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4Frpphqwv dqg vxjjhvwlrqv e| Hppdqxhooh Dxulro/ Pdufr Fhohqwdql/ Gdylg Ohylqh/ dqg vhplqdu sdu0

wlflsdqwv dw XFOD/ HVHP<; dqg HHD<; lq Ehuolq/ dqg DVVHW<; lq Erorjqd duh judwhixoo| dfnqrzohgjhg1

Wkh �uvw dxwkru zdqwv wr wkdqn XFOD iru nlqg krvslwdolw| dqg wkh Vsdqlvk Plqlvwhulr gh Hgxfdfl�rq iru

�qdqfldo vxssruw1 Wkh vhfrqg dxwkru*v uhvhdufk zdv vxssruwhg e| wkh Hxurshdq Frpplvvlrq xqghu wkh WPU

surjudp +judqw HUEIPELFW<948;3,1 Doo uhpdlqlqj huuruv duh rxuv1
5Fruuhvsrqglqj Dxwkru1 Dgguhvv= Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlwdw Srpshx Ideud/ Udprq Wuldv

Idujdv 5805:/ 3;338 Edufhorqd/ Vsdlq/ H0pdlo= mxdqmr1jdqx}dChfrq1xsi1hv
6Dgguhvv= Lqvwlwxw g*Hfrqrplh Lqgxvwulhooh/ Xqlyhuvlw�h ghv Vflhqfhv Vrfldohv/ Sodfh Dqdwroh Iudqfh/ 64375

Wrxorxvh Fhgh{/ Iudqfh/ H0pdlo= odpeurvCflfw1iu



Devwudfw

Zkhq surfxuhphqw wdnhv sodfh lq wkh suhvhqfh ri krul}rqwdoo| gl�huhqwldwhg frqwudfwruv/ wkh ghvljq

ri wkh remhfw ehlqj surfxuhg d�hfwv wkh uhvxowlqj ghjuhh ri frpshwlwlrq1 Wklv sdshu kljkoljkwv

wkh lqwhudfwlrq ehwzhhq wkh rswlpdo surfxuhphqw phfkdqlvp dqg wkh ghvljq fkrlfh1 Frqwudu| wr

frqyhqwlrqdo zlvgrp/ wkh vsrqvru*v ghvljq fkrlfh/ lqvwhdg ri krprjhql}lqj wkh pdunhw wr jhqhudwh

frpshwlwlrq/ surprwhv khwhurjhqhlw|1

Nh|zrugv= Surfxuhphqw/ surmhfw ghvljq/ krul}rqwdo gl�huhqwldwlrq1

MHO Fodvvl�fdwlrq Qxpehuv= O84/ K8:/ G771
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Prvw surfxuhphqw surfhvvhv wdnh sodfh zlwklq d frpshwlwlyh hqylurqphqw fkdudfwhul}hg e| krul0

}rqwdoo| gl�huhqwldwhg srwhqwldo frqwudfwruv1 Lq vxfk fdvhv/ ghshqglqj rq wkh ghvljq ri wkh remhfw

ehlqj surfxuhg/ wkh vsrqvru pd| hpskdvl}h fkdudfwhulvwlfv zklfk rqh ri wkh frpshwlwruv kdv frp0

sdudwlyh dgydqwdjh ryhu/ wkxv glvfulplqdwlqj lq idyru ri khu1 Zlwklq wklv iudphzrun/ zh dgguhvv

wkh iroorzlqj txhvwlrq= Zklfk lv wkh rswlpdo ghvljq iru wkh surfxuhg surmhfw/ jlyhq wkdw lwv fkrlfh

d�hfwv wkh pdunhw vwuxfwxuh/ dqg frqvhtxhqwo| wkh lqgxfhg ghjuhh ri frpshwlwlrqB

Frqvlghu/ iru h{dpsoh/ d jryhuqphqw lqwhuhvwhg lq ghvljqdwlqj d whohfrppxqlfdwlrqv frpsdq| dv

d xqlyhuvdo vhuylfh surylghu1� Ilupv lqwhuhvwhg lq surylglqj vxfk vhuylfhv udqjh iurp zluhg whohfrp0

pxqlfdwlrqv frpsdqlhv dqg WY fdeoh rshudwruv/ wr zluhohvv whohskrqh frpsdqlhv1 Ghshqglqj rq

wkh plqlpxp txdolw| vwdqgdugv vhw e| wkh jryhuqphqw iru wkh vhuylfhv lqfoxghg lq wkh xqlyhuvdo vhu0

ylfh uhtxluhphqwv +l1h1/ frpsohwlrq udwh ri fdoov/ sruwdelolw| hdvh/ hwf1,/ gl�huhqw w|sh ri frpshwlwruv

pd| hqmr| d frpsdudwlyh frvw dgydqwdjh1 Khqfh/ wkh jryhuqphqw*v fkrlfh ri wkh plqlpxp vhuylfh

uhtxluhphqwv zloo d�hfw wkh rxwfrph ri wkh frpshwlwlyh elgglqj surfhvv wkdw pljkw eh xvhg12

Zkhq dqdo|}lqj wkh lvvxh ri surmhfw ghvljq/ wkh olwhudwxuh kdv irfxvhg rq wkh fdvh ri yhuwlfdoo|

gl�huhqwldwhg ghvljqv +h1j1/ Fkh +4<<6,,1 Wkhuh/ surmhfwv ri kljkhu txdolw| duh xqlyhuvdoo| pruh

frvwo| wr surgxfh1 Pruhryhu/ wkh frqwudfwruv* udqnlqj lq whupv ri h�flhqf| lv suhvhuyhg dfurvv

ghvljqv/ l1h1/ wkh h�flhqf| sdudphwhuv ri frqwudfwruv duh shuihfwo| fruuhodwhg dfurvv ghvljqv1 Wkh

uhvxow lv wkdw wkh rswlpdo phfkdqlvp glvfrxqwv txdolw| lq rughu wr _krprjhql}h% wkh pdunhw1�

Lq frqwudvw khuh/ qrw rqo| zh dvvxph wkdw ghvljqv duh krul}rqwdoo| gl�huhqwldwhg/ dqg khqfh

dv zh pryh dorqj wkh ghvljq vshfwuxp vrph �upv ehfrph pruh h�flhqw dqg rwkhuv ohvv h�flhqw

