e) (o= 227 () = 4 (9)%)
=0 (NI —as+ F(e) %) exp(—eN 1 (1-2))

To evaluate this expression we will introduce some auxiliary variables. Define

exp (—c.N71 (1 —as + F () £2))

M = 1
20 exp (—eN-1(1—¢)) 7
My = fim exp (=N7' (1 —as + F (¢)e?)) ‘
e—0 exp (—=N-1(1-¢))

Now as ¢ (z +y) /¢ (z) = exp (—y?/2) exp (—ay), we get that

dF
AT 2 : _ _ 2\ _ 2
L:= Mll_r}réexp( 2/2) il—% (a 2e F () e (e)e ) = Mexp (—c*/2) a.

We will evaluate M in a sequence of steps. However, first we notice that we can rewrite

(4.5) M := My li_r%exp ((c—co) NT' (1 —as+ F(e)e?)) = My.

To verify that (¢ — c.) N7' (1 — ac + F () £2) — 0, note that for N7 (1 — as + F () %) > o™

we have

00 1 9
4.6 a€—F€€2::/ w(y)dy < a exp(—— N1 (1 —ac+ F(e) & )
a6 - r@= [T ey e (5N ©)<)
Hence, N™' (1 — ac + F () £?) is of order v/—In¢ for ¢ small. However, (¢ — c.) is of order ¢
and (4.5) follows. To evaluate M; = lim._ygexp (— [N7' (1 —as+ F(g)e?) = N7' (1 —¢)]) we
start by using the mean value theorem

N—1 (1—(16-|—F(6)62)

-t FEE = [ o (y) dy
N—I(1-¢)

_ \/127 exp (=4 () /2) [NV (1 —as + F () ) - N1 (1 - 2)] |

for some y(¢) € [N"1 (1 —¢), N1 (1 — ac + F () £%)]. Intuitively, M; should be equal to one
and this is what we want to show. It is sufficient though to show that N7! (1 — as 4 F () £?) —
N1 (1 —¢) — 0 or rather that cexp (y* (¢) /2) — 0. Hence, we are left to verify:

(4.7) lim  exp ([N—1 (1—g) VN (1= as+ F(e) )] /2) = 0.

e—0
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First we assume that N=! (1 — as + F (¢)e?) > N=! (1 —¢). From (4.6) it then follows that for
N7'(1—as+ F(s)e?) > a™', and some constant C' > 1, we have that

i cexp ([N (1= as+ F(2)24)]*/2) < lim~— a - /ﬁ_ﬂF )7y i o = Fl@) 5

= 0.

The other case,i.e. N7!' (1 — ) > N7 (1 — ac + F () £2), can be treated similarly which proves
(4.7). Therefore, My = M =1 and L =exp (—c?/2)a. m

5 Practical use and summary

In this section, let us assume A2 in order to simplify the discussion. At a first sight, the

olIl¢
de

that the local volatility, i.e. €6 (), is over specified. Hence, suppose that the manager believes

implementation of the local Vega index (0)‘6:0 might seem a little strange due to the fact
that the future volatility over the time period [0, 7] will be given by the deterministic function
o (+). He then solves backwards for 6 () = ¢ () — 0. Now, depending on what value of ¢ that
is fixed at the beginning the manager will obtain different functions & (-). To be precise we see
that the function & (-) is uniquely defined up to a multiplicative constant. This is of course a

problem as we found that for all the options studied in this paper we had the relationship

ol

- T
o1l :/0 (s, 1) (3) ds=— (0).

5= (0)

e=0

where fi(-,T) was a density function independent of ¢ and & (-). Therefore the local Vega index

olIl¢
de

interest for practical situations is e

(0)‘6:0 is unique up to a multiplicative constant as well. It follows that the quantity of

olIl¢
de

the local Vega neutrality approach used by a financial manager should actually be written as

e Gro| =Y G0 ([ e mewa-c)=o

e=0 :

(0)‘6:0 and not the local Vega index by itself. Hence,

where the sum, as before, is taken over every contingent claim traded by the company. Note

that for a portfolio composed of simple contingent claims with a fixed maturity 7', one has

g (1) = % and the local Vega neutrality concept corresponds exactly to the classical Vega

neutrality approach ). 881}' (0) = 0. However, for all other cases these two criteria do not

coincide.
In order to study the price variations we use the integral formula:

L ame RIS

)~ 10 0) = [ GO dem G0
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where the price T (0) corresponds to the case where the stock has the volatility o+ & (-). This

analysis can of course also be related to the classical Vega index in the sense that

71 9I1o o11°
8—U(O)dvz 5o 0)- (61 —0),

g, (0) = 11°(0) =

where we let Hgl (-) denote the price given that the volatility is constant and equal to o;. Note
that these are just first order approximations. By including higher order terms more accuracy
can be gained, however this would of course be more complicated. Another possibility is to use
Riemann sum approximations.

