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Devwudfw

Wklv sdshu orrnv dw wkh g|qdplf pdqdjhphqw ri ulvn lq dq hfrqrp|

zlwk glvfuhwh wlph frqvxpswlrq dqg hqgrzphqwv dqg frqwlqxrxv wudg0

lqj1 L vwxg| krz djhqwv lq vxfk dq hfrqrp| ghdo zlwk doo wkh ulvn lq

wkh hfrqrp| dqg dwwdlq wkhlu Sduhwr rswlpdo doorfdwlrqv e| wudglqj lq

d ihz qdwxudo vhfxulwlhv= sulydwh lqvxudqfh frqwudfwv dqg d frpprq vhw

ri ghulydwlyhv rq wkh djjuhjdwh hqgrzphqw1 Wkh sduvlprqlrxv qdwxuh

ri wkh lpsolhg vhfxulwlhv qhhghg iru Sduhwr rswlpdolw| vxjjhvwv wkdw lq

vxfk frqwh{wv frpsohwh pdunhwv lv d yhu| uhdvrqdeoh dvvxpswlrq1

Nh|zrugv= ulvn0vkdulqj/ lqvxudqfh/ khgjlqj/ srlqw0surfhvvhv/ frpsohwh

pdunhwv/ jhqhudo htxloleulxp

MHO Fodvvl�fdwlrq= G;4/ G<</ J44
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� W?|hL_�U|�L?

Lq Mdqxdu| 4<<7 dq hduwktxdnh ri pdjqlwxgh 91: vkrrn Qruwkulgjh/ dq xuedq

qhljkerukrrg ri Orv Dqjhohv/ fdxvlqj ryhu 46 eloolrq grooduv lq gdpdjh1 Wkh

Qruwkulgjh hduwktxdnh lv rqh ri d qxpehu ri qdwxudo fdwdvwurskhv wr kdyh

klw wkh X1V1 lq wkh uhfhqw sdvw> pdq| pruh zloo vxuho| rffxu lq wkh qhdu

ixwxuh1 Wkh ulvn suhvhqwhg e| vxfk skhqrphqd kdv ehhq dqdo|}hg iurp wzr

gl�huhqw shuvshfwlyhv= lqvxudqfh dqg �qdqfh1 L sursrvh wr frqvwuxfw d prgho

wkdw doorzv ph wr frpelqh erwk shuvshfwlyhv dqg ehwwhu xqghuvwdqg zkdw lw

wdnhv wr pdqdjh ulvnv g|qdplfdoo| dqg krz sodxvleoh lw lv iru pdunhwv wr eh

frpsohwh1

Iurp wkh lqvxudqfh shuvshfwlyh/ wkh pdlq ulvn iurp dq hduwktxdnh lv wkdw/

jlyhq dq| �{hg lqvxudqfh suhplxp/ dfwxdo �xfwxdwlrqv lq fodlpv zloo dw vrph

srlqw h{fhhg wkh dprxqw froohfwhg iurp wkh suhpld1 Iurp Pdolqydxg +4<:5/

4<:6,/ d vljql�fdqw sduw ri wkh olwhudwxuh rq lqvxudqfh kdv ghdow zlwk krz gr

lqvxudqfh pdunhwv zrun ghvslwh wklv ulvn1 Pdolqydxg vkrzhg wkdw wklv ulvn lv

plqlpl}hg lq lqgxvwulhv zkhuh wkhuh duh d yhu| odujh qxpehu ri lqghshqghqw

lqglylgxdo ulvnv dqg zkhuh/ dv zh nqrz iurp wkh Odz ri Odujh Qxpehuv

+OOQ,/ dfwxdo fodlpv zloo gl�hu yhu| olwwoh iurp h{shfwhg fodlpv1 Qdwxudo

glvdvwhuv srvh d fkdoohqjh ehfdxvh wkh lqglylgxdo ulvnv ehlqj fryhuhg duh

lqwulqvlfdoo| qrw lqghshqghqw1 Wklv sureohp lv qrw h{foxvlyh wr fdwdvwursklf

lqvxudqfh exw lv d jhqhulf surshuw| ri hfrqrplf vlwxdwlrqv lq zklfk wkhuh

lv d vxevwdqwldo frpsrqhqw ri ulvn lq wkh djjuhjdwh1 Fdvv/ Fklofklqlqvn|/

dqg Zx +4<<9, sursrvhg d zd| wr ghdo zlwk wklv ulvn e| kdylqj dgglwlrqdo

vhfxulwlhv wr ghdo zlwk wkh djjuhjdwh frpsrqhqw ri ulvn dv zhoo dv sulydwh

lqvxudqfh frqwudfwv1 Hoolfnvrq dqg Shqdoyd +4<<:, ghdo zlwk wklv e| doorzlqj

wkh srvvlelolw| wkdw dfflghqwv kdsshq judgxdoo| dv sduw ri d surfhvv wkdw

xqirogv ryhu wlph1

Wkh vhfrqg dssurdfk lv wkh �qdqfh shuvshfwlyh1 Iurp wklv shuvshfwlyh

wkh ulvn srvhg e| qdwxudo fdwdvwurskhv lv mxvw dqrwkhu ulvn zklfk dssursul0

dwho| vhfxulwl}hg dqg wudghg fdq eh ghdow zlwk wkurxjk rswlpdo sruwirolr

glyhuvl�fdwlrq/ dv zh nqrz iurp Pdunrzlw} +4<85, dqg wkh olwhudwxuh rq

wkh Fdslwdo Dvvhw Sulflqj Prgho +FDSP/ Euhhghq +4<:<,/ Gx�h dqg ]dph

+4<;<,,1 Iurp wklv shuvshfwlyh/ hduwktxdnh ulvn lv lq qr zd| gl�huhqw iurp

wkh ulvn ri elrwhfkqrorjlfdo lqqrydwlrq ru prylh0pdnlqj= lw lv mxvw dq xq0

olnho| hyhqw zlwk d yhu| kljk +ru orz, srvvleoh sd|r�1 Dv vxfk/ lw fdq hdvlo|

eh lqfrusrudwhg dv d vpdoo sursruwlrq ri d zhoo glyhuvl�hg sruwirolr1 Wkh nh|

dvshfw iurp wkh �qdqfh srlqw ri ylhz lv wkdw wkhuh eh hqrxjk vhfxulwlhv wr

ghdo zlwk doo wkh srvvleoh ulvnv/ l1h1 pdunhwv duh frpsohwh +Gx�h dqg Kxdqj

+4<;8,/ Gx�h dqg ]dph +4<;<,,1
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Wkh dssurdfk L wdnh lq wklv sdshu exlogv rq wkh lqvxudqfh dssurdfk ri

Fdvv/ Fklofklqlqvnl/ dqg Zx/ dqg ri Hoolfnvrq dqg Shqdoyd wkdw orrnv dw

wkh ruljlq ri wkh ulvn dqg lwv uroh dw wkh ohyho ri wkh lqglylgxdo wr h{whqg

wkh uhvxowv ri wkh rswlpdo ulvn vkdulqj olwhudwxuh +Zlovrq/ Gldprqg/ Pdfh/

dqg Wrzqvhqg, lq wkh frqwh{w ri d frqwlqxrxv wudglqj hfrqrp| dv lq Gx�h

dqg ]dph1 Wkh pdlq uhvxow lv d yhu| sduvlprqlrxv ghvfulswlrq ri rswlpdo

wudglqj ehkdylrxu/ vxjjhvwlqj wkdw pdunhwv zloo eh frpsohwh1

2 A�i 6h@4i�Lh!

Lq wklv vhfwlrq L zloo ghvfuleh wkh pdlq hohphqwv wkdw gh�qh wkh iudphzrun

dqg lqwurgxfh wkh hfrqrplf sulplwlyhv dqg qhfhvvdu| qrwdwlrq wkdw L zloo

xvh odwhu wr vwxg| krz djhqwv xvh pdunhwv wr vkduh ulvnv1

2�� O)Mh�_ A�4i

L prgho wlph rq wzr vfdohv/ d glvfuhwh rqh iru frqvxpswlrq dqg d frqwlqxrxv

rqh iru vhfxulw| wudglqj1 Wklv dssurdfk frpelqhv wkh ehqh�wv ri h{lvwlqj frq0

wlqxrxv wlph dqg glvfuhwh wlph prghov lq d vlqjoh iudphzrun/ zkloh dyrlglqj

vrph ri wkh sureohpv zlwk prgholqj wlph hlwkhu dv frqwlqxrxv ru dv glvfuhwh1

Wkh dssurdfk L sursrvh lv d jhqhudol}dwlrq ri wkh iudphzrun �uvw xvhg wr

vwxg| frqwlqxrxv sulflqj dqg wudglqj +vhh wkh vxuyh| e| Phuwrq ^4<<3`,1 Wkh

iudphzrun wkh| xvhg lv wr kdyh wlph gh�qhg ryhu d �qlwh lqwhuydo1 Frqvxps0

wlrq dqg hqgrzphqwv zrxog wdnh sodfh dw wzr glvfuhwh gdwhv/ wkh ehjlqqlqj

+fdoo lw gdwh 3, dqg wkh hqg ri wkh shulrg +gdwh W ,/ dqg vhfxulw| wudglqj dqg

sulflqj wrrn sodfh dw dq| gdwh zlwklq wkh shulrg1 Wkhvh prghov ghvfuleh

xqfhuwdlqw| dv d vwrfkdvwlf surfhvv rq wkh lqwhuydo ehwzhhq 3 dqg W 1 Wkh

juhdw dgydqwdjh ri wkhvh prghov lv wkdw xqfhuwdlqw| lv uhyhdohg judgxdoo|1

Wklv lpsolhv wkdw djhqwv fdq pdqdjh d juhdw ghdo ri xqfhuwdlqw| li wkh| duh

doorzhg wr wudgh riwhq hyhq li lw lv lq d �qlwh qxpehu ri vhfxulwlhv1 Dovr/

vxfk prghov zloo kdyh d Zdoudvldq htxloleulxp dqg wkh htxloleulxp fdq eh

lpsohphqwhg dv d vhfxulw| pdunhw htxloleulxp1 Wklv lv ehfdxvh ri wkh vshfldo

surshuwlhv ri wkh YrqQhxpdqq0Prujhqvwhuq h{shfwhg xwlolw| uhsuhvhqwdwlrq

ri suhihuhqfhv1 Rq wkh sudfwlfdo vlgh/ wkhvh prghov kdyh ehhq yhu| xvhixo iru

sulflqj vwrfnv dqg �qdqfldo ghulydwlyhv/ vxfk dv rswlrqv/ zklfk duh wudghg

frqwlqxrxvo| lq wkh vwrfn h{fkdqjh1

Wkh wzr gdwh frqvxpswlrq prgho fdqqrw eh xvhg wr vwxg| g|qdplf

hfrqrplhv1 Dprqj rwkhu wklqjv/ vxfk prghov duh lqvx�flhqw iru wkh vwxg|

ri wkh whup vwuxfwxuh ri lqwhuhvw udwhv1 D vroxwlrq lv wr doorz djhqwv wr

kdyh hqgrzphqwv dqg frqvxph dw lqwhuphgldwh gdwhv1 Qhz prghov zhuh
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lqwurgxfhg lq zklfk djhqwv kdg hqgrzphqwv dqg frxog frqvxph dw hyhu|

