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Abstract

We introduce a variation of the proof for weak approximations that is suitable for studying
the densities of stochastic processes which are evaluations of the flow generated by a stochastic
differential equation on a random variable that maybe anticipating. Our main assumption is that
the process and the initial random variable have to be smooth in the Malliavin sense. Furthermore
if the inverse of the Malliavin covariance matrix associated with the process under consideration is
sufficiently integrable then approximations for densities and distributions can also be achieved. We
apply these ideas to the case of stochastic differential equations with boundary conditions and the

composition of two diffusions.
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1 Introduction

Starting as early as Milshtein [22] and due to its many applications the area of weak approximations
for stochastic differential equations (sde’s) has been growing rapidly (e.g. see Kloeden and Platen [16]).
To explain what are the issues in this area of study, let’s consider a simple case first. Define ®;(x)

as the solution of the following one dimensional stochastic differential equation:

Oi(z)=x —1—/0 o(Ps(z)) o dW; —I—/O b(®;(u, x))ds, te€0,1]. (1)

Here W is a one dimensional Wiener process and b, o : IR — IR are smooth with bounded derivatives.
The above stochastic integral is the Stratonovich integral.

The main problem of study in the area of strong and weak approximation theory is how to ap-
proximate ® and what 1s the error of approximation. For this we define the Euler approximation. Let
7 ={0=1y < .. <ty =1} beapartition of [0, 1] such that ||| := max{ts41—ts; k=0,... , N—=1} <.
Define the shift operator

n(t) =tx ity <t<tpp,

where ¢, and #5419 are in . We set 5(0) = 0. Let @ denote the Euler-Maruyama scheme defined by

¢ ¢
@t(l‘) == —1—/0 U(Cbn(s)(l‘))dWs —I—/O m(q)n(s)(l‘))ds. (2)
Here m = b+ 1o'0.

A well known result (see e.g. Theorem 10.2.2 in [16]) establishes that

B(sup [#:(x) = Be(a)F) < CL)o7" (3)

Here, p > 1 and C(#) is a positive function that has polynomial growth in # and is independent of §
and the partition .

This type of result measures the path-by-path difference between the solution of (1) and its Euler-
Maruyama approximation (2). For this reason this type of result is usually called strong approximation
theorem. Its method of proof is based on Gronwall’s lemma.

A different way of measuring the difference between ® and @ is through their laws and in particular

the following result holds (see, e.g. Theorem 14.1.5 in [16]):

|B(f(®e(x))) = B(f(®e(x)))] < C()d, (4)

where f € Cp°(IR) (that is, f is a real valued, smooth function with polynomial growth at infinity).
This type of result is different from (3). In fact, if f above were Lipschitz ( with Lipschitz constant K)
using (3) we could only obtain that

|E(f(®e(2)) = E(f(®e(2)))] < KE(|@i(2) = Be()]) < KC ()8,

while (4) establishes that the rate of convergence is of order §. Results like (4) are known as weak

approximation theorems. The method of proof is centered on the fact that if we define wu(t,z) =



E(f(®:(x))) then u satisfies the following PDE:

du du 1 5 0% B
g(s, z)+ m(x)a—x(s, z) + 3¢ (x)w(s, z)=0
u(0,2) = f(x).

Having defined u, one rewrites (4) in terms of u and applies It&’s formula. At some point during the
proof the Markov property of the process ®;(z) is used.

Due to its connections with partial differential equations the area of weak approximations has
recently been of increasing interest. Also this type of results give information about many functionals
of the solution process. In particular, the moments and the law of the process ®;(z). For example,
Bally and Talay [3], [4], widened the class where f belongs to have a result like (4) hold. In particular,
one can obtain approximations for the distribution and density functions of ®. Other related results
were developed by Hu and Watanabe [14] and Kohatsu-Higa [17].

Another direction of development has been to consider other stochastic differential equations of a
type different from (1). For example, Bossy and Talay [5] and [6] considered stochastic differential
equations related to the Burgers and McKean-Vlasov equations. These stochastic equations are of a
type different from (1). In particular the law of the solution process is also part of the coefficients in
the equation.