In order to show the basic idea we take the first order approximations above, and estimate
the yield Volatﬂity, i.e. the constant volatility oy that makes IT!(0) = Hgl (0), by setting
o1 = fo (s)ds. This may be of interest since there exists no closed form solution for
the price of most exotic options whenever the volatility is time dependent. In order to see how

the method works, we consider the following example:

Example 5.1 Let us again consider the standard call option with payoff G = max (S (1) — K, 0)

for some constant strike price K, and assume that the dynamics of the stock price are given by
dS(t)=rS(t)dt+o(t)S(t)dV (1),

Jor some strictly positive deterministic function o (-) in L?([0,T]). By using the results in

example 1.1, the time O price of the option is given by
[(0) = SoN (dr) — e "TEN (dy = V),

and dy is defined by

PRLICTEO Lk DR 2—/Ta(t)2dt
1 N> ; ; .

The approximate option price denoted T1 (0 (0), is given by the Black-Scholes formula evaluated at
the yield volatility oy = fo s)ds, that is

. . . In (So/K) +rT + 1o2T
_ _—rT g _ . _ 291
[1(0) = SoN (dl) e TKN (d1 alﬁ) . gy = - -
However, since 01T = & (f ds) < fo % ds, it follows from El Karoui et al. (1998)

that I1 (0) < II (0), where we have equality if and only if o (+) is constant. Hence, to improve the
approximation it may be necessary to use a quadratic Taylor expansion for the classical Vega
index and Riemann sums for the local Vega index. It would be interesting to use these ideas to
price path-dependent options.

To sum up, we have in this paper addressed a problem arising naturally in risk management:

how can a financial manager protect the company’s position once the manager has a personal
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belief about the future development of the market. Typical questions that can be studied are
for instance what happens to the option prices if the next two weeks will be a very unstable
period, or what happens to the option prices if the volatility will drop in a month as predicted
by a time series analysis.

The local Vega index introduced here should be helpful to answer these and other related
questions. For example, what is the relationship between this index and presence of asymmetric
information and particularly existence of inside information. Another interesting question is:
what is the amount of rebalancing needed in order to keep a portfolio stable with respect to
the local Vega index? We believe that this amount is smaller than the amount needed when
using the classical Vega neutrality concept since the local Vega index incorporates anticipated
time dependent volatility structures. We leave it as open questions to see if our results might
be useful in order to detect such phenomena.

The local Vega index is a natural extension of the classical Vega index, i.e. the price derivative
with respect to the constant volatility, in the sense that we perturb the volatility in different
directions. For all the contingent claims studied in this paper, we show that the local Vega index
can be expressed as a weighted average of the perturbation in volatility. In the case that one
assumes that the volatility and the rate of interest are constant and the perturbation in volatility
only depends on time then this average is multiplied by the classical Vega index, giving a clear
relationship between the classical Vega index and the local one defined here. Moreover, in the
case of path-dependent options these weighted averages have in general the property of putting
less and less weight to events in the future. Hence, a financial manager should according to this
result think in short terms and do not worry (that much) about the future.

As an application of the results we show how to derive approximate prices of options for
which no closed form solution exists in the case where the volatility is time dependent. This is
done by means of a constant yield volatility under the assumption that a closed form solution
indeed exists whenever the underlying security has a constant volatility.

We also study the well-known goal problem of maximizing the probability of a perfect hedge

and show that the speed of convergence depends on the local Vega index.
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Appendix A

Theorem A.1 Assume A2 and that the local volatility perturbation & (-) > 0. Then for Asian
options we have that 11° () > 11 (+) for all . Furthermore, if we assume that the payoff function
&’ (0) > 0 then for lookback options we have that 11° (-) > 1L (-) for all e.

Proof. Let us introduce the stochastic processes (state variables) Y7 (-) = [y w u) du
and Y5 (-) = supgey<. S (u). Thanks to the Markov property, the price of a Asmn ora Lookback
option can always be written in the form IIf (¢) = 7% (¢,.5° (¢), Y (¢)), where the deterministic

function 7$ (-) is defined by
75t e, y) = e "IV EG [GE 5% (1) = 2, Y7 (1) = ] c =12

Here G denotes the payoff at maturity of the different contingent claims, i.e. G5 = ® (Y7 (T)).
The deterministic function 7% (-) satisfies the following boundary problem:
8 £
ot

Lt y)—l—rﬂ' (t,x,y) = A (L, y)