lqwhuphgldwh gdwh1 Wkhvh prghov kdyh ehhq h{whqvlyho| vwxglhg dqg xvhg1

Exw lqwurgxflqj frqvxpswlrq dqg hqgrzphqwv ryhu frqwlqxrxv wlph srvhv

vhulrxv sureohpv iru lpsohphqwdwlrqv/ erwk lq whupv ri wkh uljkw suhihuhqfhv

wr xvh dqg wkh lqwhusuhwdwlrq ri hqgrzphqwv dv �rzv ri frpprglwlhv wkdw

duh wrwdoo| hskhphudo= frpprglwlhv rqo| h{lvw gxulqj wkh lqvwdqw lq wlph dw

zklfk wkh| duulyh lq wkh hfrqrp|1

Wkhvh sureohpv gr qrw dulvh lq prghov wkdw ghvfuleh wlph xvlqj d glv0

fuhwh vfdoh1 Lw lv yhu| hdv| wr zulwh grzq suhihuhqfhv iru glvfuhwh wlph prghov

zklfk duh uhodwlyho| hdv| wr zrun zlwk dqg wkhlu zhoiduh surshuwlhv duh zhoo0

xqghuvwrrg1 Dovr/ hqgrzphqwv dqg frpprglwlhv duh yhu| hdv| wr lqwhusuhw

xvlqj h{lvwlqj gdwd1 Wkhvh dgydqwdjhv h{sodlq zk| glvfuhwh wlph prghov duh

xvhg wr vwxg| pdq| dvshfwv ri g|qdplf hfrqrplhv= jurzwk/ xqhpsor|phqw/

lqyhvwphqw/ lq�dwlrq/ 111 Lw lv idlu wr vd| wkdw glvfuhwh prghov duh wkh pdlq

lqjuhglhqw ri grzq0wr0hduwk dssolhg zrun lq hfrqrplfv1 Xqiruwxqdwho|/ lw lv

yhu| gl�fxow wr xvh wkhvh glvfuhwh wlph prghov wr vwxg| sulflqj dqg wudg0

lqj lq �qdqfldo pdunhwv wkdw duh frqwlqxrxvo| rshq1 Dovr/ djhqwv odfn wkh

wudglqj rssruwxqlwlhv dydlodeoh zlwk frqwlqxrxv wlph prghov dqg khqfh wkh

dvvxpswlrq ri frpsohwh pdunhwv lv kdug wr mxvwli|1

Lq wklv sdshu L sursrvh d sduwlfxodu zd| wr frpelqh glvfuhwh wlph zlwk

frqwlqxrxv wlph �qdqfh lq d frkhuhqw zd| dqg lq d zd| wkdw wdnhv dgydq0

wdjh ri wkh ehqh�wv ri erwk frqwlqxrxv wlph �qdqfh prghov dqg glvfuhwh wlph

hfrqrplf rqhv1 Wkh nh| lv wr wdnh dgydqwdjh ri wkh vhsdudwlrq ri wkh rs0

wlpdo frqvxpswlrq sureohp dqg wkh zhdowk doorfdwlrq sureohp1 Zlwk wklv/

wkh hfrqrp| fdq eh gh�qhg rq wzr wlph vfdohv1 Wkh rswlpdo frqvxpswlrq

sureohp lv gh�qhg lq glvfuhwh wlph +yld suhihuhqfhv dqg frqvxpswlrq frp0

prglwlhv, dqg djhqwv pdnh wkhlu zhdowk doorfdwlrq ghflvlrqv lq frqwlqxrxv

wlph/ yld vhfxulw| pdunhwv wkdw duh rshq ehwzhhq frqvxpswlrq gdwhv1

2�2 �@h!i_ �L�?| �hLUittit

Wkh vhfrqgpdlq hohphqw L sursrvh wr xvh lv Pdunhg Srlqw Surfhvvhv +PSSv,1

PSSv kdyh ehhq vxevwdqwldoo| xvhg lq wkh �qdqfh olwhudwxuh wr ghvfuleh wkh

g|qdplfv ri vhfxulw| sulfhv dqg glylghqg surfhvv1 L sursrvh wr xvh lw dv

wkh zd| wr prgho wkh ixqgdphqwdo/ xqghuo|lqj xqfhuwdlqw| lq wkh hfrqrp|1

Ehfdxvh vhfxulw| sulfhv zloo uh�hfw wkdw xqfhuwdlqw|/ wkhlu g|qdplfv zloo eh

ghwhuplqhg e| wkh surshuwlhv ri wkh xqghuo|lqj PSS/ exw wkh| zloo dovr eh

d�hfwhg e| hfrqrplf frqvlghudwlrqv1 Wklv dssurdfk iroorzv wkh wudglwlrq ri

wkh jhqhudo htxloleulxp wuhdwphqw ri dvvhw sulfhv/ dqg ghsduwv iurp wkh pruh

sxuh pdwkhpdwlfdo dssurdfkhv wkdw wdnh sulfhv dqg sulfh g|qdplfv dv jlyhq1
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Dv L kdyh ghvfulehg lq wkh lqwurgxfwlrq/ wkh glvfuhwh qdwxuh ri wkh sur0

fhvvhv L zlvk wr vwxg| uhtxluhv d gl�huhqw pdwkhpdwlfdo uhsuhvhqwdwlrq wkdq

wkh pruh xvxdo Eurzqldq Prwlrq1 Wkdw lv zk| L xvh PSSv1 PSSv duh

frqwlqxrxvo| uhyhdolqj lqirupdwlrq exw wkh| gl�hu iurp Eurzqldq prwlrq lq

wkdw iru wkh prvw sduw wkh lqirupdwlrq ehlqj uhyhdohg lv ri wkh irup= cqrwklqj

qhz kdv kdsshqhg*1 PSSv kdyh douhdg| ehhq xvhg lq �qdqfh +Ddvh^4<<6`/

Fr{ dqg Urvv^4<:9`/ Phuwrq^4<<3`, exw wkh dssurdfk L wdnh lv voljkwo| gli0

ihuhqw lq wkdw lqvwhdg ri dvvxplqj wkdw sulfhv ru glylghqgv iroorz d pdunhg

srlqw surfhvv/ L zloo dvvxph wkdw PSSv ghvfuleh wkh sulplwlyh xqfhuwdlqw|

lq wkh hfrqrp|1 Wkh uhdvrq L zlvk wr irfxv rq PSSv lv wzr0irog= wkh| duh

pruh sudfwlfdo dqg wkh| duh d ehwwhu ghvfulswlrq ri wkh nlqgv ri vkrfnv zh

revhuyh lq uhdo hfrqrplhv1

PSSv duh d jhqhudol}dwlrq ri Srlvvrq surfhvvhv1 Wkh fodvvlf h{dpsoh lv

wkh duulydo ri fxvwrphuv wr d edqn whoohu*v zlqgrz1 D fxvwrphu fdq duulyh

dw wkh zlqgrz dw dq| srlqw lq wlph1 Wkrvh udqgrp wlphv duh ghvfulehg e|

d Srlvvrq surfhvv1 PSSv ehkdyh lq pxfk wkh vdph zd|/ exw wkh| jhqhu0

dol}h Srlvvrq lq wzr zd|v= �uvw/ wkh duulydo udwh grhv qrw kdyh wr eh wlph0

lqghshqghqw/ vr wkdw dw dq| jlyhq wlph wkh suredelolw| ri dq duulydo ryhu wkh

qh{w wlph lqwhuydo fdq ghshqg rq zkdw kdv kdsshqhg xs xqwlo wkh wlph ri wkh

duulydo> dqg vhfrqg/ PSSv doorzv frglqj dgglwlrqdo lqirupdwlrq derxw wkh

duulydo/ vxfk dv zkhwkhu wkh fxvwrphu zdqwv wr pdnh d ghsrvlw/ zlwkgudz

fdvk/ rshq d qhz dffrxqw/ hwf1 Wkh duulydo wlphv duh fdoohg mxps wlphv dqg

wkh dgglwlrqdo lqirupdwlrq ghvfulelqj dq duulydo wlph lv fdoohg wkh pdun ri

wkh mxps1

Wkhvh surshuwlhv ri PSSv pdnh wkhp lghdoo| vxlwhg iru ghdolqj zlwk wkh

nlqg ri lqirupdwlrq duulydo qhhghg lq sudfwlfdo hfrqrplf dssolfdwlrqv1 Wkh

pdlq h{dpsohv L zloo eh zrunlqj zlwk lq wklv sdshu duh lqvxudqfh pdunhwv1

Lq vxfk d frqwh{w/ wkh nlqg ri lqirupdwlrq ghvfulehg e| dq PSS lv wkh rf0

fxuuhqfh ri dq dfflghqw= d fdu dfflghqw/ wkh gldjqrvlv ri d pdoljqdqw wxpru/

dq hduwktxdnh1 Lq rwkhu frqwh{wv/ wkh PSS fdq ghvfuleh wkh glvfryhu| ri d

qhz whfkqrorj|/ wkh ghvwuxfwlrq ri d kduyhvw e| d sduwlfxoduo| vwurqj vwrup/

fkdqjhv lq wd{ odzv/ wkh dqqrxqfhphqw ri dq lqwhuhvw udwh lqfuhdvh/ hwf1

Wkh xqfhuwdlqw| vxuurxqglqj wkhvh nlqgv ri dssolfdwlrqv lv sduwlfxoduo| zhoo

vxlwhg wr PSSv1

Dovr/ PSSv duh hdvlhu wr zrun zlwk wkdq glixvvlrq surfhvvhv olnh Eurz0

qldq Prwlrq1 Wkh vwrfkdvwlf fdofxoxv ri PSSv xvhv vwdqgdug Ohehvjxh0

Vwlhowmhv lqwhjudwlrq/ dqg wkh sdwkv iroorzhg e| dq PSS kdyh yhu| lqwxlwlyh

ghvfulswlrqv= wkh sdwk ri d pdunhg srlqw surfhvv lv hqwluho| ghvfulehg e| d

olvw ri wkh wlphv dw zklfk d mxps wrrn sodfh dqg wkh w|sh ri mxps wkdw wrrn

sodfh1
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PSSv frpelqhg zlwk k|eulg wlph surylgh wkh hvvhqwldo hohphqwv zlwk

zklfk wr frqvwuxfw d wkhruhwlfdo iudphzrun wkdw lv erwk jhqhudo dqg dssolfdwlrq0

iulhqgo|1

2�� A�i ,UL?L4�U �h�4�|��it

Lq wklv vhfwlrq L zloo suhvhqw wkh irupdo ghvfulswlrq ri wkh iudphzrun1 Lw frq0

vlvwv ri d g|qdplf h{fkdqjh hfrqrp| zlwk xqfhuwdlqw|/ d vlqjoh frpprglw|�

dw hdfk gdwh0hyhqw/ dqg d �qlwh qxpehu ri djhqwv1

Dvvxpswlrq 4 Q lv d PSS/ zkhuh

Q+w, @ +Q�+w,>Q2+w,> = = = >Qg+w,,>

lv d yhfwru ri frxqwlqj ixqfwlrqv/ Q&+w,/ ghvfulehv wkh qxpehu ri mxpsv ri

w|sh n wkdw kdyh wdnhq sodfh xs wr dqg lqfoxglqj wlph w 5 W =@ ^3> W ` +W fdq

eh hlwkhu �qlwh ru lq�qlwh,1 Q dgplwv d erxqghg lqwhqvlw|/ �1 Ohw 
 eh wkh

vsdfh ri doo srvvleoh sdwkv ri wkh PSS Q1 Q ghvfulehv d �owudwlrq rq 
/

I =@ +I|,|M9 >

zkhuh2 I| =@ �+Q+v,> v � w,/ dqg I @ ^|M9 I|1 Ohw S d suredelolw| phdvxuh

rq +
>I,1 Wkh ixqgdphqwdo xqfhuwdlqw| lq wkh hfrqrp| lv ghvfulehg e|

+
>I > S>I,1

Wklv dvvxpswlrq ghvfulehv wkh nlqg ri xqfhuwdlqw| idflqj wkh hfrqrp|1

Wkh pdlq wklqjv wr qrwh duh=

� Xqfhuwdlqw| lv h{rjhqrxv1 Wklv dvvxpswlrq lv txlwh uhvwulfwlyh exw lv

wkh qhfhvvdu| vwduwlqj srlqw1 Lw suhfoxghv sureohpv wkdw lqyroyh prudo

kd}dug dqg dgyhuvh vhohfwlrq/ exw vxfk lvvxhv duh gl�fxow iru jhqhudo

htxloleulxp iudphzrunv pruh jhqhudoo|1

� E| dvvxplqj wkdw Q dgplwv dq lqwhqvlw|/ L dp olplwlqj wkh udwh dw

zklfk dfflghqwv fdq wdnh sodfh1 Wkh yhu| qrwlrq ri d udwh lv lqwlpdwho|

olqnhg wr wkh lqwhqvlw| +vhh Euhpdxg^4<;4`,1

� D erxqghg lqwhqvlw| phdqv wkdw dfflghqwv duh vsuhdg rxw ryhu ^3> W `1

Wklv hqvxuhv wkdw zlwk suredelolw| rqh/ wkh qxpehu ri mxpsv lq dq|

�qlwh wlph lqwhuydo zloo eh �qlwh1
�A�i uh@4i�Lh! �@t Mii? i |i?_i_ |L _i@* ��|� @?) �?�|i ?�4Mih Lu UL44L_�|�it �
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Wkh iroorzlqj gh�qlwlrq zloo eh xvhixo odwhu1 Ghqrwh

P&+w, =@ Q&+w,�

]
|

f

�&+v,gv>

dv wkh fdqrqlfdo pduwlqjdohv�1 D surfhvv {+w, lv d pduwlqjdoh zlwk uhvshfw wr

phdvxuh S dqg �owudwlrq +I|,rDf/ li lw lv phdvxudeoh zlwk uhvshfw ri +I|,rD|/

H� ^m{+w,m` ? 4 iru doo w/ dqg iru doo v � w/ H� ^{+w,mIr` @ {+v,1 P&+w, lv d

S 0pduwlqjdoh dqg wkh P&*v irup d edvlv iru wkh vsdfh ri S 0pduwlqjdohve1

Dvvxpswlrq 5 Wkh frpprglw| vsdfh/ O/ lv wkh vsdfh ri devroxwho| erxqghg

uhdo0ydoxhg ixqfwlrqvD rq 
�W/ phdvxudeoh rq I| iru doo w 5 W =@ i3> 4> = = = > Wj/

wkh lqgh{ vhw ri frqvxpswlrq gdwhv

O =@ O
"
+
,A @ i{ m{ = 
�W$ U> {+w, 5 I|> erxqghg ;w 5 Wj=

Wkh gxdo ri O +wkh vsdfh ri sulfhv, lv ghqrwhg OW =@ O�+
,
A dv L xvh wkh

Pdfnh| wrsrorj|1

Wkh PSS hqwhuv wkh ghvfulswlrq ri wkh hfrqrp| lq wkh gh�qlwlrq ri wkh

frpprglw| vsdfh/ e| pdnlqj frpprglwlhv eh ixqfwlrqv iurp wkh suredelolw|

vsdfh1 Dovr wkh lqirupdwlrq uhyhdohg e| wkh PSS d�hfwv wkh frpprglw|

vsdfh ehfdxvh frpprglwlhv dw gdwh w 5 W kdyh wr eh phdvxudeoh zlwk uhvshfw

wr wkh �owudwlrq jhqhudwhg e| Q xs wr w/ I|1

Dvvxpswlrq 6 Wkhuh duh q ?4 djhqwv lqgh{hg e| l 5 L =@ i4> 5> = = = > qj1

Hdfk djhqw lv ghvfulehg e| d frqvxpswlrq vhw/ [� @ On/ dq hqgrzphqw/

z� 5 On/ dqg YrqQhxpdq0Prujhqvwhuq suhihuhqfhv ri wkh irup

X�+{, @
[
|MA

�|�H� ^x�+{+w,,`>

zkhuh x�+{, lv d prqrwrqh lqfuhdvlqj/ frqfdyh uhdo0ydoxhg ixqfwlrq1 Ghqrwh

wkh djjuhjdwh hqgrzphqw e| z @
S

�MU z�1 z A 3 S 0d1v1
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Qrwh wkdw L dp dvvxplqj djhqwv kdyh frpprq sulruv1 Wklv dvvxpswlrq