+lq d vwrfkdvwlf vhqvh,/ exw pruhryhu/ zh dvvxph wkdw d frqwudfwru*v dfwxdo h�flhqf| sdudphwhuv

lq ydulrxv ghvljqv duh lqghshqghqw gudzv iurp d idplo| ri glvwulexwlrqv uhodwhg xqghu �uvw0rughu

vwrfkdvwlf grplqdqfh1 Wklv lpsolhv wkdw li frqwudfwruv duh dvnhg wr elg iru d ydulhw| ri srvvleoh

ghvljqve/ hdfk frqwudfwru zrxog kdyh wr suhsduh d pxowlwxgh ri sursrvdov +ru lq d gluhfw uhyhodwlrq
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phfkdqlvp wr uhsruw wkh ydoxhv ri pdq| sdudphwhuv,1 Qrqhwkhohvv/ vxeplwwlqj sursrvdov lv frvwo|1

Khqfh/ lw lv xqqdwxudo wr dvvxph wkdw frqwudfwruv elg ryhu pdq| gl�huhqw ghvljqv1 Wklv fuhdwhv

wkh qhhg iru ghvljq pdqdjhphqw1 Wkh vsrqvru vkrxog �uvw fkrrvh d ghvljq/ dqg wkhq hqjdjh lq d

frpshwlwlyh elgglqj surfhvv1

Wkh sdshu kljkoljkwv wkh lqwhudfwlrq ehwzhhq wkh rswlpdo phfkdqlvp dqg wkh ghvljq fkrlfh

zkhq wkhvh wzr ghflvlrqv duh wdnhq vhtxhqwldoo|1 Wkh rswlpdo phfkdqlvp lq dq hqylurqphqw fkdu0

dfwhul}hg e| khwhurjhqhrxv frpshwlwruv/ dv lw lv douhdg| nqrzq lq wkh olwhudwxuh +h1j1/ P|huvrq

+4<;4,/ PfDihh dqg PfPloodq +4<;<,,/ uhvhpeohv d glvfulplqdwru| dxfwlrq1 Qrqhwkhohvv/ wkh lqwhq0

vlw| ri glvfulplqdwlrq lv d ixqfwlrq ri wkh ghjuhh ri wkh frpsdudwlyh dgydqwdjh rqh ri wkh srwhqwldo

frqwudfwruv kdv ryhu khu frpshwlwruv1 Wklv frpsdudwlyh dgydqwdjh lv hqgrjhql}hg khuh/ dqg lw lv

ghwhuplqhg e| wkh surmhfw*v ghvljq fkrlfh1

Zh �qg wkdw wkh vsrqvru*v ghvljq fkrlfh/ lqvwhdg ri krprjhql}lqj wkh pdunhw wr jhqhudwh frp0

shwlwlrq/ surprwhv khwhurjhqhlw| +l1h1/ lw lqfuhdvhv wkh frpsdudwlyh dgydqwdjh rqh ri wkh srwhqwldo

frqwudfwruv kdv,1 Wklv lv wkh fdvh ehfdxvh ri wkh zd| wkh rswlpdo phfkdqlvp lqwhudfwv zlwk wkh

ghjuhh ri khwhurjhqhlw| lqgxfhg e| wkh ghvljq fkrlfh1 Wkh pruh wlowhg lq idyru ri d frpshwlwru lv

wkh ghvljq/ wkh pruh glvfulplqdwru| djdlqvw wklv frpshwlwru wkh rswlpdo phfkdqlvp zloo eh1 Lq0

wxlwlyho|/ kdg qrw wkh vsrqvru ehhq deoh wr glvfulplqdwh/ vkh zrxog kdyh olnhg wr fkrrvh d ghvljq

wkdw krprjhql}hv wkh pdunhw wr jhqhudwh �hufhu frpshwlwlrq1 Khu delolw| wr glvfulplqdwh yld wkh

phfkdqlvp ohyhov wkh �hog iru wkh frqwudfwruv hyhq li rqh ri wkhp kdv d frpsdudwlyh dgydqwdjh1

Wklv uhgxfhv wkh frvw ri kdylqj d ohvv _frpshwlwlyh pdunhw%/ dqg wkhuhiruh/ wkh vsrqvru fkrrvhv

d ghvljq wkdw lqfuhdvhv wkh fkdqfhv wkdw wkh _qdwxudoo|% dgydqwdjhg �up zloo jhw d idyrudeoh frvw

uhdol}dwlrq1

Wkh iroorzlqj vhfwlrq vhwv xs wkh prgho1 Vhfwlrq 6 vroyhv dqg glvfxvvhv wkh wzr0w|sh fdvh1

Vhfwlrq 7 h{whqwv wkhvh uhvxowv wr d frqwlqxxp ri w|shv1 Ilqdoo|/ Vhfwlrq 8 frqfoxghv1

2 A�i �L_i*
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D ulvn qhxwudo vsrqvru/ V/ zdqwv wr xqghuwdnh d vlqjoh lqglylvleoh surmhfw1 Wkh surmhfw pd| eh

lpsohphqwhg dffruglqj wr pdq| gl�huhqw vshfl�fdwlrqv/ fdoohg ghvljqv +g,/ uhsuhvhqwhg dorqj wkh

lqwhuydo ^3> 4`1 Wkh vsrqvru*v suhihuhqfhv ryhu ghvljqv duh ghvfulehg e|Z +g,/ zkhuhZ +g, lv vwulfwo|

frqfdyh dqg v|pphwulf durxqg lwv xqltxh pd{lpxp/ dwwdlqhg dw gW1 Ilqdoo|/Z +g, lv dvvxphg wr eh

vx�flhqwo| odujh iru doo srvvleoh ghvljqv/ vr wkdw wkh vsrqvru dozd|v zdqwv wr xqghuwdnh wkh surmhfw1

Wkh remhfwlyh ri wkh vsrqvru lv wr pd{lpl}h khu qhw vxusoxv/ l1h1/ Z +g,� W / zkhuh W ghqrwhv wkh

wudqvihuv pdgh wr frqwudfwruv1
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Wkhuh duh wzr ulvn qhxwudo sur�w pd{lpl}lqj �upv/ ghqrwhg e| l 5 iD>Ej1 Wkh| duh orfdwhg

dw wkh hqg0srlqwv ri wkh ghvljq vshfwuxp/ l1h1/ dw 3 dqg 4 uhvshfwlyho|1 Hdfk �up kdv frpsdudwlyh

dgydqwdjh ryhu ghvljqv forvhu wr lwv orfdwlrq1 Wkh frpsdudwlyh dgydqwdjh lv h{suhvvhg lq whupv ri

orzhu h{shfwhg frvwv wr xqghuwdnh wkh surmhfw1 Irupdoo|/ jlyhq d ghvljq g/ wkh ghjuhh ri lqgxfhg

frpsdudwlyh dgydqwdjh lv gh�qhg dv {+g,/ zkhuh

{+g, @

;?
=

5g� 4 li g A 4@5 � g.