In all these variants the essential technique to obtain a result like (4) is to find an appropiate
modification of the basic argument that uses u (which also needs to be modified), the adaptedness and
the Markov property of the underlying stochastic process.

Until recently, it was common to believe that anticipating stochastic differential equations were not
amenable to this type of argument to study the numerical approximations due to the lack of adapted
properties and the Markov property. In Ahn and Kohatsu-Higa [2], we defined and analyzed the weak
and strong rate of convergence for a Euler type scheme in the case of ®;(Xy) where X is a smooth
random variable (in the Malliavin sense) but not necessarily adapted to Fy. We assumed that the joint
distribution of the vector (Xg, We,, ..., Wy,) is known and therefore possible to simulate. These results
proved that one could use simulations to study the path and probabilistic properties of such anticipating
processes.

Nevertheless, the proof of weak approximation was complicated and required stringent conditions
on the random variable Xy. Here the problem comes from the fact that although ®;(Xy) satisfies an
stochastic differential equation of anticipative type, there is no partial differential equation associated
to 1t. Furthermore the Markov property is not satisfied.

In this article we propose to continue this study. We want to concentrate our efforts in ordinary
stochastic differential equations with boundary conditions. As many high order sde’s with boundary
conditions can be reduced to first order ones, we will start studying the weak approximations for first
order stochastic differential equations with boundary conditions. In the future we will handle the second
order equations.

Here, we consider approximations for the density of the solution to a sde with boundary conditions.

These equations arise naturally as extensions of ordinary differential equations with boundary condi-



tions. The solutions of such equations can be written as ®;(Xy). There are various added complications
to the definition and the analysis of approximations in this case.

First, one has to approximate Xy, through a procedure that resembles the classical shooting method.
This method is not well defined in the whole sample space therefore we will need a localization procedure.
Secondly, the approximation to Xy does not satisfy the requirements of the weak approximation results
in [2]. Third, we are interested in approximating the density of a process with the possible complication
that the approximating process may not have a density in itself, although the limit may have one.

To solve these problems, we propose a variant of the classical proof of weak rate of convergence.

In order to give a clear proof of our final goal ( see Theorem 4.3), we will gradually introduce this
modification to the classical proof. The final goal is to find rates of convergence for approximations to
the densities of random variables of the type ®:(Xy).

First, we study the case when Xj is a random variable such that the joint law of (Xo, Wy, ..., Wey)
is known beforehand. Although this is not the case for sde’s with boundary conditions this will be an
important step towards our final goal. In the second step, we study the case when X also has to be
approximated. First, in the case Xg 1s generated by another diffusion and then in the case of stochastic
differential equations with boundary conditions.

Instead of using the Markov property and u(t, #) we use the integration by parts of Malliavin calculus.
Therefore the variant we introduce to prove these results requires the use of flow properties, techniques
of Malliavin calculus and the smoothness of the processes involved.

With these tools we will prove weak approximation results of the type (4) for the cases mentioned
above. Furthermore one can also obtain extensions when f belongs to a wider class that includes the
indicator function and the delta function. This type of results will provide a way to approximate the
distribution and density functions of the processes involved through the use of appropiate Monte Carlo
methods.

The study of approximations for density functions has the added difficulty that one has to show that
the Malliavin covariance matrix of the approximating process is uniformly bounded with respect to the
step size. We prove in the Appendix that something close to this happens (see Lemma 7.2) which will
be enough for our approximation result.

After some preliminaries we will discuss in Section 3 our method of proof for weak approximations
in the case of diffusions composed with an anticipating random variable. In this section we suppose
that Xg is a smooth random variable in the Malliavin sense. Then we apply this result to the case when
Xy 1s the final point of another diffusion. This example provides a first case where the initial random
variable also needs to be approximated.

Then we start to consider our approach in a more difficult anticipative setting such as in the case
of stochastic differential equations with boundary conditions. This study 1s carried out in Section 4
and is divided into two parts. First for the one dimensional case (Section 4.1) and then in the general
multidimensional case (Section 4.2).