zloo eh lpsruwdqw lq vhfwlrq 71 Wkh dvvxpswlrqv rq hqgrzphqwv/ frqvxps0

wlrq vhwv dqg suhihuhqfhv duh txlwh vwdqgdug1

Wklv hfrqrp| lv frpsohwho| ghvfulehg e| H =@ +O> +X�> z�,�MU,1 H lv d

yhu| vlpsoh/ dqg zhoo0ehkdyhg hfrqrp| dv zh zloo vhh lq wkh qh{w vhfwlrq1

� , �t|i?Ui Lu ,^��*�Mh��4

Wklv vhfwlrq orrnv dw wkh zhoiduh surshuwlhv ri wkh hfrqrp| dqg hvwdeolvkhv

wkdw d Zdoudvldq htxloleulxp fdq eh lpsohphqwhg dv d Udgqhu htxloleulxp1

Wklv lv hvvhqwldo ehfdxvh lw surylghv wkh olqn ehwzhhq Zdoudvldq htxloleulxp

dqg d Udgqhu htxloleulxp1 Lq sduwlfxodu/ lw zloo fkdudfwhul}h vhfxulw| sulfhv

dqg wudglqj zklfk L qhhg wr hvwdeolvk wkh uhodwlrqvkls ehwzhhq ulvn vkdulqj

djuhhphqwv lq wkh Zdoudvldq htxloleulxp dqg wkh zd| djhqwv wudgh lq d

vhfxulw| pdunhwv htxloleulxp wr lpsohphqw wkrvh djuhhphqwv1

Wkh glvfuhwh wlph hfrqrp| kdv yhu| zhoo0xqghuvwrrg surshuwlhv/ lq sdu0

wlfxodu/ wkh wzr ixqgdphqwdo wkhruhpv ri zhoiduh hfrqrplfv krog dqg dq

htxloleulxp h{lvwv1 Exw zkdw lv prvw lqwhuhvwlqj iurp wkh srlqw ri ylhz ri

grzq0wr0hduwk dssolfdwlrqv lv wkh uhodwlrqvkls ehwzhhq wkh uhvxowv iru wkh

vwdwh0frqwlqjhqw frpprglw| hfrqrp| dqg wkh rqh zlwk �qdqfldo pdunhwv1 L

zloo vkrz wkdw dq| Zdoudvldq htxloleulxp ri wkh vwdwh0frqwlqjhqw frpprglw|

wudglqj hfrqrp| fdq eh lpsohphqwhg dv d vhfxulw| wudglqj htxloleulxp1 Iru

wklv L dgdsw wkh uhvxow lq Gx�h dqg Kxdqj^4<;8` wr ghdo zlwk lqwhuphgldwh

frqvxpswlrq lq wkh k|eulg wlph iudphzrun1

��� �hhL��#iMhi� ,^��*�Mh��4

Zkhq vhwwlqj xs d jhqhudo prgholqj iudphzrun dv L sursrvh wr gr khuh/

rqh zdqwv wr hqvxuh wkdw wkh iudphzrun kdv fhuwdlq surshuwlhv1 Nh| surs0

huwlhv duh zkhwkhu wkh wzr ixqgdphqwdo wkhruhpv ri zhoiduh hfrqrplfv krog/

l1h1/ zkhwkhu dq htxloleulxp lv Sduhwr rswlpdo/ zkhwkhu d Sduhwr rswlpdo

doorfdwlrq fdq eh ghfhqwudol}hg dv dq htxloleulxp/ dqg zkhwkhu d Zdoudvldq

htxloleulxp h{lvwv1 Wkhvh surshuwlhv duh jhqhudoo| zhoo0xqghuvwrrg exw zh

zloo qhhg wr uhihu wr wkhp zkhq dqdo|}lqj wkh hfrqrp| zlwk �qdqfldo pdu0

nhwv1

D Zdoudvldq htxloleulxp lv dq doorfdwlrq ri uhvrxufhv dqg d sulfh iru

frpprglwlhv vxfk wkdw hdfk djhqw lv dvvljqhg dq doorfdwlrq lq khu exgjhw

frqvwudlqw vxfk wkdw vkh fdqqrw eh ehwwhu r� e| dgglwlrqdo wudglqj1 Vxfk

doorfdwlrqv duh olplwhg lq wkdw wkh| fdqqrw h{kdxvw dydlodeoh uhvrxufhv1 Wklv

lv gh�qhg irupdoo| dv

<



Gh�qlwlrq 4 Dq doorfdwlrq/ { @ +{�> = = = > {?, lv dwwdlqdeoh li {� 5 [� iru

doo l 5 L dqg
S

�MU {� � z1 Ghqrwh wkh vhw ri doo dwwdlqdeoh doorfdwlrqv e| ]1

Zlwk wklv rqh fdq gh�qh d Zdoudvldq htxloleulxp

Gh�qlwlrq 5 Dq doorfdwlrq { dqg d sulfh yhfwru s 5 OW gh�qh d Zdoudvldq

Htxloleulxp li s � z 9@ 3/ { lv dwwdlqdeoh/ iru doo l 5 L/ s � {� � s � z�/ dqg

s � {�� A s � z� iru doo {
�

� vxfk wkdw X�+{
�

�, A X�+{�,1

Wkh wzr zhoiduh wkhruhpv iru wkh vwdwh0frqwlqjhqw frpprglw| hfrqrp|

iroorz iurp wkh vwdqgdug uhvxow +wkh �uvw zhoiduh wkhruhp, dqg iurp d wkh0

ruhp lq Ehzoh|^4<:5` +wkh vhfrqg zhoiduh wkhruhp,S1 Dovr/ wkh Ehzoh|*v

wkhruhp hqvxuhv wkdw d Zdoudvldq htxloleulxp h{lvwv1

��2 +@_?ih ,^��*�Mh��4

Lq jhqhudo/ vwdwh0frqwlqjhqw frpprglw| pdunhwv duh qrw revhuyhg lq wkh uhdo

zruog1 Wkh pdlq prwlydwlrq iru wklv iudphzrun lv lwv ydoxh iru grzq0wr0hduwk

dssolfdwlrqv1 Zkdw zh gr revhuyh duh pdunhwv zlwk �qdqfldo vhfwruv wkdw

wudgh lq vhfxulwlhv vr lw lv lpsruwdqw wr nqrz zkhwkhu wkh zhoiduh lpsolfdwlrqv

ri wkh vwdwh0frqwlqjhqw frpprglw| wudglqj hfrqrp| fduu| ryhu wr �qdqfldo

pdunhwv1 Lq sduwlfxodu/ rqh zrxog olnh wkdw wkh Zdoudvldq htxloleulxp/ zkrvh

h{lvwhqfh dqg zhoiduh surshuwlhv zh orrnhg dw lq wkh suhylrxv vhfwlrq/ fdq eh

lpsohphqwhg dv dq htxloleulxp lq vhfxulw| wudglqj1 Wkh dssursuldwh qrwlrq

ri htxloleulxp lv wkdw ri Udgqhu^4<:5`= dq doorfdwlrq wrjhwkhu zlwk vhfxulw|

wudghv iru hdfk djhqw/ vxfk wkdw wkh wudghv duh ihdvleoh dqg wkh|/ wrjhwkhu

zlwk wkh doorfdwlrqv/ vdwlvi| wkh djhqwv g|qdplf exgjhw frqvwudlqwv1 Dovr/

djhqwv fdqqrw lpsuryh wkhlu doorfdwlrqv e| fkdqjlqj wkhlu wudghv lq vhfxulwlhv

dw dq| wlph jlyhq vhfxulw| dqg vsrw frpprglw| sulfhv1

61514 Vhfxulw| Pdunhwv

Lq rughu wr vwxg| vhfxulw| pdunhwv L qhhg wr gh�qh zkdw d vhfxulw| lv dqg

zkdw gr L phdq e| wudglqj lq vhfxulw| pdunhwv1

Vhfxulwlhv Zkhq rqh wklqnv ri d vhfxulw| lw lv xvxdoo| lq wkh irup ri d

vwrfn= d fodlp rq d �up*v dvvhwv wkdw uhfhlyhv glylghqgv rq d uhjxodu edvlv

+txduwhuo|/ eldqqxdoo|/ ru dqqxdoo|, zklfk ghshqg rq wkh �up*v shuirupdqfh1

Li wkh �up lv grlqj zhoo lw zloo sd| d kljkhu glylghqg/ li qrw d orzhu/ pd|eh

d }hur glylghqg1 Dqg zkhq rqh wklqnv ri wudglqj lq d �qdqfldo pdunhw/ wkh

S6Lh 4Lhi _i|@�*t tii �@t��L**i* @?_ ~@4id�bb�o�
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vwrfn pdunhw frphv wr plqg/ zkhuh wkhvh vwrfnv +fodlpv wr ixwxuh glylghqgv,

duh h{fkdqjhg dw vrph pxwxdoo| djuhhg sulfh1 Wkh lghd ehklqg vwrfnv fdq

eh jhqhudol}hg wr prgho doo nlqgv ri �qdqfldo frqwudfwv=

Gh�qlwlrq 6 D vhfxulw| lv d surplvh wr gholyhu d �{hg/ srvvleo| udqgrp/

txdqwlw| ri uhdo frpprglwlhv dw gdwhv w 5 W1 Vhfxulwlhv duh lqgh{hg e| m 5
M =@ i4> = = = > Mj1 g�+w, 5 I| lv d udqgrp yduldeoh uhsuhvhqwlqj wkh glylghqgv

sdlg e| vhfxulw| m dw gdwh w 5 W dqg g�+3, @ 31

Wklv devwudfw gh�qlwlrq lv eurdg hqrxjk wr fryhu doo �qdqfldo lqvwux0

phqwv.= vwrfnv/ erqgv/ rswlrqv/ ixwxuhv/ hwf1 Lw dovr fryhuv lqvxudqfh frq0

wudfwv/ iru zkdw duh lqvxudqfh frqwudfwv exw

dq h{fkdqjh ri prqh| qrz iru prqh| sd|deoh frqwlqjhqw rq

wkh rffxuuhqfh ri fhuwdlq hyhqwv1 +Duurz^4<;7`,

Khqfh L zloo uhihu wr wkh vhfxulwlhv lq wkh frqwh{w ri lqvxudqfh pdunhwv dv

lqvxudqfh frqwudfwv/ zkhuh dq lqvxudqfh frqwudfw lv d fodlp rq frpprglwlhv

dw fhuwdlq gdwhv frqwlqjhqw rq wkh rffxuuhqfh ri fhuwdlq hyhqwv1

Wudglqj Wudglqj ri vwrfnv wdnhv sodfh lq vwrfn h{fkdqjhv dqg duh gh0

vfulehg lq whupv ri xqlwv ri vwrfnv lqyroyhg lq dq h{fkdqjh1 Lq wklv iudph0

zrun L zlvk wr doorz djhqwv wr wudgh iuhho| dw dq| gdwh/ hyhq dw wlphv iru

zklfk qr frpprglwlhv duh gh�qhg 0 lq ehwzhhq frqvxpswlrq gdwhv1 Wklv lv

txlwh vwdqgdug lq �qdqfh prghov dqg lv xvxdoo| prghohg e| ghvfulelqj vwrfn

kroglqjv dv d ixqfwlrq ri wlph= ��� = 
 � W $ U/ zkhuh ���+w, lv d udqgrp

yduldeoh uhsuhvhqwlqj wkh qxpehu ri vkduhv ri vhfxulw| m khog e| djhqw l dw

gdwh w 5 W =@ ^3> W ` +zkhuh wudglqj lv wkh fkdqjh lq vwrfn kroglqjv,1 Exw

ghvfulelqj wudghv mxvw dv d vwrfkdvwlf surfhvv lv qrw hqrxjk wr dffxudwho|

fkdudfwhul}h vwrfn kroglqjv=

Gh�qlwlrq 7 Wkh vhw ri ihdvleoh wudglqj vwudwhjlhv/ �/ lv wkh vhw ri S 0orfdoo|

lqwhjudeoh/ suhglfwdeoh surfhvvhv rq I/ vxfk wkdw wkhlu glvfrxqwhg ydoxh dw dq|

gdwh w lv �qlwh1

Wklv gh�qhv wudglqj dv g|qdplf sodqv wkdw lpso| vwrfn kroglqjv +� 5 �,

wkdw gr qrw dqwlflsdwh ixwxuh qhzv +duh suhglfwdeoh dqg phdvxudeoh zlwk

uhvshfw wr I, dqg wkdw gr qrw fuhdwh prqh| iurp qrwklqj +duh S 0orfdoo|
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lqwhjudeoh dqg kdyh �qlwh glvfrxqwhg ydoxh,1 Wkh glvfrxqwhg ydoxh ri d

sruwirolr ehwzhhq frqvxpswlrq gdwhv lv wkh vwrfkdvwlf lqwhjudo ri wkh wudglqj

surfhvv zlwk uhvshfw wr wkh glvfrxqwhg jdlqv surfhvv=

Y +v, @ Y +w, .