4� 5g rwkhuzlvh1

Fohduo|/ dw g. qr �up kdv d frpsdudwlyh dgydqwdjh ryhu wkh rwkhu/ l1h1/ {+g., @ 31

Ilup l kdv sulydwh frvw f� ri lpsohphqwlqj wkh surmhfw1 Wklv frvw/ f�/ lv glvwulexwhg rq ^f> f`1

Wkh glvwulexwlrq ixqfwlrq lv sdudphwul}hg e| {+g,1 Lw lv ghqrwhg dv I +{> f, li �up l lv wkh �up zlwk

wkh frpsdudwlyh dgydqwdjh/ dqg I +�{> f, rwkhuzlvh1 Zh pdnh wkh iroorzlqj dvvxpswlrqv=

Dvvxpswlrq 4 Li { A | wkhq I +{> f, � I +|> f,> ;f 5 ^f> f`> dqg {> | 5 ^3> 4`=

Wklv dvvxpswlrq vwdwhv wkdw ghshqglqj rq wkh ghjuhh ri wkh lqgxfhg frpsdudwlyh dgydqwdjh wkh

frvw glvwulexwlrqv duh rughuhg lq d �uvw rughu vwrfkdvwlf grplqdqfh vhqvh1

Dvvxpswlrq 5 Y
Y%

k
8 E%cS�
sE%cS�

l
A 3 ;{ 5 ^3> 4`/ dqg f 5 ^f> f`1

Wklv lv d kd}dug udwh grplqdqfh dvvxpswlrq/ dqg lpsolhv wkdw lqirupdwlrqdo uhqwv duh odujhu iru

wkh �up wkdw kdv wkh frpsdudwlyh dgydqwdjh1D

Dvvxpswlrq 6
YsE%cS�

Y%
@ �

YsE3%cS�
Y%

> ;f 5 ^f> f`=

Wklv lv d _qhxwudolw|% ri wkh ghvljq zlwk uhvshfw wr wkh lqgxvwu| frvw dvvxpswlrq1 D ehqh�fldo

iru rqh �up fkdqjh lq wkh ghvljq kxuwv htxdoo| wkh rwkhu �up1 Dqg/ �qdoo|/

Dvvxpswlrq 7 Y
YS

k
8 E%cS�
sE%cS�

l
A 3> ;{ 5 ^3> 4`/ dqg f 5 ^f> f`1

Wklv lv wkh vwdqgdug prqrwrqh kd}dug udwh dvvxpswlrq1S
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Surfxuhphqw surfhhgv lq wzr vwhsv1 Iluvw/ wkh vsrqvru dqqrxqfhv wkh surmhfw*v ghvljq gJ1 Wkhq/

hdfk �up ohduqv lwv frvw ri xqghuwdnlqj wkh surmhfw xqghu wkh dqqrxqfhg ghvljq dqg sduwlflsdwhv

lq wkh phfkdqlvp1 Wkh vhtxhqwldo fkdudfwhu ri surfxuhphqw/ dv h{sodlqhg lq wkh Lqwurgxfwlrq/ lv
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gxh wr wkh idfw wkdw lw lv frvwo| wr wkh �upv wr glvfryhu wkhlu frvw iru d sduwlfxodu ghvljq1. Zrunlqj

edfnzdugv/ wkh vsrqvru*v sureohp lv dgguhvvhg lq wzr vwhsv=

41 Fkdudfwhul}dwlrq wkh rswlpdo phfkdqlvp jlyhq dq duelwudu| ghvljq1 Wkh sureohp zh

dgguhvv lv d vshfldo fdvh ri P|huvrq +4<;4,1 Gxh wr wkh uhyhodwlrq sulqflsoh/ zh fdq frqfhqwudwh rq

gluhfw uhyhodwlrq phfkdqlvpv1 Wkh phfkdqlvp frpsulvhv wzr yhfwruv #+g, @ is+f�> f�,> W +f�> f�,j/

zkhuh dqg s� 5 ^3> 4` ghqrwhv wkh suredelolw| ri dzduglqj wkh surmhfw wr �up l/ dqg W� 5 LU

wkh sd|phqw pdgh wr wkdw �up1H Wkh vsrqvru*v remhfwlyh lv wr �qg wkh phfkdqlvp wkdw pd{0

lpl}hv khu h{shfwhg qhw vxusoxv vxemhfw wr wkh uhohydqw lqfhqwlyh frpsdwlelolw|/ lqglylgxdo ud0

wlrqdolw|/ dqg ihdvlelolw| frqvwudlqwv1 Wkh vroxwlrq wr wklv sureohp lv wkh rswlpdo phfkdqlvp/

#W+g, @ isW+f�> f�,> W
W+f�> f�,j1

51 Fkdudfwhul}dwlrq ri wkh rswlpdo ghvljq/ gJ1 Jlyhq wkdw wkh rswlpdo phfkdqlvp/ wkh

vsrqvru vroyhv wkh iroorzlqj sureohp= pd{_H^
S

2

�'�+Z +g,sW� � W W

� ,`1
b

� A�i A�L�A)Ti �@ti

Lq wklv vhfwlrq zh dvvxph wkdw wkhuh duh rqo| wzr srvvleoh frvwv f� 5 if> fj> ; l 5 iD>Ej1 Ohw

��+g, eh wkh suredelolw| wkdw �up l kdv f1 Zh pruhryhu dvvxph wkdw ��+g, @ ��+4 � g,/ dqg

wkdw � �

�+g, @ ���

�+g, A 3> ;g1�f Lw lv vwudljkwiruzdug wr vhh wkdw wklv frvw vwuxfwxuh vdwlv�hv wkh

dvvxpswlrqv ri wkh jhqhudo prgho1

��� 5)44i|h�U W?uLh4@|�L? �i?U�4@h!