14{i=

(t z,z) = 0
Z(T7x7y) = @(y),
where A?, denotes the infinitesimal generator of the pair (S (¢),Y; (t)). It can be shown that

in our case we have

2
it = rxi + w () xi + L (0 4¢co (t))xza—

oz dy 2 ox?
15 _ 8 ~ 2 82
20 T TTH +35 (U +eo(t)) EISE

see e.g. Peskir (1998) for the last identity. Note that when specifying the partial differential
equations we have for simplicity been rather sloppy in specifying the domains. For the Asian op-
tions (z,y) € R, while for the lookback options (z,y) € { a,b) € R3 |a < b} Now, considering

the difference w; ( ) := (7f — 7%) (), we have

auZ
ot (t

1{2_2} (txx) =0

t,x y)+ruz (tay) = Aguit,z,y)+gi(t,2,y)

u’L (T7$7y) = 07

with g; (t,2,y) = % (25& (t) +<%6 (t)2) 8;;5 (t,z,y). According to Karatzas and Shreve (1988)

page 369, the solution is given by

T
(75 — =) (t,a,y) = wi (t, 2, y) =/ /R2 Gty &) g (1,6, p) dédedr,
t T
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where G (+) is a density function, i.e. non-negative, and called the fundamental solution or the

Green’s function. Consequently, a sufficient condition for (ﬂ'f - ﬂ'?) (+) > 0is that ¢; () > 0 or

2, €
U

rather that aaxz) (-) > 0. Note that we only consider the case where 6 (-) > 0. Now, using the
notation J* (u) := S (u) /5 (t), we get that

w5 (ta,y) = e TR, [cp (y—l—x/tTw(u) J* (u) du)‘Ss (t) :x,/otw(u) S° (u) du:y]

@(y\/x sup J°© (u))
t<u<T

Explicit calculations now yield

5 (te,y) = e_r(T_t)EQ

Se(t) =z, sup S°(u) = y] .
0<u<t

2
827Ti

T T
57 ta,y) = e T E, (& (y + x/ w (u) J® (u) du) (/ w (u) J* (u) du)
t t
t
Se(t) = x,/ w(u) S® (u) du = y]
0
2
82T6
22 (ta,y) = e TDEH 0" [ 2 sup J® (u) sup J°(u) | -
Oz t<u<T t<u<T

Se(t) =z, sup 57 (u) = y]
0<u<t

-1 {x sup J® (u) > y}
t<u<T
2
0 g o (Y
+e 3? (y)p($)7

where p (-) denotes the density function of the random variable sup,c,«7 J° (u). Note that the

€
T

density exists according to lemma 3.4. The result 8;1,2 (+) > 0 then follows since ® (-) is assumed,

according to definition 3.1, to be a convex function and therefore the second derivative (or more

correctly the second derivative measure) is non-negative and the first derivative is increasing. m

Remark A.1 If we consider lookback options in the form ® (info<i<1 S (1)), then by repeating
the arguments we find that 11° (-) > 11 (-) if 6 () > 0 and the first derivative of the payoff function
®'(0) <0.

Appendix B

In this Appendix we prove the smoothness of the density of the processes associated with the
Asian option, and derive an upper bound for this density. Throughout this section we assume
A1l and that the positive bounded weight function w (-) is uniformly bounded away from zero
in a neighborhood of zero. In the proof we will make use of the space D, see Nualart (1995)
for the precise definition. However, we may think of D as the space containing all random
variables H, such that H and HD'kHHL2([O,T]k) belong to L? (Q, F, Q) for any p,k > 1. Hence,
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the random variables in D are smooth in the sense that they and their iterated stochastic

derivatives have moments of all orders.

Theorem B.1 Under the above conditions Yy (T') = fOT w(s)S®(s)ds € D. The Malliavin
covariance

-1

[/OT (D YF (T))? dt] € Nps1 LP(Q, F,Q),

uniformly in €. Therefore the density of Y7 (T') exists and is infinitely differentiable. Further-
more, this density satisfies for all integers k > 0 and y > yg > 0 the inequality
8—ykps(y) < Cexp(=C'In(y)”),

where the constants C' and yo are independent of <.

Proof. We will do the proof under Al and the assumption that w(¢) > wg > 0 in a neighbor-
hood of 0. First, let us recall that S (-) is defined as the solution to the stochastic differential

equation

dSe(t) = r(t)S(t)dt + o2 (t, S(1))dV (¢)
¢ (0) = So

According to theorem 2.2.2 in Nualart (1995), the solution S°(¢f) € D> for all t € [0,717].