] r

|

�+x,gJW+x,> w � v ? w. 4> w 5 W>

zkhuh Y +w, lv wkh lqlwldo ydoxh ri wkh sruwirolr dw gdwh w/ dqg JW+v, lv d

vwrfkdvwlf surfhvv uhsuhvhqwlqj wkh glvfrxqwhg jdlqv iurp wkh vhfxulw| +wkh

sulfh soxv wkh dffxpxodwhg glylghqgv, dw gdwh v1 Wkh frpelqdwlrq ri doorz0

lqj vwrfn kroglqjv wr eh orfdoo| lqwhjudeoh dqg kdyh �qlwh ydoxh lq glvfrxqwhg

whupv vwulnhv d edodqfh ehwzhhq doorzlqj djhqwv hqrxjk �h{lelolw| wr dwwdlq

frqvxpswlrqv wkdw pd| uhtxluh wudghv erxqghg dzd| iurp }hur lqwr wkh

lq�qlwh krul}rq/ zkloh uxolqj rxw prqh|0pdnlqj vwudwhjlhv vxfk dv Srq}l

vfkhphv1

61515 Vhfxulw| Sulflqj

Kdylqj gh�qhg wkh pdlq hohphqwv ri vhfxulw| pdunhwv/ L zlvk wr orrn dw

krz vhfxulwlhv zrxog iduh zlwklq wkh vwdwh0frqwlqjhqw frpprglw| pdunhw

ri wkh suhylrxv vhfwlrq1 Wklv zloo jlyh xv dq lghd ri krz vhfxulw| pdunhwv

dqg vwdwh frqwlqjhqw frpprglw| pdunhwv duh uhodwhg/ dqg vwduw xv rq krz

dqg li d Zdoudvldq htxloleulxp fdq eh lpsohphqwhg dv d vhfxulw| pdunhw

htxloleulxpH1

Wkh �uvw uhvxow L qhhg lv wkdw wkh vwdwh0frqwlqjhqw ydoxh ri d vhfxulw|*v

glylghqgv fdq eh h{suhvvhg dv wkh h{shfwhg glvfrxqwhg ydoxh ri wkh glyl0

ghqgv1 Wklv lqyroyhv d fkdqjh ri suredelolw| phdvxuh +iurp S wr T/ zkhuh

T lv fdoohg wkh pduwlqjdoh phdvxuh,1 Wkh qhz phdvxuh/ T/ zloo wxuq rxw wr

eh yhu| lpsruwdqw zkhq lw frphv wr surylqj wkdw d Zdoudvldq htxloleulxp

fdq eh lpsohphqwhg dv d vhfxulw| pdunhw htxloleulxp1 Qhyhuwkhohvv/ wklv

uhvxow lv ri lqwhuhvw lq lwvhoi dv lw uhodwhv wzr lpsruwdqw qrwlrqv= rqh lv wkh

lqwxlwlyh hfrqrplf qrwlrq ri sulflqj dq lqyhvwphqw wrgd| dv wkh h{shfwhg glv0

frxqwhg ydoxh ri lwv ixwxuh uhwxuqv/ dqg wkh rwkhu/ wkh sulfh ri wkrvh uhwxuqv

lq wkh frqwh{w ri d joredo hfrqrp|0zlgh htxloleulxp1

Wkhruhp 4 Jlyhq dq| � A 3/ wkhuh h{lvwv d phdvxuh T dqg dq lqwhuhvw

udwh surfhvv/ u+w,/ w 5 W/ vxfk wkdw

s � g @
[
|MA

H' ^gW+w,` > +4,
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zkhuh gW+w, ghqrwhv wkh glvfrxqwhg glylghqg

gW+w, @
g+w,T

|
r'� 4 . u+v,

=

Surri= L zloo surfhhg e| frqvwuxfwlqj T dqg u dqg vkrzlqj wkdw T lv d

suredelolw| phdvxuh dqg wkdw Htxdwlrq +4, krogv1

Iluvw/ qrwh wkdw OW @ O�/ dqg khqfh s 5 OW fdq eh uhsuhvhqwhg e| d

yhfwru ri udqgrp yduldeohv/ �+w, 5 I| vxfk wkdw H� ^�+w,` ? 4/ dqg iru doo

{ 5 O/

s � { @
[
|MA

H� ^�+w,{+w,`=

Gh�qh wkh lqwhuhvw udwh surfhvv u+w, dv

4 . u+w, @
�+w� 4,

H� ^�+w,mI|3�`
> ;w 5 i4> 5> = = = > Wj

Dv � A 3/ u+w, lv zhoo0gh�qhg1 Frqvwuxfw wkh pduwlqjdoh phdvxuh xvlqj wkh

ixqfwlrqv � = W� 
$ U/ } = W�
$ U

}+w> $, @
�+w> $,

H� ^�+w,mI|3�`

�+w> $, @
T|
r'� }+v> $,

;w 5 i4> 5> = = = > Wj

Ohw �+3, @ }+3, @ 41 �+w, gh�qhv wkh Udgrq0Qlnrg|p ghulydwlyh ri dq

devroxwho| frqwlqxrxv phdvxuh T+w, zlwk uhvshfw wr S rq wkh �owudwlrq I|1

Iru dq| hyhqw D 5 I|

T+w> D, @

]
�

�+w, gS @

]
�

|\
r'�

�+v,

H� ^�+v,mIr3�`
gS

T+w, lv d suredelolw| phdvxuh

T+w>
, @

]
l

|\
r'�

�+v, gS

H� ^�+v,mIr3�`

@ H�

%
|\

r'�

�+v,gS
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H� ^�+v,mIr3�`

�����I|3�
&&

@ H�

%
|3�\
r'�

�+v,gS

H� ^�+v,mIr3�`

&
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E| uhshdwhgo| frqglwlrqlqj rq Ir/ v @ w�5> = = = > 4> 3/ lqvlgh H� ^�`/ zh rewdlq

T+w>
, @ 41

Dv wkh T+w,v duh frqvlvwhqw/ e| wkh Nroprjrury H{whqvlrq Wkhruhp wkhuh

h{lvwv d phdvxuh T vxfk wkdw iru doo D 5 I|/ w 5 W= T+D, @ T+w>D,1

Doo wkdw lv ohiw wr vkrz lv wkdw Htxdwlrq +4, krogv1 Vwduw zlwk

H� ^�+w,g+w,`>

iru dq duelwudu| w 5 W1

H� ^�+w,g+w,` @ H�

%
|3�\
r'�

�+v,

�+v,

|3�\
r'�

H� ^�+v,mIr3�`

H� ^�+v,mIr3�`

�
H� ^�+w,mI|3�`

H� ^�+w,mI|3�`

�
�+w,g+w,

&

@ H�

%
H� ^�+w,mI|3�`

|3�\
r'�

H� ^�+v,mIr3�`

�+v,

|3�\
r'�

�+v,

H� ^�+v,mIr3�`
�

�
�+w,

H� ^�+w,mI|3�`
g+w,

�

@ H�

%T|
r'�H� ^�+v,mIr3�`T|3�

r'� �+v,
�+w,g+w,

&

Dv �+3, @ 4/

H� ^�+w,g+w,` @ H�

%
|\

r'�

H� ^�+v,mIr3�`

�+v� 4,
�+w,g+w,

&

@ H�

%
�+w,

|\
r'�

4

4 . u+v,
g+w,

&

@ H'^g
W+w,`

Vr wkdw

s � g @
[
|MA

H� ^�+w,g+w,` @
[
|MA

H'^g
W+w,`=

61516 Lpsohphqwlqj d Zdoudvldq Htxloleulxp

Lq wklv vhfwlrq L zloo vkrz krz d Zdoudvldq htxloleulxp fdq eh lpsohphqwhg

dv d vhfxulw| wudglqj htxloleulxp1
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Dv zlwk wkh Zdoudvldq htxloleulxp/ L qhhg wr lqwurgxfh d frxsoh ri gh�0

qlwlrqv wr irupdol}h wzr frqfhswv= zkdw wkh exgjhw frqvwudlqw lv iru dq djhqw

lq dq hfrqrp| wkdw rqo| kdv vhfxulw| pdunhwv/ dqg zkdw lv dq htxloleulxp

lq wkdw hfrqrp|1

Iluvw/ ghqrwh dq djhqw*v qhw wudghv dw gdwh w 5 W e| ��{�+w> $, =@

+{�+w> $,�z�+w> $,,1

Jlyhq dq lqwhuhvw udwh surfhvv/ ghqrwh wkh fxpxodwlyh glvfrxqwhg ydoxh

ri sdvw glylghqgv dw gdwh v 5 W =@ ^3> W `/ v 5 ^w> w. 4,/ w 5 W/ e| GW+w,/

GW+v, @
|[

�'�

gW+x,>

wkh xqglvfrxqwhg fxpxodwlyh glylghqgv dv

G+v, @
|[

�'�

g+x,>

dqg wkh fxpxodwlyh glvfrxqwhg ydoxh ri ixwxuh glylghqgv dv

GWn+v, @
A[

�'|n�

gW+x,=

Gh�qh wkh jdlq surfhvv ri d vhfxulw| zlwk fxpxodwlyh glylghqgv G+w, dqg

vhfxulw| sulfh surfhvv V+w, dv

J+w, @ V+w, .G+w, ;w 5 W =

Gh�qlwlrq 8 Dq djhqw*v exgjhw frqvwudlqw/ E�+V>z�,/ lv wkh vhw ri frqvxps0

wlrq exqgohv wkh djhqw fdq rewdlq jlyhq vhfxulw| sulfhv/ dqg xvlqj ihdvleoh

wudghv

E�+V>z�, @

;AAAAAAA?
AAAAAAA=
{� 5 [�

�������������

<� 5 �>
|[

r'f

��{�+v, .
a[

�'f

�
�

� +w, +V�+w, . g�+w,,

@
a[
�'f

] |

f

�
�

� +w, gJ�+w,> ;w 5 W> S � d=v=

<AAAAAAA@
AAAAAAA>

+5,

Zlwk wklv gh�qlwlrq L fdq gh�qh dq htxloleulxp lq vhfxulw| wudglqj1

Gh�qlwlrq 9 D Udgqhu htxloleulxp lv d wulsoh ri vhfxulw| sulfhv/ wudglqj

vwudwhjlhv/ dqg frqvxpswlrq doorfdwlrqv/ +V> �> {W,/ vxfk wkdw
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41 Iru doo l 5 L/ {W� 5 E�+V>z�,

51 Iru doo l 5 L/ X�+{�, A X�+{
W

� , lpsolhv {� 95 E�+V>z�,

61
S

�MU �� @ 3/ dqg { 5 ]1

Jlyhq wkh gl�huhqfhv ehwzhhq d Udgqhu htxloleulxp dqg d Zdoudvldq

rqh/ lw lv d elw vxusulvlqj wkdw rqh fdq eh wudqviruphg lqwr wkh rwkhu1

Wkhruhp 5 Jlyhq d Zdoudvldq htxloleulxp sdlu +s> {, iru hfrqrp| H/ wkhuh
h{lvwv N . 4 vhfxulwlhv/ dqg d wulsoh +V> �> {W, vxfk wkdw

41 +V> �> {W, lv d Udgqhu htxloleulxp

51 {W @ { S 0d1v1

Surri=b Wklv surri surfhhgv dv iroorzv= �uvw L zloo xvh suhylrxv uhvxowv

wr frqvwuxfw d sulflqj vfkhph1 Wklv sulflqj vfkhph lv frqvwuxfwhg iurp

Zdoudvldq htxloleulxp sulfhv/ s1 Lw dovr wdnhv lqwr dffrxqw wkdw wudglqj

wdnhv sodfh dw lqwhuphgldwh gdwhv/ v 5 ^w> w. 4`/ w 5 W1 Wkhq/ L ghvfuleh wkh

surshuwlhv ri wkh culjkw* nlqg ri vhfxulwlhv qhhghg dqg frqvwuxfw wkh wudglqj

sodqv1 Ilqdoo|/ L vkrz wkdw wkh sulfhv ri wkh glylghqgv frqvwuxfwhg iurp wkh

dqqrxqfhg sulflqj vfkhph/ wrjhwkhu zlwk wkh wudglqj sodqv dqg wkh Sduhwr

rswlpdo doorfdwlrq irup d Udgqhu htxloleulxp1

Wkh lqwhulrulw| ri z dqg prqrwrqlflw| ri suhihuhqfhv lpsolhv wkdw s A 31

Khqfh/ e| Wkhruhp 4/ wkhuh h{lvwv d pduwlqjdoh phdvxuh T dqg lqwhuhvw

udwhv u+w, wkdw ghvfuleh wkh ydoxh ri d vwuhdp ri glylghqgv dv wkh h{shfwhg

glvfrxqwhg ydoxh ri wkrvh glylghqgv1

Gh�qh wkh iroorzlqj sulflqj vfkhph= iru dq| glylghqg surfhvv +g+w,,|MA/

dqg dq| v 5 ^w> w.4,/ w 5 W/ ohw wkh glvfrxqwhg ydoxh ri wkh vwuhdp ri ixwxuh

glylghqgv eh

VW+v, @ H'^G
Wn+w. 4,mIr`>

dqg wkh xqglvfrxqwhg sulfh eh

V+v, @ VW+v,
|\

�'�

+4 . u+x,,>

zkhuh iru v 5 ^3> 4,/ V+v, @ VW+v,1 Qrwh wkdw wkh glvfrxqwhg jdlqv surfhvv/

JW+w, @ VW+w, .GW+w, lv d pduwlqjdoh1 Iru dq| w 5 W/ v 5 ^w� 4> w,

bA��t ThLLu �t @ 4L_��U@|�L? Lu |�i ThLLu Lu t�4�*@h hit�*|t �? #��i @?_ O�@?}d�bHDo
@?_ #��i @?_ ~@4id�bHbo�
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H'^V
W+w, .GW+w,mIr` @ H'

5
7H'

5
7 A[
�'|n�

gW+x,

������Ir

6
8. |[

�'f

gW+x,

������Ir

6
8

@ H'

5
7 A[
�'|n�

gW+x,

������Ir
6
8.H'^g

W+w,mIr` .
|3�[
�'f

gW+x,

@ VW+v, .GW+v,

Lq rughu wr eh deoh wr ghfhqwudol}h wkh Sduhwr rswlpdo doorfdwlrq/ L qhhg

wr kdyh d vhw ri vhfxulwlhv vxfk wkdw wudglqj lq wkhp zloo eh vx�flhqw wr

dwwdlq wkh ghvluhg doorfdwlrq1 Iroorzlqj phwkrg ri Gx�h dqg Kxdqj^4<;8`/

frqvwuxfw d vhtxhqfh ri ulvnohvv erqgv dqg N vhfxulwlhv dv iroorzv=

41 Hdfk ulvnohvv erqg h{lvwv iru d vlqjoh shulrg= dw hdfk gdwh w 5 W d qhz

erqg lv fuhdwhg zklfk sd|v 4 . u+w. 4, xqlwv ri frqvxpswlrq dw gdwh

w. 4 dqg lv ydoxhohvv wkhuhdiwhu1 Lwv sulfh Vf+v, dw dq| v 5 ^w> w. 4, lv

41

51 Wkh jdlqv surfhvvhv ri wkh rwkhu N vhfxulwlhv/ JW

� +w,/ irup d edvlv iru

wkh vsdfh ri T0pduwlqjdohv1

Qrwh wkdw L kdyh jlyhq wkh h{dfw qxpehu ri vhfxulwlhv qhhghg1 Wklv lv

ehfdxvh wkh vsdfh ri pduwlqjdohv gh�qhg e| d pdunhg srlqw surfhvv zlwk N

pdunv kdv pduwlqjdoh pxowlsolflw| N zklfk jxdudqwhhv wkdw vxfk vhfxulwlhv

h{lvw +vhh wkh Dsshqgl{,1

Jlyhq wkhvh vhfxulwlhv dqg wkhlu sulfhv/ gh�qh wkh T0pduwlqjdoh [� iru

doo l 5 L q i4j dv

[�+w, @ H'