Jlyhq dq duelwudu| ghvljq/ g/ wkh vsrqvru dvnv wkh �upv wr frpsxwh wkhlu frvwv/ dqg dzdugv wkh

surmhfw wr wkh �up zlwk wkh orzhvw frvw1�� Khqfh/ zkhq ghflglqj rq wkh ghvljq/ vkh fdq frpsxwh

hdfk ghvljq*v h{shfwhg frvw/ zklfk lv=

F+g, @ ^4� ��+g,��+g,`f. ��+g,��+g,f=
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Wkh ghvljq wkdw pd{lpl}hv khu qhw vxusoxv/ Z +g,�F+g,/ lv jlyhq e| wkh �uvw rughu frqglwlrq=

Z �+gr, @ ^� �

�+g
r,��+g

r, . ��+g
r,� �

�+g
r,`+f� f,=

Wkh qh{w sursrvlwlrq vxppdul}hv wkh pdlq ihdwxuh ri wkh rswlpdo ghvljq1

Sursrvlwlrq 4 Wkh rswlpdo ghvljq/ gr/ lv pruh h{wuhph wkdq wkh jurvv vxusoxv pd{lpl}lqj ghvljq/

gW1 Wklv phdqv wkdw li gW ? g./ gr 5 +3> gW,/ zkloh li gW A g./ gr 5 +gW> 4,1

Surri= Li gW ? g./ wkh �uvw rughu frqglwlrq ehfrphv Z �+gr, @ � ��+g
r,+�� � ��,+f� f,1 Vlqfh

wkh UKV lv srvlwlyh/ Z �+gr, kdv wr eh srvlwlyh/ zklfk lpsolhv wkdw gr ? gW1 Zkhq gW A g. / e|

xvlqj wkh vdph dujxphqw/ zh fdq vkrz wkdw gr A gW1 T1H1G1

Qrwh wkdw wkh vsrqvru grhv qrw surfxuh wkh jurvv vxusoxv pd{lpl}lqj ghvljq1 Wkh lqwxlwlrq lv

wkh iroorzlqj= Prylqj dzd| iurp gW dqg wrzdugv wkh forvhvw hqg0srlqw uhgxfhv wkh h{shfwhg frvw

ri wkh dgydqwdjhg �up/ dw wkh frvw ri dq htxdo lqfuhdvh lq wkh h{shfwhg frvw ri wkh glvdgydqwdjhg

�up1 Qrqhwkhohvv/ vlqfh wkh suredelolw| wkdw wkh surmhfw lv dzdughg wr wkh dgydqwdjhg �up lv odujhu/

wkh �uvw h�hfw grplqdwhv1 Wkh rswlpdo ghvljq lv wkhq ghulyhg e| wudglqj r� wkh frvw hqkdqfhphqw

h�hfw yv wkh orvv lq jurvv vxusoxv gxh wr wkh surfxuhphqw ri d ghvljq rwkhu wkdq gW1

��2 �t)44i|h�U W?uLh4@|�L? �@ti

Jlyhq dq duelwudu| ghvljq/ wkh vsrqvru*v sureohp lv wr ghvljq d phfkdqlvp wr pd{lpl}h khu vxusoxv

qhw ri wkh h{shfwhg _yluwxdo frvw% +l1h1/ wkh vxp ri wkh h{shfwhg surgxfwlrq frvw dqg ri wkh h{shfwhg

lqirupdwlrqdo uhqwv r�huhg wr frqwudfwruv,1�2 Wkh qh{w ohppd fkdudfwhul}hv wkh rswlpdo phfkdqlvp1

Ohppd 4 Dvvxph z1o1r1j1 wkdw g A g./ l1h1/ ��+g, A ��+g,1 Wkhq wkh rswlpdo phfkdqlvp lv=

#W @

;AAAAA?
AAAAA=

s�+f�> f�, @ 4> s�+f� > f�, @ 3> W�+f�> f�, @ f> W�+f� > f�, @ 3 li +f�> f�, @ +f> f,

s�+f�> f�, @ 4> s�+f� > f�, @ 3> W�+f�> f�, @ f> W�+f� > f�, @ 3> li +f�> f�, @ +f> f,

s�+f�> f�, @ 3> s�+f� > f�, @ 4> W�+f�> f�, @ 3> W�+f� > f�, @ f li +f�> f�, @ +f> f,

s�+f�> f�, . s�+f�> f�, @ 4> W&+f�> f�, @ fs&+f�> f�,> n @ l> m> li +f�> f�, @ +f> f,

Surri= Vhh Dsshqgl{ E1

Qrwlfh wkdw wkh rswlpdo phfkdqlvp glvfulplqdwhv djdlqvw wkh dgydqwdjhg �up1 Zkhq erwk

�upv uhsruw kljk frvwv wkh vsrqvru dzdugv wkh surmhfw wr wkh glvdgydqwdjhg rqh1 E| grlqj vr/ vkh

gulyhv wr }hur wkh lqirupdwlrqdo uhqwv vkh kdv wr r�hu wr wkh dgydqwdjhg �up1 Zkhq lw uhsruwv f/ wkh

surmhfw lv dzdughg wr wkh glvdgydqwdjhg �up uhjdugohvv ri lwv frvw uhsruw1 Khqfh/ wkh dgydqwdjhg

�up fdq qrw ehqh�w e| ryhuvwdwlqj lwv frvw1

�2A�i 4i|�L_ i4T*L)i_ |L UL?t|h�U| |�i tTL?tLh<t 4@ �4�3@|�L? ThLM*i4 �t @ ��_i*) !?L�? ThLUi_�hi Etiic i�}�c

w@gL?| @?_ A�hL*i E�bb��� @?_ �t hi*i}@|i_ |L �TTi?_� ��
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Wr vroyh iru wkh rswlpdo ghvljq/ zh �uvw frpsxwh wkh h{shfwhg frvw ri lpsohphqwlqj wkh surmhfw=

F+g, @ +4� ��+g,,f. ��+g,f

Wkh surmhfw*v h{shfwhg frvw ghshqgv rqo| rq wkh h{shfwhg frvw ri wkh dgydqwdjhg �up1 Khqfh/ wkh

vsrqvru kdv vwurqjhu lqfhqwlyhv wr fkrrvh d ghvljq wkdw lqfuhdvhv wkh suredelolw| wkdw wkh dgydqwdjhg

�up jhwv d idyrudeoh frvw uhdol}dwlrq1 Wkh rswlpdo ghvljq lv jlyhq e| wkh �uvw rughu frqglwlrq=