In the first, the approximation can be considered as the natural generalization of the shooting method

for ordinary differential equations with boundary conditions. Here, we have the added complication



that a localization technique is needed. We show that our method of proof also works under the
appropiate localization. Therefore, the main difference with Section 3 is the fact that X is only locally
smooth and that it also has to be approximated. Finally we consider the approximation of densities
for the one dimensional case. In this case besides the localization procedure we also need to start
considering when the density of the solution to the sde with boundary conditions exists. This involves
further calculations related to the Malliavin covariance matrix and the added problem of considering a
non-degenerate approximation.

At the beginning of Section 4 we also give a brief introduction to stochastic differential equations
with boundary conditions.

Then at Section b we give a short description of a possible real application of these equations
together with a general result of diffusion approximation. We finish with some conclusions and possible
generalizations of our method. At the end of this article in Section 7, we have collected a series of
auxiliary results that are used throughout the text.

In this article, C' will denote positive constants that may change from one line to the next. Further-
more these constants are always assumed independent of § and the partition 7 unless it is explicitely

stated otherwise.

2 Preliminaries

Now we introduce some basic tools from Malliavin calculus that will be used throughout the text. For
further reference see [23]. Let (2, F, P) be the canonical Wiener space which supports a d-dimensional
Wiener process W. Let Cp° (]Rd”) be the set of €' functions f : IR"® — R which are bounded and
have bounded derivatives of all orders. The class of real random variables of the form f(We,,..., Wi, ),
fecyr (]R"d), t1,...,tnp > 0, (the class of infinitely differentiable functions with bounded derivatives)
is denoted by S. ID''? designates the Banach space which is the completion of § with respect to the

norm:
d

1F )1y = LB 4 (30 Bl / DIFP dsyPl)

j=1

where (1[4 denotes the indicator function of the set A)

A,
DIF=Y%" LW W) Moy (0.

i=1 a$]l

ID*? is defined analogously and its associated norm is denoted by ||-||s,p. Also, let ID** = N,5;ID*?

and D = Np>1 Na>1 ID*P. The localization of ID*? is denoted by ID;”. That is, ID;¥ is the set of

loc

random variables I such that there exists a sequence {(Q2°, F'¢), 0 < e < 1} C F x D*? such that
(1) Q°1Q, as.
(i4) F = F° a.s.on Q°.

Then one defines DJ..DI*F = Di1 .DI*F® on QF for k < a , ji,...,jx € {1,...,d} and we say that
(¢, F) localizes F.



The adjoint of the closed unbounded operator D : ID"? — L2([0,1] x Q) is usually denoted by &
and is called the Skorohod integral. Its domain can be characterized as the set of measurable processes

u € L2([0,1] x Q) such that there exists a positive constant C' that may depend on u such that
1
B([ DiFudn) < I
0

for all F € ID“?. Then the Skorohod integral for u an element of its domain, is the square integrable

random variable determined by the duality relation
1
E(6(u)F) = E(/ Dy Fugdt), (5)
0

for all ' € ID"?. The Skorohod integral turns out to be an extension of the classical Ité integral and it
allows the integration of processes that are not necessarily adapted.

In order to avoid confusion we will use D for the derivative defined above and V or the / notation
for classical derivatives of functions.

When considering densities of random variables we will use the concept of Malliavin covariance ma-
trix. For this, define for F' € (]Dl’l);’gc the Malliavin covariance matrix of F' as Ai‘z = (DF?, DFj>L2[071].
If F eID*™ and det A;l € Np>1LP(82), then F has a smooth density.

A measurable process u with integrable paths a.s. is said to be Stratonovich integrable with respect
to W if for any increasing sequence of partitions {II,, = {0 = ¢} < ... <" = 1}} of [0, 7], such that
|TT,,| = 0, the sequence

ti

n—1 1 ; ;
el |7 waswi, - wih,
converges in probability. In such a case we will denote the limit by fol Ug © thj. It is well-known that
ifue ]Lé,zloc (for a definition of this space, see [23]), then w is Stratonovich integrable with respect to
Wi, for j € {1,.... k}.
Now we give some notation related to stochastic differential equations. From here onwards we reduce
our study to one dimensional sde’s for convenience.