%
A[
r'f

��{
W

� +v,

�����Ir

&
>

zkhuh

��{
W

� +w, @
��{�+w,T|
r'� 4 . u+v,

>

dqg wkh {�*v duh djhqw l*v Sduhwr rswlpdo doorfdwlrq iurp wkh vwdwhphqw ri

wkh wkhruhp1

E| wkh pduwlqjdoh uhsuhvhqwdwlrq wkhruhp�f wkhuh h{lvwv ��� 5 � vxfk

wkdw

[�+w, @
g[
�'�

] |

f

���+v, gJ
W

� +v,=

�f5ii �TTi?_� �
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D juhdw ehqh�w ri xvlqj PSSv lv wkdw wkhvh ��v duh wkh vroxwlrqv wr d v|vwhp

ri vwrfkdvwlf gl�huhqwldo htxdwlrqv zklfk fdq eh xvhg xvlqj wkh vwdqgdug

Vwlhowmhv0Ohehvjxh fdofxoxv1 Wkh ��v vroyh

[
&Mk

�
j�&+w,�Q&+w,� j�&+v,�&+v, gv

�
@ +6,

a[
�'�

[
&Mk

�
���+v,i

�

&
+v,�Q&+v,� ���+v,i

�

&
+v,�&+v,gv

�
>

zkhuh �Q&+v, @ Q&+v. gv,�Q&+v,/ dqg j�&+v, dqg wkh i
�

&
v duh wkh uhsuh0

vhqwdwlrqv ri [�+w, dqg wkh glvfrxqwhg vhfxulw| jdlqv surfhvvhv1

Ohw wkrvh ��� eh wkh wudglqj sodqv iru doo exw wkh �uvw djhqw/ l 5 L1 Lq

rughu iru wkhvh wudglqj vwudwhjlhv wr eh exgjhw ihdvleoh/ gh�qh wkh djhqwv*

wudgh lq wkh ulvnohvv erqg/ ��f/ dv iroorzv= iru doo v 5 ^w> w. 4,/ w 5W/

��f+v, @ [+v,�H'

%
|[

�'f

��{
W

� +x,

&
�

g[
�'�

���+v,J
W

� +v,=

Wklv hqvxuhv wkdw wkh djhqwv* sodqv zloo eh exgjhw ihdvleoh e| frqvwuxfwlrq

+qrwh wkdw gJWf+v, @ 3 iru doo v 5 W / wkh fkdqjh lq wkh jdlqv iurp wkh erqg

lv dozd|v }hur,1 Wr vkrz ��f+v, 5 �/ L uhihu wr Ohppd D14 lq Gx�h dqg

Kxdqj^4<;8`1 Wkh rxwolqh ri wkh surri lv wkdw e| wkh ohiw olplw surshuw| ri

pduwlqjdohv=

g[
�'�

] |

f

���+v,gJ
W

� +v,�
g[
�'�

���+w,J
W

� +w,

@
g[
�'�

] |3

f

���+v,gJ
W

�+v,�
g[
�'�

���+w,J
W

�+w, . ���+v,�J
W

� +w,

Xvlqj/

���+w,J
W

� +w, @ ���+w,J
W

�+w�, . ���+v,�J
W

� +w,>

ghprqvwudwhv ��f lv suhglfwdeoh1 ��f lv qrz reylrxvo| orfdoo| lqwhjudeoh dqg

kdv �qlwh glvfrxqwhg ydoxh1

Iru wkh �uvw djhqw/ ohw

�� @ �
?[
�'2

��=

�� 5 � ehfdxvh � lv forvhg xqghu �qlwh vxpv1
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L fodlp wkdw ++V�,
g

�'f> +�
�> {�,�MU, lv d Udgqhu htxloleulxp iru H 1 E| frq0

vwuxfwlrq/ {� lv djhqw l*v rswlpdo doorfdwlrq iurp wkh Zdoudvldq htxloleulxp
iru doo l 5 L1 {� lv dovr djhqw rqh*v rswlpdo doorfdwlrq iurp wkh vwdwhphqw ri

wkh wkhruhp1 Wklv iroorzv iurp wkh idfw wkdw
S

�
�� @ 3/ wkh exgjhw htxdolwlhv

iru doo l 5 L q i4j/ dqg prqrwrqlflw| ri suhihuhqfhv1

L qhhg wr vkrz wkdw {� zloo dovr eh rswlpdo iru wkh vhtxhqfh ri Udgqhu
exgjhw frqvwudlqwv1 Wr vkrz wkdw wklv doorfdwlrq wrjhwkhu zlwk wkh jlyhq

wudghv lv rswlpdo rqh pdnhv xvh ri wkh Sduhwr rswlpdolw| ri {/ wkh gh�qlwlrq
ri ihdvleoh wudglqj vwudwhjlhv/ dqg wkh ghulydwlrq riT iurp htxloleulxp sulfhv=

li wkhuh lv d ihdvleoh wudglqj sdwwhuq � 5 � vxfk wkdw iru doo l 5 L / X�+{
�
�
, �

X�+{�,/ dqg wkhuh lv vrph djhqw m vxfk wkdw X�+{
�
�
, A X�+{�, wkhq lw zloo eh

pruh h{shqvlyh/ s�{�
�
A s�{� / dqg dq| ihdvleoh wudglqj vwudwhj| lpsohphqwlqj

lw zloo kdyh wkh surshuw| wkdw

[
|MA

H'

%
{�
�
+w,T

|

r'� 4 . u+v,

&
A
[
|MA

H'

%
{�+w,T

|

r'� 4 . u+v,

&
=

Iurp wkh exgjhw frqvwudlqw dw gdwh }hur/

[
|MA

H'

%
{�+w,T

|

r'� 4 . u+v,

&
@
[
|MA

H'

%
z�+w,T

|

r'� 4 . u+v,

&
=

Vxevwlwxwlqj wklv lqwr wkh suhylrxv htxdwlrq zh rewdlq

[
|MA

H'

%
{�
�
+w,T

|

r'� 4 . u+v,

&
A
[
|MA

H'

%
z�+w,T

|

r'� 4 . u+v,

&
>

Exw wklv odvw olqh frqwudglfwv {� ehlqj exgjhw ihdvleoh dw gdwh }hur1

e +�t! 5�@h�?} @?_ Ah@_�?} �@||ih?t

Lq wklv vhfwlrq L zloo vkrz wkdw wkh ulvn0dyhuvh djhqwv lq H zrxog rswlpdoo|
zlvk wr srro wkhlu ulvnv dqg orrn dw zkdw wklv ulvn vkdulqj lpsolhv derxw

wkh zd| djhqwv ehkdyh lq vhfxulw| pdunhwv1 Ulvn srrolqj lv d vwdqgdug
dqg lqwxlwlyh surshuw| ri wkh frqwlqjhqw frpprglw| htxloleulxp1 Wkh pdlq

txhvwlrqv L zlvk wr dqvzhu lv krz wklv ulvn0vkdulqj uxoh lv lpsohphqwhg lq d
vhfxulw| wudglqj htxloleulxp dqg zkhwkhu djhqwv* wudglqj sdwwhuqv zloo orrn

dq|wklqj olnh revhuyhg wudglqj sdwwhuqv1 Wkh pdlq uhvxow ri wklv sdshu lv wkdw
wklv prgho suhglfwv djhqwv zloo rswlpdoo| vkduh ulvnv e| ex|lqj lqvxudqfh rq

4<



wkhpvhoyhv dqg sduwlflsdwlqj lq rwkhuv* ulvnv e| ex|lqj vhfxulwlhv wkdw srro

wkrvh ulvnv= ghulydwlyhv zulwkhq rq wkh djjuhjdwh hqgrzphqw surfhvv vxfk dv
pxwxdo ixqgv/ fdwdvwurskh erqgv/ hwf1 Lq rughu wr fkdudfwhul}h wkh sruwirolr

ri vhfxulwlhv wudghg/ L lqwurgxfh wkh frqfhsw ri d ulvn fodvv/ zkhuh d ulvn fodvv
ghvfulehv d vhw ri vkrfnv wkdw fdq eh srrohg dv d vlqjoh rqh lq whupv ri wkhlu

h�hfw rq wkh djjuhjdwh hqgrzphqw1 L dovr ghvfuleh krz djhqwv* lglrv|qfudwlf
ulvnv kdyh wr eh uhodwhg wr wkh ulvn fodvv/ wkh srro/ vr wkdw djhqwv zrxog rqo|

qhhg wr wudgh rq rqh shuvrqdo lqvxudqfh frqwudfw shu ulvn fodvv1 Sxwwlqj
wkhvh wzr wrjhwkhu L rewdlq d ixoo fkdudfwhul}dwlrq ri wkh djhqwv* wudglqj

sruwirolrv1

e�� +�t! 5�@h�?}

Wkh �uvw vwhs lv wr orrn dw krz djhqwv zrxog ehkdyh li pdunhwv iru doo

frpprglwlhv zhuh dydlodeoh1 Dv zh vdz lq wkh vhfrqg vhfwlrq/ lq vxfk d
flufxpvwdqfh djhqwv zloo dwwdlq �uvw ehvw Sduhwr rswlpdo doorfdwlrqv1 Lq wklv
vhfwlrq L zlvk wr fkdudfwhul}h wkhvh �uvw ehvw doorfdwlrqv wr vhh li wkh| frxog

eh dwwdlqhg zkhq wkh hfrqrp| xvhv �qdqfldo pdunhwv udwkhu wkdq vwdwh0
frqwlqjhqw frpprglw| pdunhwv1

Lw zloo eh xvhixo wr pdnh dq dgglwlrqdo dvvxpswlrq1 L zloo dvvxph wkdw
hqgrzphqwv ljqruh wkh h{dfw wlplqj ri wkh mxpsv1 Gh�qh wkh �owudwlrq rq

W=
J| @ �+Q+v,> v � w> v 5W, w 5 W=

Dvvxpswlrq 7 Iru doo l 5 L/ z�+w, lv phdvxudeoh zlwk uhvshfw wr J| iru doo

w 5 W =@ i3> 4> = = = > Wj/ wkh lqgh{ vhw ri frqvxpswlrq gdwhv1

Ohw H � uhsuhvhqw wkh hfrqrp| H exw zlwk hqgrzphqwv ghvfulehg e| Dv0
vxpswlrq 71 Wkh pdlq frqvhtxhqfh ri wklv dvvxpswlrq lv wkdw J| fdq eh
ghvfulehg e| d frxqwdeoh sduwlwlrq/ J| =@ iJ�

|
>J2

|
> = = =j/ vr wkdw frqvxps0

wlrq dw gdwh w fdq eh uhsuhvhqwhg e| {+w, @ +{+J�
|
,> {+J2

|
,> = = =,/ zkhuh {+J�

|
,

lv d frqvwdqw iru doo m +d vlplodu uhsuhvhqwdwlrq krogv iru hqgrzphqwv dqg

sulfhv,1 Zlwk wklv rqh fdq vkrz wkdw djhqwv zloo zlvk wr srro wkhlu ulvnv lq
htxloleulxp1

Wkhruhp 6 �� Wkhuh h{lvwv d Zdoudvldq htxloleulxp +s> {, iru H � vxfk wkdw

wkh Zdoudvldq htxloleulxp sulfh/ s 5 OW/ fdq eh uhsuhvhqwhg e| j+w>z, zkhuh

��
A��t hit�*| �t @ ULhL**@h) Lu O�@?}d�bH.o<t hiThiti?|@|��i @}i?| UL?t|h�U|�L? �|ti*u @?

i |i?t�L? Lu i@h*�ih hit�*|t M) `�*tL?d�bSHoc @?_ #�@4L?_d�bS.o�
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iru dq| { 5 O

s � { @
[
|MA

H� ^j+w>z,{+w,`>

dqg wkh fruuhvsrqglqj htxloleulxp doorfdwlrqv/ +{W
�
,�MU fdq eh uhsuhvhqwhg e|

wkh vhtxhqfh ri yhfwruv

{W
�
@ +i�+w> z,,|MA =

Surri= Iluvw qrwh wkdw dq htxloleulxp zloo h{lvw +Ehzoh|^4<:5`, vr doo

L qhhg wr vkrz lv wkdw htxloleulxp frqvxpswlrqv dqg sulfhv zloo kdyh wkh
ghvluhg surshuw|1