Z �+gJ, @ ���+g
J,+f� f,

Sursrvlwlrq 5 Wkh rswlpdo ghvljq/ gJ/ lv pruh h{wuhph wkdq wkh rqh ehlqj surfxuhg xqghu v|p0

phwulf lqirupdwlrq/ gr1 Wklv phdqv wkdw li gW ? g./ gJ 5 +3> gr,/ zkloh li gW A g./ gJ 5 +gr> 4,1

Surri= Li gW ? g./ wkh �uvw rughu frqglwlrq ehfrphvZ �+gJ, @ � ��+g
J,+f�f,1 Fohduo|/ frpsdulqj

wkh UKV ri wklv �uvw rughu frqglwlrq zlwk wkh UKV ri wkh rqh ghulyhg xqghu v|pphwulf lqirupdwlrq/

zh jhw wkdw gJ ? gr1 Zkhq gW A g. / e| wkh vdph dujxphqw/ zh fdq vkrz wkdw gJ A gr1 T1H1G1

Wkh vsrqvru*v rswlpdo ghvljq pdnhv wkh �upv pruh khwhurjhqhrxv wkdq xqghu v|pphwulf lq0

irupdwlrq1 Wkh lqwxlwlrq lv wkh iroorzlqj= Wkh rswlpdo phfkdqlvp doorzv wkh vsrqvru wr holplqdwh

wkh lqirupdwlrqdo uhqwv ri wkh dgydqwdjhg �up1 Rq wkh rwkhu kdqg/ wkh lqirupdwlrqdo uhqwv jlyhq

wr wkh glvdgydqwdjhg �up duh odujh +lw dozd|v jhwv f,1 Wkhuhiruh/ wkh vsrqvru lv hyhq pruh zloolqj

wr glvwruw wkh ghvljq lq d zd| wkdw lqfuhdvhv wkh fkdqfhv wkdw wkh dgydqwdjhg �up lv dzdughg wkh

surmhfw/ l1h1/ lw jhwv d idyrudeoh frvw uhdol}dwlrq1 Wkh rswlpdo ghvljq fkrlfh h{suhvvhv wkh wudgh r�

ehwzhhq uhqw h{wudfwlrq +wkh uhdvrq iru zklfk wkh vsrqvru surfxuhv d pruh h{wuhph ghvljq, dqg

doorfdwlyh lqh�flhqf| +wkh frvw ri prylqj dzd| iurp gW,1

Uhpdun1 Rqh vkrxog qrw lqwhusuhw wklv uhvxow dv vkrzlqj wkdw zkhq glvfulplqdwru| phfkdqlvpv

duh hpsor|hg frpshwlwlrq lv qrw lpsruwdqw1 Lw lv vwudljkwiruzdug wr vkrz wkdw qhw vxusoxv lqfuhdvhv

dv pruh �upv orfdwh dw hdfk hqg0srlqw +d sur{| iru pruh frpshwlwlrq,1 Qrw rqo| h{shfwhg frvw

ghfuhdvhv/ exw dovr wkh surfxuhg ghvljq frqyhujhv idvw wrzdugv gW1

e A�i �L?|�?��4�Lu�A)Tit �@ti

e�� �t)44i|h�U W?uLh4@|�L? �@ti ��i? #�tUh�4�?@|�L? Wt �**L�i_

Wkh frqwlqxxp0ri0w|shv fdvh lv dq dssolfdwlrq ri P|huvrq*v +4<;4, rswlpdo dxfwlrq ghvljq1

Ohppd 5 Dvvxph z1o1r1j1 wkdw ghvljq g jlyhv �up m d frpsdudwlyh dgydqwdjh1 Wkhq wkh rswlpdo

surfxuhphqw phfkdqlvp lv=

#W+g, @

;?
=

s�+f�> f�, @ 4> s�+f�> f�, @ 3 li f� .
8 E3%cS��
sE3%cS��

? f� .
8 E%cS��
sE%cS��

s�+f�> f�, @ 3> s�+f�> f�, @ 4 rwkhuzlvh1
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Jlyhq wkh rswlpdo phfkdqlvp/ wkh vsrqvru*v h{shfwhg frvw ri lpsohphqwlqj wkh surmhfw lv=

F+{, @ H

%
plq

+
f� .

I +�{> f�,

i+�{> f�,
> f� .

I +{> f�,

i+{> f�,

,&
=

Ohppd 6 F+{, lv ghfuhdvlqj lq wkh ghjuhh ri wkh lqgxfhg frpsdudwlyh dgydqwdjh/ {+g,1

Surri= Vhh Dsshqgl{ E1

Wkh lqwxlwlrq ehklqg wklv uhvxow lv wkh vdph dv wkdw lq wkh wzr0w|sh fdvh1 Vlqfh wkh rswlpdo

phfkdqlvp uhgxfhv wkh lqirupdwlrqdo uhqwv jlyhq wr wkh pruh h�flhqw �up/ wkh vsrqvru*v h{shfwhg

frvw ghfuhdvhv lq wkh suredelolw| wkdw wkh pruh h�flhqw �up lv dzdughg wkh surmhfw1 Dv d uhvxow/

wkh rswlpdo ghvljq lv vlplodu wr wkh rqh lq wkh wzr0w|sh fdvh1

Sursrvlwlrq 6 Wkh rswlpdo ghvljq/ gJ/ lv pruh h{wuhph wkdq wkh jurvv vxusoxv pd{lpl}lqj ghvljq/

gW1 Wklv phdqv wkdw li gW ? g./ gJ 5 +3> gW,/ zkloh li gW A g./ gJ 5 +gW> 4,1

Surri= Wkh surri lv grqh lq wzr vwhsv1 Iluvw/ qrwh wkdw li wkhuh duh wzr ghvljqv wkdw jlyh wkh

vdph ghjuhh ri lpsolhg frpsdudwlyh dgydqwdjh/ l1h1/ {+g�, @ {+g�,/ wkh ghvljq wkdw lv forvhu wr gW

lv suhihuuhg1 Erwk ghvljqv kdyh wkh vdph h{shfwhg frvw/ exw wkh jurvv vxusoxv jhqhudwhg e| wkh

ghvljq wkdw lv forvhu wr gW lv odujhu1 Khqfh/ li gW lv forvhu wr �up l/ gJ olhv ehwzhhq g. dqg wkh

orfdwlrq ri �up l1 Wkh vhfrqg vwhs lv wr vkrz wkdw gJ olhv ehwzhhq gW dqg wkh orfdwlrq ri �up l1