Let ®;(s, ) be the stochastic flow (sometimes also denoted by ®(t,z) or ®;(x) in the case s = 0)

defined as the solution of
¢ ¢
Di(s,x) = = + / o(®y(s,2)) o dWy, + / b(Dy(s,x)) du, s <t e[0,1],

where b, ¢ : R — IR are smooth functions with bounded derivatives. Now we define the Euler approx-
imation for ®. For this, let # = {0 =5 < ... <ty = 1} be a partition of [0, 1]. As before we define the
shift operator 7(t) and we take ||7|| < J. Let ® denote the Euler-Maruyama scheme defined by

@t(s,x):x—l—/ U(@n(u)(s,x))qu—l—/ m(@n(u)(s,x))du. (6)

Here m = b+ %0'/0'. In the particular case that s = 0 we simplify the notation and use ®;(x) and ®;(z)

instead of ®;(0,z) and ®;(0, z).



We will also use some terminology related to the high order Tto-Taylor formula as stated in [16].
That is, let M = {(j1, ..., 51); Ji € {0,1}, i € {1,...,0}, for { = 1,...} U{v} where v denotes the multi-
index of length 0. For a multi-index & = (j1, ..., ji) define the length of « as [(«) =, also define n(a)
as the number of zeros in o, —a = (ja, ..., ji) and a— = (41, ..., ji—1). Then for f : [0, T] xR = IR define

the following operators:

Llf(s, z)= U(x)g—ij(s, z),

of of 1 o f
0 _ 9 97 Lo O
L f(S,l‘)— 88(5,$)+m(l’)8$(5,l’)+20' (x)axz(sax)
For & = (41, ..., ji) define by induction
g =
Ja = (7)

Livg_, :1>1.

In the case that the function g is not explicitely stated we shall always take it to be the identity function
g(t,x) = =. Also define the following Wiener functionals for an adapted process f:

f() 1=0

[ 0) L DT = B

Here dW? = du and I, = I.[1];4. Alsolet , 5 = {o € M; l(a) < B} and B(, 5) = {a €
M_aﬁa —OzE,@}.

Lo[f()]se =

Also the space of differentiable functions with polynomial growth at infinity is defined for £ = 0,1, ...

as
Emndy — kb (md. Yy — End. Y. g5 j - r
Cy(R7) = C (RS R) = {f € C"(R%R); 3K >0, r € N such that |9] f(y)| < K(1+[y]"),
for any {(j) < k, y € R}.

Here, j denotes a multi-index from {1, ..., d}*/) [(j) denotes the length of the multi-index and %f(y)
denotes the high order partial derivative of f with respect to the indices in j. In the case d = 1 we

write C’;f = C’;f(]R).

3 Weak approximation for the composition of two diffusions

In this section we will study the weak approximation of ®;(Xy) by ®;(X,), where X; is an ap-
propiate smooth random variable. Therefore we will be assuming that one knows how to simulate
(Xo, Wi,y ..., Wey). Although we work with one dimensional sde’s, the results in this section have
straightforward generalizations to the multidimensional case.

We start with a preliminary result on the generalized strong rate of convergence of the Euler scheme.

This is a necessary step in order to prove the weak rate of convergence.