Ohw xv orrn dw frqvxpswlrq dqg sulfhv iru dq htxloleulxp dw hdfk frq0
vxpswlrq gdwh vhsdudwho|1 Iluvw qrwh wkdw wkh sulfh ixqfwlrqdo s fdq eh
uhsuhvhqwhg e| wkh vhtxhqfh ri udqgrp yhfwruv/ �+w,/ vxfk wkdw

s � { @
A[
|'f

H� ^�+w,{+w,`=

Jlyhq wkdw J|/ fdq eh ghvfulehg e| d sduwlwlrq/ wdnh wkh frqvxps0
wlrq doorfdwlrq iru dq duelwudu| djhqw/ l/ dw gdwh w lpsolhg e| wkh door0

fdwlrq {/ {�+w,/ dqg wzr glvmrlqw hyhqwv J&

|
> J,

|
5 J|/ n 9@ o/ zlwk wkh

vdph djjuhjdwh hqgrzphqw/ z+w>J&

|
, @ z+w>J,

|
,/ dqg zlwk srvlwlyh sure0

delolwlhv/ S +J&

|
,> S +J,

|
, A 31 L zdqw wr vkrz wkdw iru dq| djhqw/ l 5 L /

{�+w> J
&

|
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,

|
,1 Wkh �uvw0rughu frqglwlrqv iru djhqwv l dqg m dw gdwh
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Qrwh wkdw wkh udwh ri wlph suhihuhqfh/ ��/ fdqfhov iurp wkh wrs dqg wkh erw0

wrp iru erwk djhqwv1 Iurp vwulfw frqfdylw|= x�
�
+{�+w> J

&

|
,,@x�

�
+{�+w>J

,

|
,, @ 4 li

dqg rqo| li {�+w>J
&

|
, @ {�+w>J

,

|
, +dqg vlploduo| iru djhqw m,/ vr wkdw wklv frq0

glwlrq wrjhwkhu zlwk wkh suhylrxv htxdwlrq lpso| wkdw li {�+w>J
&

|
, A {�+w> J

,

|
,/

lw zloo dovr eh wkh fdvh iru m +dqg doo rwkhu djhqwv,1 E| prqrwrqlflw|
ri suhihuhqfhv/ wklv zrxog ohdg wr dq doorfdwlrq wkdw lv qrw ihdvleoh +dv

z+w>J&

|
, @ z+w>J,

|
,,/ vr wkdw wkh rqo| ihdvleoh doorfdwlrq wkdw vdwlv�hv wkh

�uvw0rughu frqglwlrqv lv {�+w>J
&

|
, @ {�+W>J

,

|
, iru doo djhqwv1 Dv iru wkh uhsuh0

vhqwdwlrq ri sulfhv= {�+w>J
&

|
, @ {�+w> J

,

|
,/ lpsolhv �+w>J&

|
,@�+w>J,

|
, @ 41 Wkh

h{lvwhqfh ri wkh ixqfwlrqv/ j� dqg i / lv qrz phuho| dq lvvxh ri uhsuhvhqwdwlrq1
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Zkdw L kdyh vkrzq lv wkdw djhqwv* rswlpdo doorfdwlrqv zloo ljqruh zkdw

kdsshqv wr hdfk djhqw*v hqgrzphqw dqg jlyh hdfk djhqw d vkduh ri wkh
djjuhjdwh hqgrzphqw1 Qrwh wkdw wklv ulvn vkdulqj djuhhphqwv duh wkh jhq0

hudol}dwlrq ri lqvxudqfh wr vlwxdwlrqv zlwk djjuhjdwh hqgrzphqw ulvn1 Lq
vxfk fdvhv/ lw lv sk|vlfdoo| lpsrvvleoh wr surylgh cixoo lqvxudqfh* wr hyhu|

djhqw dqg holplqdwh xqfhuwdlqw| frpsohwho|1 Li wkhuh lv djjuhjdwh xqfhu0
wdlqw|/ djhqwv zloo sduwlflsdwh lq wkh djjuhjdwh ulvn dqg wkh| zloo gr vr lq

dq rswlpdo zd|= ohwwlqj wkh ohvv ulvn0dyhuvh djhqwv fduu| d kljkhu sursruwlrq
ri wkh ulvn1 Lghdoo|/ wklv lv zkdw lqvxudqfh frqwudfwv vkrxog gr/ dqg zh vhh

vrph ri wklv zlwk frlqvxudqfh dqg sduwldo lqvxudqfh/ vshfldoo| dw wkh ohyho ri
pdmru hfrqrplf hqwhusulvhv vxfk dv wudgh +wkh ulvn vwhpplqj iurp fxuuhqf|
�xfwxdwlrqv, zkhuh lqvxudqfh wdnhv wkh irup ri khgjlqj1

e�2 Ah@_�?} �@||ih?t

Ulvn srrolqj lv lqwhusuhwhg lq �qdqfldo pdunhwv dv lqvxudqfh dqg khgjlqj1
Wkh dlp ri wklv vhfwlrq lv wr pdnh wklv olqn h{solflw dqg vhh krz ulvn srrolqj

lv wudqvodwhg lqwr rswlpdo wudglqj vwudwhjlhv wkdw kdyh wkh lqwhusuhwdwlrq ri
wdnlqj lqvxudqfh dqg khgjlqj1

Ohw xv orrn dw wkh hduwktxdnh h{dpsoh= vxssrvh wkdw |rx kdyh dq hfrq0
rp| lq zklfk doo djhqwv kdyh �{hg exw zkhq dq hduwktxdnh kdsshqv wkh

hfrqrp| orvhv d �{hg dprxqw O1 Wkh ulvn vkdulqj uhvxow iurp wkh suhyl0
rxv vhfwlrq whoov xv wkdw iru sxusrvhv ri rswlpdoo| doorfdwlqj frqvxpswlrq lw

grhv qrw pdwwhu zkr zdv klw= zkhwkhu wkh hduwktxdnh ghvwur|hg wzr kxq0
guhg krphv lq Eho Dlu zkhuh hdfk krxvh frvwv rqh ploolrq grooduv ru zkhwkhu

lw ghvwur|hg wzr wkrxvdqg krphv lq Lqjohzrrg hdfk frvwlqj rqh kxqguhg
wkrxvdqg grooduv1 Lq d vhqvh/ djhqwv frqvxph dv li wkh| kdg ixoo lqvxudqfh
frqglwlrqdo rq wkh qxpehu ri hduwktxdnhv1

Wkh txhvwlrq L zdqw wr dgguhvv lv krz zrxog wklv rswlpdo doorfdwlrq eh
lpsohphqwhg1 Lq d vpdoo lvrodwhg dqg uhodwlyho| krprjhqrxv hfrqrp|/ vxfk

dv d uxudo yloodjh lq Lqgld ru lq phglhydo Hxursh/ rqh fdq lpdjlqh wkdw lw
zrxog uhodwlyho| vwudljkw0iruzdug wr vhw xs lqvwlwxwlrqv wkdw zrxog hqirufh

vxfk rxwfrphv1 Rq wkh rwkhu kdqg/ dv wkh hfrqrp| ghyhorsv dqg ehfrphv
odujhu dqg pruh frpsoh{/ wkh nlqg ri lqvwlwxwlrqv wkdw hqirufhg ulvn vkdulqj

lq vpdoo lvrodwhg frppxqlwlhv zrxog qrw ixqfwlrq zhoo1 Zkdw rqh fdq revhuyh
lv wkdw vxfk hfrqrplhv whqg wr ghyhors �qdqfldo dqg lqvxudqfh pdunhwv wr

vkduh ulvnv1 Krz zrxog dq lqvxudqfh pdunhw ghdo zlwk wklv hduwktxdnh
ulvnB Li rqh lv wr mxgjh e| wkh h{shulhqfh lq Fdoliruqld/ lqvxudqfh frpsdqlhv
zloo fodlp wkdw wkh| duh qrw zloolqj wr eh h{srvhg wr vxfk ulvnv dqg zrxog

ghpdqg wkh jryhuqphqw wr sxw xs d uhvhuyh ixqg wr khos plwljdwh wkhlu
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h{srvxuh/ dqg wkh jryhuqphqw zrxog djuhh1 Wklv vxjjhvwv wkdw lqvxudqfh

pdunhwv duh vrphkrz xqdeoh wr ghdo zlwk wklv ulvn1 Exw/ orrnlqj edfn wr
wkh ulvn vkdulqj rswlpdo doorfdwlrqv/ lw vhhpv wkdw wkhuh lv qr uhdvrq iru wkh

jryhuqphqw dqg lqvxudqfh frpsdqlhv wr ehdu doo wklv ulvn1 Djhqwv zrxog
rswlpdoo| sduwlflsdwh lq wklv ulvn dv orqj dv wkh lglrv|qfudwlf frpsrqhqw

+�xfwxdwlrqv lq wkhlu sulydwh hqgrzphqwv, zdv wdnhq fduh r�1
Vr ohw xv orrn dw krz wklv lqwxlwlrq fdq eh irupdol}hg zlwklq wkh prgho

L dp xvlqj1 Iluvw/ zh kdyh d uhvxow derxw ulvn vkdulqj lq d Zdoudvldq htxl0
oleulxp/ Wkhruhp 6/ zklfk hvwdeolvkhv wkh surshuw| ri rswlpdo ulvn vkdulqj/

{�+w, @ i�+z+w,> w,/ dqg whoov xv vrphwklqj derxw vwdwh0frqwlqjhqw frpprglw|
sulfhv/ �+w, @ j+z+w,> w,1 Wkhq/ zh dovr kdyh d uhvxow rq krz d Zdoudvldq
htxloleulxp fdq eh lpsohphqwhg dv d Udgqhu htxloleulxp vr wkdw wkh rs0

wlpdo doorfdwlrqv zlwk vhfxulw| wudglqj zloo eh wkh vdph dv wkrvh iurp wkh
Zdoudvldq htxloleulxp1 D nh| sduw ri wkh surri ri wkdw uhvxow lv wkdw wkh

ydoxh ri wkh djhqw*v qhw wudghv/ [�+w,/ lv jlyhq e| wkh T0pduwlqjdoh

[�+w, @ H'

%
A[
r'f

��{
W
�
+v,

�����I|
&

@
A[
r'f

H�

�
�+v,

�+3,
+{�+v,�z�+v,,

����I|
�
=

dqg wkdw wklv pduwlqjdoh fdq eh uhsuhvhqwhg dv d olqhdu frpelqdwlrq ri rwkhu

pduwlqjdohv1 Wkh zhljkwv lq wklv olqhdu frpelqdwlrq uhsuhvhqw vwrfn krog0
lqjv dqg wkh rwkhu pduwlqjdohv duh wkh fxpxodwlyh glvfrxqwhg jdlqv ri vrph

h{lvwlqj vhfxulwlhv1 Sxwwlqj wkhvh wzr uhvxowv wrjhwkhu zh rewdlq

[�+w, @
A[
r'f

H�

�
j+z+v,> v,

j+z+3,> 3,
+i�+z+v,> v,� z�+v,,

����I|
�

+7,

Vr wkh nh| lv wr uhdol}h wkdw djhqwv rqo| fduh derxw wzr wklqjv= krz

vkrfnv d�hfw wkhp gluhfwo| e| fkdqjlqj wkhlu hqgrzphqwv/ dqg krz wkrvh
vkrfnv d�hfw wkhp lqgluhfwo| e| dowhulqj wkh djjuhjdwh hqgrzphqw dqg

sulfhv1 Wkh zd| djhqwv zloo ghdo zlwk wkhvh h�hfwv wkurxjk wudghv lv uh0
�hfwhg lq wkh pduwlqjdohv qhhghg wr uhsuhvhqw [�+w, lq htxdwlrq +7,1 Iurp
vwdulqj dw wklv htxdwlrq lw vhhpv wkdw doo wkdw lv qhhghg lv wr kdyh vrph vh0

fxulwlhv wkdw wdnh fduh ri wkh djjuhjdwh hqgrzphqw sduw dqg vrph wkdw wdnh
fduh ri wkh djhqw*v hqgrzphqw1 Wkh txhvwlrq wkhq uhpdlqv dv wr zkdw wkhvh

vhfxulwlhv duh dqg krz pdq| grhv rqh qhhg1
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Lq wkh sduwlfxodu hduwktxdnh h{dpsoh L dp xvlqj/ wkhuh vhhpv wr eh

qr vshfldo uhdvrq zk| wkh hfrqrplf frqvhtxhqfhv ri ohyholqj wzr kxqguhg
krxvhv lq Eho Dlu vkrxog eh wkh vdph wkdq ohyholqj wzr wkrxvdqg krphv lq

Lqjohzrrg1 Exw/ wkh idfw wkdw doo hduwktxdnhv kdyh wkh vdph frqvhtxhqfhv
rq wkh djjuhjdwh hqgrzphqw vhhpv wr vxjjhvw wkdw rqh frxog wdnh fduh ri

wkh h�hfw ri hduwktxdnhv rq wkh djjuhjdwh hqgrzphqw e| ex|lqj d vlqjoh
vhfxulw| wkdw srrov doo wkh lqglylgxdo hduwktxdnhv 0 wkrvh wkdw klw Eho Dlu

dqg wkrvh wkdw klw Lqjohzrrg1 Wklv srrolqj lghd fdq eh jhqhudol}hg wr doo
vkrfnv wkdw d�hfw wkh djjuhjdwh hqgrzphqw lq wkh vdph zd|/ dqg iru zklfk

L gh�qh wkh frqfhsw ri d ulvn fodvv1 Wzr w|shv ri vkrfnv +uhsuhvhqwhg e|
wkh pdunv n dqg m, ehorqj lq wkh vdph ulvn fodvv li rqh fdq whoo zkdw wkh
djjuhjdwh hqgrzphqw zloo eh mxvw eh nqrzlqj wkh vxp ri wkh qxpehu ri

vkrfnv ri wkhvh wzr w|shv wkdw kdyh wdnhq sodfh dqg qrw krz pdq| ri mxpsv
ri hdfk w|sh/ n dqg m/ kdyh rffxuuhg1

Iluvw ohw ph lqwurgxfh d elw ri qrwdwlrq1 Iurp deryh/ Q&+w,/ ghqrwhv wkh
qxpehu ri mxpsv ri w|sh n wkdw kdyh wdnhq sodfh xs wr wlph w1 L zdqw wr

jhqhudol}h wklv e| doorzlqj Q wr eh vxevfulswhg e| dq lqgh{ vhw/ F/ vxfk
wkdw Q�+w, ghqrwhv wkh qxpehu ri mxpsv ri w|shv lqgh{hg e| F