Wklv fdq eh vkrzq e| xvlqj Ohppd 6 dqg wkh gh�qlwlrq ri {+g,1 T1H1G1

e�2 �t)44i|h�U W?uLh4@|�L? �@ti ��i? #�tUh�4�?@|�L? Wt �L| �**L�i_

Wkh vsrqvru lv qrz qrw doorzhg wr glvfulplqdwh djdlqvw dq| ri wkh wzr �upv/ l1h1/ dwwhqwlrq lv uh0

vwulfwhg wr dqrq|prxv phfkdqlvpv1 Dowkrxjk zh gr qrw pdnh dq| fodlp derxw lwv rswlpdolw| dprqj

wklv uhvwulfwhg fodvv ri phfkdqlvpv/ zh frqvlghu d vhfrqg0sulfh dxfwlrq> wkh surmhfw lv dzdughg wr

wkh �up zlwk wkh orzhvw frvw dqqrxqfhphqw/ dqg wkh zlqqhu uhfhlyhv d wudqvihu htxdo wr wkh frvw

dqqrxqfhphqw ri wkh orvlqj �up1 Wkh vsrqvru*v h{shfwhg frvw ri lpsohphqwlqj wkh surmhfw lv=

F
7��+{, @ H^pd{if�> f�j`=

Ohppd 7 F7��+{, lv lqfuhdvlqj lq wkh ghjuhh ri wkh lqgxfhg frpsdudwlyh dgydqwdjh/ {+g,1

Surri= Vhh Dsshqgl{ E1

Wkh uhvxow lv qrz wkh rssrvlwh1 E| pdnlqj wkh wzr �upv pruh krprjhqhrxv/ wkh vsrqvru

lqwhqvl�hv frpshwlwlrq/ dqg wklv uhvxowv wr d orzhu wudqvihu1 Qrw vxusulvlqjo|/ wkh uhvxow rq wkh

rswlpdo ghvljq lv qrz uhyhuvhg1��

��A�i ThLLu Lu |�i ThLTLt�|�L? �t i^���@*i?| |L |�i L?i Lu �hLTLt�|�L? � @?_ �t L4�||i_�
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Sursrvlwlrq 7 Wkh rswlpdo ghvljq/ g7��/ lv ohvv h{wuhph wkdq wkh jurvv vxusoxv pd{lpl}lqj gh0

vljq/ gW1 Wklv phdqv wkdw li gW ? g./ g7�� 5 +gW> g.,/ zkloh li gW A g./ g7�� 5 +g. > gW,1

Wklv uhvxow kljkoljkwv wkh idfw wkdw wkh glvfulplqdwru| qdwxuh ri wkh rswlpdo phfkdqlvp lv

fuxfldo iru wkh fkdudfwhul}dwlrq ri wkh rswlpdo pdunhw vwuxfwxuh1 Rqo| li glvfulplqdwlrq lv doorzhg

wkh vsrqvru zrxog dfwxdoo| zdqw wr pdnh/ e| wkh dssursuldwh ghvljq fkrlfh/ wkh frqwudfwruv pruh

khwhurjhqhrxv1

D �L?U*�t�L?t

Zkhq surfxuhphqw wdnhv sodfh zlwklq dq hqylurqphqw fkdudfwhul}hg e| krul}rqwdoo| gl�huhqwldwhg

srwhqwldo frqwudfwruv/ wkh ghvljq ri wkh surmhfw ehlqj surfxuhg ehfrphv d vwudwhjlf yduldeoh wkh

vsrqvru fdq xvh wr lq�xhqfh wkh ghjuhh ri frpshwlwlrq dprqj wkh frqwudfwruv1 Zh �qg wkdw zkhq

wkh vsrqvru lv deoh wr xvh glvfulplqdwru| phfkdqlvpv wkh rswlpdo ghvljq surprwhv khwhurjhqhlw|

dprqj frqwudfwruv1

;



��M*�L}h@T�)

Euhqqdq/ W1/ +4<<9, _Pdnlqj Hfrqrplf Vhqvh ri wkh Whohfrppxqlfdwlrqv Dfw ri 4<<9%/ Lqgxvwuldo

dqg Frusrudwh Fkdqjh 8= <740<941

Fkh/ \10N1/ +4<<6, _Ghvljq Frpshwlwlrq wkurxjk Pxowlglphqvlrqdo Dxfwlrq%/ UDQG Mrxuqdo ri

Hfrqrplfv 57= 99;09;31

Od�rqw/ M10M1 dqg M1 Wluroh/ +4<<6, D Wkhru| ri Lqfhqwlyhv lq Surfxuhphqw dqg Uhjxodwlrq/ Fdp0

eulgjh= PLW Suhvv1

Pdvnlq/ H1 dqg M1 Uloh|/ +4<<;, _Dv|pphwulf Dxfwlrq%/ Plphr X1F1O1D1

PfDihh/ U1 S1 dqg M1 PfPloodq/ +4<;<, _Jryhuqphqw Surfxuhphqw dqg Lqwhuqdwlrqdo Wudgh%/

Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv 59= 5<4063;1

P|huvrq/ U1/ +4<;4, _Rswlpdo Dxfwlrq Ghvljq%/ Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk 9= 8;0:61

<
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Wklv dsshqgl{ ghulyhv wkh vsrqvru*v pd{lpl}dwlrq sureohp lq wkh wzr0w|sh fdvh1

Wkh vhw ri ihdvleoh phfkdqlvpv pxvw vdwlvi| wkh lqfhqwlyh frpsdwlelolw| dqg wkh lqglylgxdo udwlr0

qdolw| frqvwudlqwv erwk iru kljk0 dqg orz0frvw w|shv1 Wkh kljk0 dqg orz0frvw lqfhqwlyh frpsdwlelolw|

frqvwudlqwv duh uhvshfwlyho|/

�� � HS��_i��+f> f�,j @ HS��_^W�+f�> f�,� s�+f�> f�,f�` � HS� �_^W�+f�> f�,� s�+f�> f�,f�`> ;l 5 iD>Ej>

�� � HS� �_i��+f> f�,j @ HS��_^W�+f�> f�,� s�+f�> f�,f�` � HS��_^W�+f�> f�,� s�+f�> f�,f�`> ;l 5 iD>Ej=