Therefore, the Malliavin derivatives of any order exist, and are well defined by

t

DuSE(t):/ T‘(S)DuSE(S)dS—I—UE(U,SE(U))—I—/ ol (s,5° (s)) D,S® (s) dV (s),

U

see theorem 2.2.1 in Nualart (1995). This stochastic differential equation is linear in D, S°(¢),

hence the solution is given by

D S*(t) = o (u, 8% (u))exp (/t (r(s) — 50t (s.5° (s))Z) ds—|—/ut o' (s, 5% (s)) dV (s))
= oo (u, S (w) € (1) €5 (w)",

where we have used the same notation as in lemma 3. Since the positive weight function w (-) is
bounded and D, Yy (T) = fT w(s)D,S%(s)ds, we immediately see that Y}° (T) too is a smooth

random variable in D™,
Now, let @ > 0 denote the biggest value such that for all ¢ the following conditions are

satisfied

(U, ) > Omin > 0 : w(u) > wo > 0,
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for all u < e and |z — Sp| < . Hence for u < 7. := inf {u < o |S%(u) — So| > %}, the Malliavin

derivative is bounded from below:
T
DY () = oo (u,S%(u)&° (u)_l / w(s)E° (s)ds
> OminWol® (u)_l / E & (s) ds.

Therefore, we get the estimate

e -2 2
[ oz [ oo @iz s (g e @) (e ) 5
In order to show that the Malliavin covariance UOT (DY (T))zdt}_1 € LP(Q,F,Q) for all
p > 1 uniformly in e, we use the Holder inequality to conclude that it is sufficient to prove that
sup. Eg [(info<u<r €% (1)) 7P] < 400 and sup, Eg {T;q} < 4o for any p € R and ¢ > 0.

In order to show that sup, Eg [(info<u<r € (1)) 7F] < +oo for any p € R, note that
r(-) is a bounded function and that ol(¢,2) is uniformly bounded in ¢ and e. Therefore
sup, Eg [(info<u<r € (1)) 7] < Csup, Eg [exp (c1supgeycr fo 04(s,5%(s))dV (s))] for some
constants ¢1,C. Since any stochastic integral with bounded (iuadratic variation is a time changed
Brownian motion it is enough to verify that Eg [exp (01 sup0<u<c2TB (u))] < oo, for any
c1 € R and ¢3 > 0. This property follows from the reflection pri_nc_iple for the supremum of the
Q-Brownian motion B ().

Next we show that sup, Fg {T;q} < +oo, for any ¢ > 0. Note that since Q(7. < z) <
Q (Supo<y<s [S5(w) — So| > %), we can use Chebychev’s inequality and then Burkholder’s in-
equality_to_ get:

sup [9%(u) — So|k < C;ﬁg for any k € N.

0<u<d

Q(Ts < 0) < CkEQ

Here (' is a constant that does not depend on €. Finally, since Eg {T;q} = fooo Q(r=1 > z)dx =

JooQ(r: < w_%)dx we obtain

Eg 7] = C’—I—/COOQ(TE < x_%)dac

IN

C—I—/ Ckx_;_qdac.
C'

The last quantity, which does not depend on ¢, is bounded if k£ is chosen big enough.
-1
Hence, the Malliavin covariance UOT (DY (T))? dt} € LP(Q,F,Q) for all p > 1 uniformly
in ¢ and therefore, according to corollary 2.1.2 in Nualart (1995), the density of Y (T') exists

and is infinitely differentiable. In order to prove the tail bound for the derivatives of the density
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of Y7 (1) we only need to apply Theorem 1.31 in Kusuoka and Stroock (1984). We follow their
notation and observe that in our case it is enough to use W as a localization of the random
variable Y7 (7). That is, ¥ = ¢ (Y7 (7)), where 1 () is an infinitely differentiable function
with bounded derivatives such that its value is 0 in [0,y] and 1 outside of [0,2y]. After a
careful analysis of their inequality (1.33) one sees that the proof finishes if one estimates the
probability Q (Y (T') > y). The estimation of this quantity is done as follows for y > yo > 0.
First note that Q (Y7 (1) > y) == Q (fo “(s)ds > y) < Q (supgey<r S°(v) > 77y) for
C' = supycyucr W (1). Therefore there exist constants ¢; such that: o

QU (1) >y) < @(sup 1n<1+56<u>>>cl+1ny)

0<u<lT

< Q( sup B(u) >c3+Iny)
0<u<ex T

< erexp(—eallny)?).
The second inequality above follows from the It6 formula applied to In(1 4 5%(u)):

) ol ST ) (w8 (w)

dIn(14 5%(u)) :r(u)m u— 20+ 5 (u))? u+ 1157 (w)

dV (u).

Note that the drift term is bounded, i.e. sup,supy<i<r ‘fo 1-|-S(u(L) U%ﬁ_’g:((z))))j du| < 400,
and that the quadratic variation satisfies sup, supg<;<r fo (Ufl(ﬁsii(()))) du < 400, since the

volatility o. (¢, ) has at most linear growth uniformly in ¢ according to assumption Al. Therefore,
we can as before replace the stochastic integral by a time changed Q-Brownian motion B ().
Finally, by using the well-known distribution of the supremum of a Brownian motion, we obtain

the last inequality and the proof concludes. m
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