Q�+w, @
[
&M�

Q&+w,=

L zloo dovr qhhg wkh iroorzlqj whfkqlfdo uhvxow

Ohppd 4 Li Q lv d N0pdunhg srlqw surfhvv/ wkdw dgplwv lqwhqvlwlhv

� @ +��> = = = > �g,>

wkhq

�Q+w, @
g[
&'�

Q&+w,>

lv d xqlyduldwh srlqw surfhvv zlwk lqwhqvlw|

��+w, @
g[
&'�

�&+w,=

Surri= Vhh Euhpdxg^4<;4`/ s1671
Wklv uhvxow hqvxuhv wkdw Q�+w, lv d xqlyduldwh srlqw surfhvv dv orqj dv F

uhsuhvhqwv lqghfhv ri wkh ruljlqdo pdunhg srlqw surfhvv Q 1
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Dvvxpswlrq 8 Wkh pdunv ri wkh xqghuo|lqj srlqw surfhvvQ / i4> 5> = = = >Nj/

fdq eh sduwlwlrqhg lqwr p glvmrlqw/ vxevhwv/ F�> F2> = = = > F6/ vxfk wkdw wkh

djjuhjdwh hqgrzphqw/ z+w,/ lv phdvxudeoh zlwk uhvshfw wr wkh �owudwlrq jhq0

hudwhg e| wkh xqlyduldwh srlqw surfhvvhv/ Q��
+w,/ m @ 4> = = = > p=

z+w, 5 I�+w, =@ � +Q��
+v,>Q�2

+v,> = = = >Q�6
+v,> v � w, ;w 5 i3> 4> = = = > Wj=

Gh�qlwlrq : Li l> n 5 F� iru dq| m @ 4> = = = > p/ wkhq zh vd| wkdw Q� dqg Q�

duh lq wkh vdph ulvn fodvv1

Uhpdun L Wkh pdunhg srlqw surfhvv ri hfrqrp| H lv ghvfulehg e| p

ulvn fodvvhv/ zkhuh p � N1 Wklv iroorzv iurp wkh revhuydwlrq wkdw lq d zruvw
fdvh vfhqdulr/ hdfk pdun fdq eh d fodvv ri lwv rzq1

Qrz ohw xv orrn dw �xfwxdwlrqv lq wkh djhqw*v sulydwh hqgrzphqw/ z�1 Rqh
fdq dssurdfk wklv sureohp lq wkh vdph zd| dv L glg wkh �xfwxdwlrqv lq wkh

djjuhjdwh hqgrzphqw dqg gh�qh dfflghqw fodvvhv iru djhqw l1 L gr qrw zlvk
wr iroorz wkdw sdwk ehfdxvh lw lpsolhv qr uhodwlrqvkls ehwzhhq �xfwxdwlrqv lq
wkh djjuhjdwh hqgrzphqw dqg lq wkh djhqw*v sulydwh hqgrzphqw/ zkloh lq idfw

�xfwxdwlrqv lq wkh djjuhjdwh hqgrzphqw duh gxh wr �xfwxdwlrqv lq djhqw*v
sulydwh hqgrzphqwv 0 wkh orvv ri O gxh wr dq hduwktxdnh lv ghfrpsrvhg lqwr

O�*v vsuhdg ryhu wkh srsxodwlrq/ djhqwv orvlqj wkhlu krphv/ irujrqh lqfrph/
hwf1 Lq rughu wr uhwdlq wklv olqn ehwzhhq sulydwh dqg djjuhjdwh hqgrzphqw

�xfwxdwlrqv/ L lqwurgxfh wkh iroorzlqj dvvxpswlrq

Dvvxpswlrq 9 Iru hyhu| djhqw/ l 5 L/ dqg hyhu| ulvn fodvv/ F�/ wkh pdunv

ri wkh mxpsv lq F� fdq eh sduwlwlrqhg lqwr wzr vxevhwv/ D�+F�, dqg FqD�+F�,/

vxfk wkdw wkh xqlyduldwh srlqw surfhvvhv

Q��E��� @
[

&M��E���

Q&+w,>

kdyh wkh surshuw| wkdw wkh djhqw*v hqgrzphqw lv phdvxudeoh zlwk uhvshfw wr

wkh �owudwlrq wkh| jhqhudwh

z�+w, 5 I
�+w, =@ �

�
Q��E���+v,>Q��E�2�+v,> = = = > Q��E�6�+v,> v � w

�
>

;w 5 i3> 4> = = = > Wj=

Zkdw L lqwhqg zlwk wklv dvvxpswlrq lv wr vd| wkdw djhqw*v hqgrzphqwv duh
dvvrfldwhg zlwk d vlqjoh w|sh ri sulydwh vkrfn iru hyhu| djjuhjdwh vkrfn

+ulvn fodvv,1 Wklv sulydwh vkrfn qhhg qrw wdnh sodfh hyhu| wlph wkhuh lv
dq djjuhjdwh vkrfn lq wkh vdph ulvn fodvv/ vr wkh djhqw glvwlqjxlvkhv wkh

58



hduwktxdnhv wkdw d�hfw klp dqg wkrvh wkdw gr qrw/ l1h1/ hyhu| wlph krxvhv

lq Eho Dlu duh ghvwur|hg/ Euxfh Zloolv* krxvh pd| ru pd| qrw eh ghvwur|hg/
exw li lw lv lw lv wrwdoo| ghvwur|hg1 Zkdw wklv lpsolhv lv wkdw djhqw l +Euxfh

Zloolv, grhv qrw fduh zkr hovh zdv d�hfwhg e| wkh hduwktxdnh mxvw zkhwkhu
wkhuh zdv rqh/ dqg zkhwkhu lw ghvwur|hg klv krxvh ru qrw1

Qrwh wkdw vkrfnv qhhg qrw eh qhjdwlyh1 Lq wkh vdph zd| L ghvfuleh vkrfnv
dv dfflghqwv +hduwktxdnhv/ hwf, L frxog dovr ghvfuleh wkhp dv glvfryhulhv ru

dqqrxqfhphqwv ri jrrg qhzv/ vxfk d sohqwlixo ixwxuh kduyhvw1 Wkh gh�qlwlrq
ri ulvn fodvvhv dqg wkh uhvxowv wkdw iroorz ehorz doo jr wkurxjk zlwk hlwkhu

lqwhusuhwdwlrq1 Wkh frqwhqw ri wkh lqirupdwlrq uhsuhvhqwhg e| wkh pdunv lv
duelwudu|1

Qrz wkh fkdudfwhul}dwlrq ri wudglqj=

Wkhruhp 7 Ohw wkh xqfhuwdlqw| lq hfrqrp| H � eh ghvfulehg e|p ulvn fodvvhv/

wkhq jlyhq d Zdoudvldq htxloleulxp dqg dq| frpsohwh pdunhwv Udgqhu htxl0

oleulxp wkdw lpsohphqwv lw/ hyhu| djhqw l*v wudghv fdq eh ghvfulehg e| d sruw0

irolr wkdw frqwdlqv dw prvw p shuvrqdol}hg lqvxudqfh frqwudfwv/ p ghulydwlyhv

rq wkh djjuhjdwh hqgrzphqw dqg d erqg1

Surri= Dv zh kdyh vhhq/ jlyhq d frpsohwh pdunhwv Udgqhu htxloleulxp

wkdw lpsohphqwv d Zdoudvldq htxloleulxp/ zkdw L qhhg wr gr lv frqvwuxfw d
sruwirolr ri vhfxulwlhv iru hyhu| djhqw wkdw uhsuhvhqw [�+w, lq Htxdwlrq +7,1

Exw �uvw/ L zdqw wr gh�qh zkdw wkh vhfxulwlhv zloo eh wkdw wkhvh djhqwv
zloo wudgh lq1 Wkh �owudwlrq I�+w, kdv pduwlqjdoh pxowlsolflw| ri dw prvw
p1 Khqfh wkhuh duh +dw prvw, p vhfxulwlhv zkrvh fxpxodwlyh glvfrxqwhg

jdlqv surfhvvhv irup d edvlv iru wkh vsdfh ri T0pduwlqjdohv zlwk uhvshfw wr
I� 1 Wkhvh vhfxulwlhv pxvw eh phdvxudeoh zlwk uhvshfw wr I�/ vr wkh| fdq

eh ghvfulehg dv ghulydwlyhv rq wkh djjuhjdwh hqgrzphqw1 Ghqrwh wkh sulfh
surfhvv ri vxfk vhfxulwlhv dw gdwh w e| V�

��
+w, dqg wkhlu glylghqgv e| g�

��
+w,1

Qrz iru doo l 5 L/ [�+w, lv pdgh xs ri sulfhv/ wkh djhqw*v frqvxpswlrq dqg

wkh djhqw*v sulydwh hqgrzphqw1 Erwk wkh sulfhv dqg wkh djhqw*v frqvxpswlrq
duh ixqfwlrqv ri wkh djjuhjdwh hqgrzphqw dqg khqfh phdvxudeoh zlwk uhvshfw

wr I
�1 Dovr/ wkh djhqw*v hqgrzphqw lv phdvxudeoh zlwk uhvshfw wr I

�1
Khqfh/ [�+w, lv phdvxudeoh zlwk uhvshfw wr I�

^ I
�1 I � kdv pduwlqjdoh

pxowlsolflw| ri dw prvw p/ vr/ olnh I� / wkhuh duh dw prvw p vhfxulwlhv wkdw
irup d edvlv iru wkh vsdfh ri T0pduwlqjdohv zlwk uhvshfw wr I

�1 Wkhvh
vhfxulwlhv kdyh wr eh phdvxudeoh zlwk uhvshfw wr I � vr wkh| fdq eh ghvfulehg

dv shuvrqdol}hg lqvxudqfh frqwudfwv iru l1 Ghqrwh wkh jdlqv surfhvvhv ri vxfk
vhfxulwlhv dw gdwh w e| V�

��
dqg wkhlu glylghqgv e| g�

��
1

Khqfh/ [�+w, lv lq wkh vsdq ri wkh +dw prvw, p shuvrqdol}hg lqvxudqfh
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frqwudfwv dqg +dw prvw,p ghulydwlyh vhfxulwlhv rq wkh djjuhjdwh hqgrzphqw1

Dv wkh [�+w, lv wkh vdph dv lq wkh ruljlqdo Udgqhu htxloleulxp/ rqh fdq xvh
wkh vdph kroglqjv ri wkh ulvnohvv erqg dv ehiruh1 Vr wkh djhqwv* rswlpdo

sruwirolr fdq eh ixoo| ghvfulehg e| kroglqjv ri dw prvw rqh shuvrqdol}hg
lqvxudqfh frqwudfw rq klpvhoi dqg rqh frpprq vhfxulw| shu dfflghqw fodvv/

dqg d ulvnohvv erqg/ zkhuh wkh p frpprq vhfxulwlhv duh ghulydwlyhv rq wkh
djjuhjdwh hqgrzphqw vxfk dv pxwxdo ixqgv/ fdwdvwurskh erqgv/ hwf1 Dw gdwh

w/ wkh ydoxh ri djhqw l*v vhfxulw| kroglqjv#�
��
�
�

�

+w,> ��
�
�

�

+w,

�
6

�'�

> ��f+w,

$
>

zloo eh
6[
�'�

�
�
�

�
�

�

+w,+V�
��
+w, . g

�

��
+w,, . �

�

�
�

�

+w,+V�
��
+w, . g

�

��
+w,,

�
. �

�

f+w, +8,

Uhpdun LL Dovr/ qrwh wkdw li doo wkh dfflghqwv lq d ulvn fodvv d�hfw wkh

djhqw lq wkh vdph zd|/ l1h1 li D�+F, @ F ru D�+F, @ >/ wkhq wkh djhqw zloo
rqo| qhhg wr wudgh lq rqh vhfxulw| wr ghdo zlwk wkdw ulvn 0 eh lw d pxwxdo

ixqg ru dq lqvxudqfh frqwudfw1
Qrwh wkdw/ dv lq FDSP/ rqh frxog qrw kdyh d Udgqhu htxloleulxp zlwk

wkh vhfxulwlhv lpsolhg e| wkh sruwirolr kroglqjv lq wklv wkhruhp +wkh lqvxudqfh

frqwudfwv dqg wkh pxwxdo ixqgv, ehfdxvh qr djhqw lv kroglqj wkh shuvrqdol}hg
lqvxudqfh frqwudfwv rwkhu wkdq wkh djhqw rq zklfk wkh| duh zulwwhq1 Vhfxulw|

kroglqjv zrxog wkhq qrw dgg xs wr }hur1 Li rqh zdv wr frxqw krz pdq|
vhfxulwlhv duh ehlqj wudghg rqh pd| jhw pruh wkdq N vhfxulwlhv1 Zkdw

wklv uhvxow lv vd|lqj lv wkdw hyhu| djhqw pd| eh vhoolqj d gl�huhqw nlqg ri
lqvxudqfh frqwudfw/ exw wkh| zloo qrw eh wudglqj gluhfwo| rq hdfk rwkhu*v

lqvxudqfh frqwudfwv> Euxfh Zloolv zloo qrw eh vhoolqj lqvxudqfh rq Duqrog
Vfkzdu}hqhjjhu*v krxvh +ru rq dq| krxvh lq Lqjohzrrg iru wkdw pdwwhu,

exw zloo mxvw ex| lqvxudqfh rq klv rzq krph dqg dq djjuhjdwh vhfxulw|
rq wkh srro ri hyhu|erg|*v ulvn vxfk dv d fdwdvwurskh erqg1 Hdfk djhqw
surylghv fryhudjh iru wkh rwkhuv rqo| dv sduw ri d srro/ dqg hdfk djhqw

rewdlqv fryhudjh iurp wkdw srro1 Wklv lqvljkw lv nh| wr xqghuvwdqg zk|
lqvxudqfh dqg uhlqvxudqfh frpsdqlhv h{lvw dqg zkdw wkhlu uroh lv= holplqdwh

wkh djhqw*v lglrv|qfudwlf ulvn e| srrolqj orwv ri wkhp wrjhwkhu1 D vlplodu
lqwhusuhwdwlrq dssolhv wr pxwxdo ixqg frpsdqlhv/ zkrvh uroh lq wklv prgho lv

wr sxufkdvh lqglylgxdo vwrfn kroglqjv dqg vhoo wkhp dv d srro wr lqglylgxdo
lqyhvwruv1
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Wkh pdlq uhvxow lq wklv sdshu looxvwudwhv wkh olqn ehwzhhq ulvn srrolqj lq
frqvxpswlrq dv dq rswlpdo vwdwh0frqwlqjhqw frpprglw| htxloleulxp/ dqg