Wkh uhvshfwlyh lqglylgxdo udwlrqdolw| frqvwudlqwv duh �� � 3/ dqg �� � 31 Dv lw lv xvxdoo| wkh fdvh/

rqo| wkh orz0frvw lqfhqwlyh frpsdwlelolw| dqg wkh kljk0frvw lqglylgxdo udwlrqdolw| frqvwudlqwv zloo

eh elqglqj dw wkh rswlpdo phfkdqlvp1

Xvlqj wkhvh frqvwudlqwv/ zh fdq frpsxwh wkh lqfhqwlyh frpsdwleoh dqg lqglylgxdoo| udwlrqdo

h{shfwhg sur�wv iru wkh wzr w|shv/

�� @ ^��+g,s�+f> f, . +4� ��+g,,s�+f> f,` +f� f,> ; l> m 5 iD>Ej>

�� @ 3> ; l> m 5 iD>Ej=

E| vxevwlwxwlqj wkhvh h{shfwhg sur�wv lq wkh vsrqvru*v h{shfwhg qhw vxusoxv h{suhvvlrq/ zh fdq

holplqdwh wkh wudqvihuv iurp khu pd{lpl}dwlrq surjudp/ zklfk fdq wkhq eh uhsuhvhqwhg dv wkh

iroorzlqj olqhdu surjudp= pd{R�Eu�cR�Eu�

+4� ��+g,,+4� ��+g,, �

k
s�+f�> f�,+Z +g,� f�, . s�+f�> f�,+Z +g,� f�,

l

.+4� ��+g,,��+g, �

%
s�+f�> f�,+Z +g,� f�, . s�+f�> f�,

#
Z +g,� f� �

4� ��+g,

��+g,
+f� � f�,

$&

.��+g,+4� ��+g,, �

�
s�+f�> f�,

�
Z +g,� f� �

4� ��+g,

��+g,
+f� � f�,

�
. s�+f�> f�,+Z +g,� f�,

�
.��+g,��+g, �

. s�+f�> f�,

#
Z +g,� f� �

4� ��+g,

��+g,
+f� � f�,

$&
=

�TTi?_� �

Surri ri Ohppd 4= Wkh vroxwlrq wr wkh vsrqvru*v surjudp vlpso| vhwv wr }hur wkh suredelolw| ri

dzduglqj wkh surmhfw wr wkh �up zlwk wkh kljkhu yluwxdo frvw1 Khqfh/ s�+f�> f�, @ s�+f�> f�, @ 3/ l1h1/

s�+f�> f�, @ s�+f�> f�, @ 41 Wr ghwhuplqh zklfk doorfdwlrq plqlpl}hv wkh frvw zkhq erwk �upv uhsruw

f/ lw lv vx�flhqw wr fkhfn wkdw g
A
? g. @, ��+g,

A
? ��+g,+,

�3D�E_�
D�E_�

?
A

�3D�E_�
D�E_� 1 Wkhuhiruh/ vlqfh

43



g lv vxfk wkdw m lv wkh dgydqwdjhg �up/ lw lv rswlpdo wr vhw s�+f�> f�, @ 4 dqg s�+f�> f�, @ 31 Zkhq

erwk �upv uhsruw f/ wkh vsrqvru lv lqgl�huhqw/ dqg wkh rswlpdo phfkdqlvp lv lqghwhuplqdwh1 Wkh

dvvrfldwhg wudqvihuv duh xqfryhuhg e| soxjjlqj wkh rswlpdo doorfdwlrq suredelolwlhv wr wkh lqfhqwlyh

frpsdwleoh sur�wv/ dqg vroylqj iru wkh wudqvihuv1 T1H1G1

Surri ri Ohppd 6= Ohw m eh wkh dgydqwdjhg �up1 F�+{, lv uhzulwwhq dv

F�+{, @

] S

S

5
7] gSES��

S

+f� .
I +{> f�,

i+{> f�,
,gI +{> f�, .

] S

gSES��+f� .
I +�{> f�,

i+�{> f�,
,gI +{> f�,

6
8 gI +�{> f�,> +4,

zkhuh gf+f�, lv lpsolflwo| gh�qhg e| wkh iroorzlqj htxdwlrq=

f� .
I +�{> f�,

i+�{> f�,
@ gf+f�, . I +{> gf+f�,,

i+{> gf+f�,, = +5,

Lq rughu wr vlpsoli| +4,/ zh uhzulwh wkh �uvw lqwhjudo lq wkh vtxduh eudfnhwv=

] gSES��
S

+f� .
I +{> f�,

i+{> f�,
,gI +{> f�, @

] gSES��
S

f�gI +{> f�, .

] gSES��
S

I +{> f�,

i+{> f�,
gI +{> f�,

@ ^f�I +{> f�,`
gSES��
S �

] gSES��
S

I +{> f�,gf� .

] gSES��
S

I +{> f�,gf�

@ gf+f�,I +{> gf+f�,,= +6,

Wkhq/ e| lqwhjudwlqj wkh vhfrqg lqwhjudo lq wkh vtxduh eudfnhwv lq +4,/ zh jhw=

] S

gSES��+f� .
I +�{> f�,

i+�{> f�,
,gI +{> f�, @ ^f� .

I +�{> f�,

i+�{> f�,
`^4� I +{> gf+f�,,`= +7,

Qrz/ e| soxjjlqj +6, dqg +7, edfn lqwr +4,/ dqg wkhq idfwrul}lqj/ zh jhw=

F
�+{, @

] S

S

�
^gf+f�,� f� �

I +�{> f�,

i+�{> f�,
`I +{> gf+f�,, . +f� .

I +�{> f�,

i+�{> f�,
,

�
gI +�{> f�,=

E| wkh gh�qlwlrq ri gf+f�, lq +5,/ wkh �uvw whup ri wkh lqwhjudqg ehfrphv

^gf+f�,� f� �
I +�{> f�,

i+�{> f�,
`I +{> gf+f�,, @ �

I +{> gf+f�,,2
i+{> gf+f�,, =

Pruhryhu/ e| lqwhjudwlqj wkh vhfrqg whup ri wkh lqwhjudqg zh jhw

] 7S

S

�
f� .

I +�{> f�,

i+�{> f�,

�
gI +�{> f�, @ f=

Khqfh/ F�+{, fdq eh zulwwhq dv

F
�+{, @ f�

] S

S

I +{> gf+f�,,2
i+{> gf+f�,, gI +�{> f�,=
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Gh�qh L+{> f�, �
8 E%cgSES���2
sE%cgSES��� 1 Wr frpsohwh wkh surri lv hqrxjk wr vkrz wkdw

U S
S L+{> f�,gI +�{> f�, lv

lqfuhdvlqj lq {1

Zh fdq vsolw wkh surri lq wzr vwhsv= 4, Surri wkdw
U S
S L+{> f�,

YsE3%cS��

Y%
gf� � 31

E| Dvvxpswlrq 4/
U S
S

YsE3%cS��

Y%
gf� @

Y8 E3%cS��

Y%
? 31 Wkh erxqgdu| frqglwlrq/

U S
S

YsE3%cS��

Y%
gf� @ 3/

lpsolhv wkdw
U S
S

YsE3%cS��

Y%
gf� A 31 Wklv phdqv wkdw wkhuh pxvw eh 5Q � 4 fxwr� srlqwv/ vxfk wkdw

YsE3%cS��

Y%
mS�'SV @ 3/ zkhuh � @ 4> � � � > 5Q � 41 E| hpsor|lqj wkhvh fxw r� srlqwv/ wkh vxssruw ri f

fdq eh sduwlwlrqhg lq 5Q lqwhuydov

] S

S

Ci+�{> f�,

C{
gf� @

] S�

S

Ci+�{> f�,

C{
gf� .

] S2

S�

Ci+�{> f�,

C{
gf� . � � �.

] S

S2�3�

Ci+�{> f�,

C{
gf� @ 3=

Li zh ghqrwh hdfk lqwhjudo e| !&/ wkh htxdwlrq fdq eh uhzulwwhq dv !� . !2 . � � � . !2� @ 31

Khqfh/ 3 A
S5

&'� !& @ �
S2�

&'5n� !&> ; 4 ? } ? 5Q � 41 Wkhuhiruh/ !2&3� ? 3 dqg !2& A 3/

; n @ 4> � � � >Q 1 Qrz=

] S

S

L+f�,
Ci+�{> f�,

C{
gf�

@

] S�

S

L+f�,
Ci+�{> f�,

C{
gf� .

] S2

S�

L+f�,
Ci+�{> f�,

C{
gf� . � � �.

] S

S2�3�

L+f�,
Ci+�{> f�,

C{
gf�

A L+f�,!� . L+f�,!2 . L+f�,!� . L+f�,!e . � � �. L+f2�3�,!2�3� . L+f2�3�,!2�

� ^L+f�,� L+f�,`
2[

&'�

!& . ^L+f�,� L+fD,`
e[

&'�

!& . � � �. ^L+f2�3�,� L+f2�3�,`
2�32[
&'�

!&

A 3=

Wkh �uvw lqhtxdolw| iroorzv iurp wkh idfw wkdw L+f, lv dq lqfuhdvlqj ixqfwlrq/ dqg wkdw !2&3� ? 3

dqg !2& A 31 Wr vhh wkdw wkh vhfrqg olqh lv htxlydohqw wr wkh wklug/ dgg dqg vxewudfw iurp wkh wklug

olqh L+f2�3�,+!2�3�.!2� ,/ xvh wkh idfw wkdw L+f2�3�,
S2�

&'� !& @ 3/ dqg uhduudqjh whupv1 Ilqdoo|/

wkh odvw lqhtxdolw| iroorzv djdlq iurp wkh idfw wkdw L+f, lv lqfuhdvlqj/ dqg iurp
S5

&'� !& ? 3> ; }1

5, Surri wkdw
U S
S

YUE%cS��

Y%
gI +�{> f�, � 31 Lw lv vx�flhqw wr suryh wkdw

YUE%cS��

Y%
� 31 Dvvxpswlrq 5

hqvxuhv wkdw wklv lv wkh fdvh1 Qrwh wkdw gxh wr wkh hqyhorsh wkhruhp zh gr qrw kdyh wr frqvlghu

wkh h�hfw ri { rq gf+f�,1 T1H1G1
Surri ri Ohppd 7= Ohw m eh wkh dgydqwdjhg �up1 Zh uhzulwh F7��+{, dv

F
7��+{, @

] S

S

%] S�

S

f�gI +{> f�, .

] S

S�

f�gI +{> f�,

&
gI +�{> f�,= +8,

Lq rughu wr vlpsoli| +8,/ zh �uvw lqwhjudwh wkh wzr lqwhjudov lq wkh vtxduh eudfnhwv=] S�

S

f�gI +{> f�, @ f�I +{> f�,> +9,

] S

S�

f�gI +{> f�, @ f� f�I +{> f�,�

] S

S�

I +{> f�,gf�= +:,

45



Qrz/ e| soxjjlqj +9, dqg +:, edfn lqwr +8,/ zh jhw=

F
7��+{, @ f�

] S

S

%] S

S�

I +{> f�,gf�

&
gI +�{> f�,

@ f�

%
^

] S

S�

I +{> f�,gf� `I +�{> f�,

&S
S

�

] S

S

I +{> f�,I +�{> f�,gf�

@ f�

] S

S

I +{> f�,I +�{> f�,gf�=

Wkh uhvxow rewdlqv e| fkhfnlqj wkdw/ gxh wr Dvvxpswlrqv 4 dqg 5/ I +{> f�,I +�{> f�, lv ghfuhdvlqj

lq {+g,1 T1H1G1

�TTi?_� �

Frqvlghu wkh iroorzlqj ghqvlw| ixqfwlrq i+{> f, @ 4.{� 5{f gh�qhg ryhu f 5 ^3> 4` dqg { 5 ^�4> 4`1

Qrwlfh wkdw zkhq qr �up kdv d frpsdudwlyh dgydqwdjh +l1h1/ { @ 3,/ wkh ghqvlw| ixqfwlrq lv uhgxfhg

wr d vwdqgdug xqlirup1 Lw lv vwudljkwiruzdug wr vkrz wkdw lw vdwlv�hv wkh dvvxpswlrqv ri wkh prgho=

Dvvxpswlrq 4 { A | @, I +{> f, @ +4 . {,f� {f2 A +4 . |,f� |f2=

Dvvxpswlrq 5 Y
Y%

k
8 E%cS�

sE%cS�

l
@ S2

E�n%32%S�2
A 3=

Dvvxpswlrq 6
YsE%cS�

Y%
@ 4� 5f @ �

YsE3%cS�

Y%
=

Dvvxpswlrq 7 Y
YS

k
8 E%cS�

sE%cS�

l
@

d�nE�3S�2on%2S2

E�n%32%S�2
A 3=
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