lqvxudqfh dqg khgjlqj dv wkh rswlpdo wudglqj vwudwhjlhv lq d �qdqfldo pdunhw
htxloleulxp1 L kdyh orrnhg dw krz ulvn0dyhuvh djhqwv zrxog xvh �qdqfldo

pdunhwv wr vkduh ulvn1 L kdyh vkrzq wkdw djhqwv* wudghv fdq eh ghvfulehg e|
sruwirolrv wkdw lqfoxgh d ulvnohvv erqg/ d frpprq vhw ri ghulydwlyhv +zulwwhq

rq wkh djjuhjdwh hqgrzphqw,/ dqg shuvrqdol}hg lqvxudqfh frqwudfwv1
Wkh olqn ehwzhhq ulvn srrolqj lq frqvxpswlrq dqg vhfxulw| wudglqj eh0

kdylrxu uhtxluhv wkh fodvvl�fdwlrq ri lglrv|qfudwlf vkrfnv lqwr jurxsv ru culvn
fodvvhv*1 Hdfk ri wkhvh ulvn fodvvhv uhsuhvhqwv d gl�huhqw vkrfn rq wkh djjuh0
jdwh hqgrzphqw dqg pxvw eh wuhdwhg vhsdudwho| iurp wkh rwkhuv1 Exw zlwklq

hdfk ulvn fodvv/ wkhvh lglrv|qfudwlf vkrfnv duh doo htxlydohqw dqg duh lqghshq0
ghqw ri wkh zhdowk ri wkh lqglylgxdo/ wkhlu suhihuhqfhv/ hwf1 Wkh v|pphwu|

lpsrvhg dffurvv djhqwv lq suhylrxv prghov wkdw kdyh vwxglhg lglrv|qfudwlf
dqg djjuhjdwh vkrfnv lv qrw d qhfhvvdu| uhtxluhphqw iru d sduvlprqlrxv �0

qdqfldo pdunhw1 Khqfh rqh zrxog eh pruh zloolqj wr dffhsw wkh ydolglw| ri
wkh frpsohwh pdunhwv dvvxpswlrq1
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^4` Ddvh/ N1 ^4<<6`1 _Frqwlqxrxv Wudglqj lq dq H{fkdqjh Hfrqrp| xqghu
Glvfrqwlqxrxv G|qdplfv= D Uhvroxwlrq ri wkh Htxlw| Suhplxp Sx}}oh1%

Vfdqglqdyldq Mrxuqdo ri Pdqdjhphqw <=Vxsso1 V6~V5;1

^5` Duurz/ Nhqqhwk M1 ^4<98`1 _Dvshfwv ri wkh Wkhru| ri Ulvn0Ehdulqj/
ohfwxuh 6/% uhsulqwhg lq Froohfwhg Sdshuv ri Nhqqhwk M1 Duurz/ Yro Y

^4<;7` ::~;91

^6` Ehzoh|/ W1 ^4<:5`1 _H{lvwhqfh ri Htxloleuld lq Hfrqrplhv zlwk Lq�qlwho|

Pdq| Frpprglwlhv/% Mrxuqdo ri Hfrqrplf Wkhru| 76 847~8731

^7` Euhhghq/ G1 ^4<:<`1 _Dq Lqwhuwhpsrudo Dvvhw Sulflqj Prgho zlwk
Vwrfkdvwlf Frqvxpswlrq dqg Lqyhvwphqw Rssruwxqlwlhv1% Mrxuqdo ri Il0

qdqfldo Hfrqrplfv1 : 598~5<91

^8` Euhpdxg/ S1 ^4<;4`1 Srlqw Surfhvvhv dqg Txhxhv= Pduwlqjdoh G|qdplfv1

Vsulqjhu0Yhuodj1 Qhz \run1

^9` Fr{/ M1 dqg V1 Urvv ^4<:9`1 _Wkh Ydoxdwlrq ri Rswlrqv iru Dowhuqdwlyh
Vwrfkdvwlf Surfhvvhv1% Mrxuqdo ri Ilqdqfldo Hfrqrplfv 6= 478~499

^:` Gldprqg/ Shwhu ^4<9:`1 _Wkh Uroh ri d Vwrfn Pdunhw lq d Jhqhudo Htxl0
oleulxp Prgho zlwk Whfkqrorjlfdo Xqfhuwdlqw|/% Dphulfdq Hfrqrplf

Uhylhz 8: :8<0::91

^;` Gx�h/ G1 dqg F1 Kxdqj ^4<;8` _Lpsohphqwlqj Duurz0Gheuhx htxloleuld
e| frqwlqxrxv wudglqj ri ihz orqj0olyhg vhfxulwlhv1% Hfrqrphwulfd 86=

466:~4689

^<` Gx�h/ G1 dqg Z1U1 ]dph ^4<;<` _Wkh Frqvxpswlrq0Edvhg Fdslwdo

Dvvhw Sulflqj Prgho1% Hfrqrphwulfd 8:= 45:<~45<:

^43` Hoolfnvrq/ E1/ dqg M1 Shqdoyd ]xdvwl ^4<<:`1 _Lqwhuwhpsrudo lqvxudqfh/%
Mrxuqdo ri Ulvn dqg Lqvxudqfh 97+7,= 8:<~8<;1

^44` Kxdqj/ Fkl0ix ^4<;:` _Dq Lqwhuwhpsrudo Jhqhudo Htxloleulxp Dvvhw
Sulflqj Prgho= Wkh Fdvh ri Gl�xvlrq Lqirupdwlrq1% Hfrqrphwulfd

88+4,= 44:~4751

^45` Odvw/ J1 dqg D1 Eudqgw ^4<<8`1 Pdunhg Srlqw Surfhvvhv rq wkh Uhdo

Olqh= Wkh G|qdplf Dssurdfk1 Vsulqjhu0Yhuodj1 Qhz \run1
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^46` Pdfh/ Eduedud ^4<<4`1 _Ixoo Lqvxudqfh lq wkh Suhvhqfh ri Djjuhjdwh

Xqfhuwdlqw|/% Mrxuqdo ri Srolwlfdo Hfrqrp| << <5;~<891

^47` Pdunrzlw}/ K1 ^4<85`1 _Sruwirolr Vhohfwlrq/% Mrxuqdo ri Ilqdqfh : 4;84~
4;:51

^48` Pdv0Frooho/ D1 dqg Z1 ]dph ^4<<4`1 _Htxloleulxp wkhru| lq lq�qlwh gl0
phqvlrqdo vsdfhv1% lq Kdqgerrn ri Pdwkhpdwlfdo Hfrqrplfv1 Yroxph

LY1 +Kloghqeudqg/ Z1/ dqg K1 Vrqqhqvfkhlq/ hg1,1 Hovhylhu Vflhqfh Sxe0
olvkhuv1 E1Y1

^49` Phuwrq/ Urehuw F1 ^4<<3` Frqwlqxrxv0Wlph Ilqdqfh1 Eodfnzhoo Sxe0

olvkhuv1 Fdpeulgjh/ Pdvvdfkxvhwwv1

^4:` Shqdoyd ]xdvwl/ Mrvh V1 ^4<<:` Wkh Wkhru| ri Ilqdqfldo Lqvxudqfh zlwk

dq Dssolfdwlrq wr Hduwktxdnhv dqg Fdwdvwurskh Erqgv1 SkG Wkhvlv/
XFOD1

^4;` Udgqhu/ U1 ^4<:5`1 _H{lvwhqfh ri htxloleulxp ri sodqv/ sulfhv dqg sulfh

h{shfwdwlrqv lq d vhtxhqfh ri pdunhwv1% Hfrqrphwulfd 73= 4698~46:<1

^4<` Wrzqvhqg/ Urehuw P1 ^4<<6`1 Wkh Phglhydo Yloodjh Hfrqrp|1 Sulqfhwrq

Xqlyhuvlw| Suhvv1 Sulqfhwrq/ Qhz Mhuvh|1

^53` Wrzqvhqg/ Urehuw P1 ^4<<7`1 _Ulvn dqg Lqvxudqfh lq Yloodjh Lqgld/%
Hfrqrphwulfd 95 86<~8<41

^54` Zlovrq/ Urehuw ^4<9;`1 _Wkh Wkhru| ri V|qglfdwhv/% Hfrqrphwulfd 69

44<04651
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D vshfldo surshuw| ri wkh fdqrqlfdo pduwlqjdohv/ P&/ lv wkdw wkh| irup d

edvlv iru wkh vsdfh ri S 0pduwlqjdohv�2/ P1 Lw dovr hvwdeolvkhv wkh plqlpxp
qxpehu ri vhfxulwlhv qhhghg wr vsdq wkh vsdfh/ dv hyhu| rwkhu edvhv iru P

zloo kdyh wkh vdph qxpehu/ N/ ri ruwkrjrqdo hohphqwv1 Wklv fdq eh vkrzq
dv iroorzv=

Gh�qlwlrq ; Wzr pduwlqjdohv/ P dqg Q duh ruwkrjrqdo li wkhlu surgxfw

PQ @ iP|Q| j lv d pduwlqjdoh zlwk phdq 31

Dovr/ iru dq| surfhvv/ [/ ohw �[+w, ghqrwh wkh mxps ri wkh surfhvv dw gdwh
w1

Ohppd 5 +Hoolrww 4<<4/ <158, Iru P d pduwlqjdoh ri lqwhjudeoh yduld0

wlrq dqg dq| erxqghg fruoro�� pduwlqjdoh Q

H^P+W,Q+W ,` @ H

5
7[
rDf

�P+v,�Q+v,

6
8

Wkh ohppd ghvfulehv wkh h{shfwhg ydoxh ri wkh surgxfw ri wzr surfhvvhv
dv wkh h{shfwhg ydoxh ri wkh vxp ri wkh surgxfw ri wkhlu mxpsv1 Qdwxudoo|/

d pduwlqjdoh ri lqwhjudeoh yduldwlrq dqg d erxqghg fruoro pduwlqjdoh erwk
kdyh dw prvw d frxqwdeoh qxpehu ri mxpsv/ khqfh wkh xvh wkh vxppdwlrq
vljq udwkhu wkdq dq lqwhjudo1 Qhyhuwkhohvv qrwh wkdw wkh mxps wlphv zloo eh

udqgrp/ khqfh wkh xvh ri wkh lqgh{ v � 3 iru qrwdwlrqdo frqyhqlhqfh1 Wklv
ohppd zdv frqvwuxfwhg iru W @4 dqg lw qdwxudoo| dssolhv li W ?41

Wkhruhp 8 Wkh fdqrqlfdo pduwlqjdohv iru N �qlwh

P&+w, @ Q&+w,�

]
|

f
�&+v,gv>

n 5N irup d pduwlqjdoh edvlv xqghu S / vr wkdw P kdv glphqvlrq N1
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Surri Gh�qh

P+W , @ olp
|�A

P+w,>

Iru doo n 5N/ wkh vhw i�Q&+w, A 3> �Q�+w, A 3> m 9@ nj kdv suredelolw|

3/ l1 h1/ Q& grhv qrw fkdujh d frpprq mxps wlph zlwk dq| Q� / m 5N/ m 9@ n/

e| gh�qlwlrq/ vr wkdw

H^Q�+W ,Q&+W ,` @ 3>

Vr wkdw dsso|lqj Hoolrww*v ohppd rq dq| wzr pduwlqjdohv/ P&/ P� / l 9@ m lq

+P�> = = = >Pg, zh rewdlq

H^P&+W ,P�+W,` @ H

5
7[
rDf

�P&+v,�P�+v,

6
8

@ 3

Vr wkdwP& lv ruwkrjrqdo wr hyhu| rwkhu fdqrqlfdo pduwlqjdoh/P� 1 Dv wkh lq0

gh{ n lv duelwudu|/ wkh yhfwru ri pduwlqjdohv +P�> = = = >Pg, frqvlvwv ri ruwkrj0

rqdo pduwlqjdohv1 Dv I lv wkh �owudwlrq jhqhudwhg e| Q =@ +Q�> = = = > Qg,/

+P�> = = = >Pg, irup d pduwlqjdoh edvlv iru P1 Dv doo pduwlqjdoh edvlv kdyh

wkh vdph glphqvlrq/ wkh glphqvlrq ri P lv N1

S�2 �@h|�?}@*i +iThiti?|@|�L?

Wkhuh lv d vhfrqg surshuw| dvvrfldwhg zlwk wkh fdqrqlfdo pduwlqjdohv zklfk

vhwv pdunhg srlqw surfhvvhv dsduw iurp frqwlqxrxv surfhvvhv vxfk dv Eurz0

qldq Prwlrq1 Wklv kdv wr gr zlwk wkh zd| wkh fdqrqlfdo pduwlqjdohv fdq eh

xvhg wr uhsuhvhqw doo dgdswhg/ uljkw0frqwlqxrxv surfhvvhv/ ri zklfk pduwlq0

jdohv lv d vxevhw1

Wkhruhp 9
�e Ohw iJ+w, = w � 3j eh dq dgdswhg dqg uljkw0frqwlqxrxv sur0

fhvv1 Dvvxph wkh h{lvwhqfh ri d vhtxhqfh w?/ q 5 Q/ ri vwrsslqj wlphv

vdwlvi|lqj

w? % 4 T� d=v=

vxfk wkdw iJ+wa w?, = w � 3j lv iru doo q 5 Q d xqlirupo| lqwhjudeoh pduwlq0

jdoh1 Wkhq wkhuh h{lvwv d suhglfwdeoh yhfwru i vxfk wkdw

[
&Mk

] |

f

mi&+v,m�&+v,gv ?4 S � d=v=

�eA��t |�iLhi4 �t @_@T|i_ uhL4 w@t| @?_ �h@?_| d�bbDo
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dqg

J+w, @ J+3, .
[
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] |

f

i&+v,gP&+v, S � d=v=

zkhuh wkh lqwhjudo lv vwdqgdug Ohehvjxh0Vwlhowmhv lqwhjudo1

Vhh Odvw dqg Eudqgw ^4<<8/ s1676` iru wkh surri1
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