PROPOSITION 3.1 Assume that for k € N, Xy € ID*°° with SuPse[0,1]E|DsX0|p < oo forall p > 1.
Then ®,(Xo), ®:(Xo) € ID*°° and furthermore there exists a positive constant depending on p and k,
C(k,p) such that

194(X0) = @e(Xo)llxp < C(k, )57



Proof:  ®:(Xo), ®:(Xo) € IDF°° are proved using Lemmas 7.3, 7.4 in the Appendix and the chain rule
for Malliavin calculus.
We assume in the rest of the proof that £ = 1, the general case is left for the reader. In this case,

one needs to estimate
1®:(Xo) = @ (Xo)lli, = {E[®:(Xo) — Be(Xo)[P}/P + (E[{/O | D (®4(Xo0) — @4(Xo))|” ds}/ )P

First, we have that due to Lemma 7.3 in the Appendix, that there exists a positive constant C'(p) such
that

s

E|®:(Xo) — ®:(Xo)[" < C(p)d=.
It is not difficult to compute D;®;(Xo) and D;®;(X;). This gives for s <t

Dy(®:(X0) = Di(®:)(X0) + V(®)(X0) Ds X0
= V(q)t)(s, q)s(Xo))O'(q)s(Xo)) + V(q)t)(Xo)Don

Analogously, we have for s <t
Da(@1(X0)) = V(@0) (11 (5), By o) (X)) (o) (Xo)) + V(1) (Xa) Do Xo.
Here, 71(s) := min{t; t; > s} and V(®;)(n1(s),z) = 1 if s <t < n1(s). Now consider

< COHE(IV (@) (s, @4 (X0))o (D (X0)) — V() (5, B4 (X0)) (@5 (X)) )
D1)(5, s (X0)) (D5 (Xo)) — V(@e) (5, D (X0)) o (D5 (X0)) ")

) = V(@) (n1(5), @ (X0)) }o () (Xo)) ")
X0)) = V(@2) (71(5), Dy, () (X0)) o () (Xo)) )
+E(|V(®:)(Xo) — V(0:)(X0)|P|Ds Xo|P)} = €1 + €2+ e3 +ea + e5.

We have that sup, e (€1 + €2 +ea +e5) < C(p)o?/? due to Lemma 7.4 in the Appendix.
To find the rate of convergence to 0 of ez it is enough to note that the processes a; = 6t(5, z) —
6t(771(5), z)and 3 = V@t(s, x)—V@t(m(s), z) are the solution of linear stochastic differential equations.

For example, a; solves the following equation

n1(s) ms)
- / (@) (5, 7)) +/ 0 (a0 (5, 2)) AW,
B3 . L B B3 B
—I—/ / Vm((1 = v) @y (n1(5), ®) + v®y ) (s, 2))dvaydu
n1(s) J0
¢ 1 _ _
—1—/ / Vo((1=v)®yw)(m1(s), ) + 0Py ) (s, ©))dvo, dW,,.
n1(s) J0

From here it follows using Gronwall’s Lemma that F(supyc,<; |a:|?) < C(p)é?/?. In the same manner

one proves that 3; satisfies the same property. Then one can conclude that eg < C'(p)ép/z. ]

This proof can actually be used to prove even stronger statements than the ones proven here (see

Lemma 7.4 in the Appendix).



THEOREM 3.1 Let 7 be a partition of size § and ® be defined as in (6). Suppose that f € C’;}(]R). Also
assume that b and o are smooth functions with bounded derivatives. Finally, suppose that Xy € D>
and sup E|D,Xo|* < o0, sup E|DyDyXy|? < 00. Then for anyt € [0, 1], there exists a positive constant
C that depends on f such that

|E[f(®:(X0)) — f(T:(X0))]] < C6.

Proof.  First assume without loss of generality that ¢ € 7. We then have

n(t)
Ef(®1(Xo)) — Ef(®:(X0)) = ZE[f(@(ti,@,(Xo)))—f(@t(ti_l,it,_l(Xo)))]

F(®i(ti, @, (X0))) — (P (i, Dr,_, (X0)))

0
3—l,f(q>t (ti,x))

{6“()(0) - 6t,_l(AXO)

x:gtl_l (Xo)

—(®t(tiz1, Bty (Xo)) — e, (Xo))} + Ri(®1,(Xo))

—Ri(P¢,(ti—1, Pr,_, (X0)))

where n(t) = max{j; t; <t} and

// O @t N + 51(U = Ty (X)) (U — By, (X)) ds1dso. ()

To shorten the proof we will select some terms to show how the proof is done.
For example in (8) one has to analyze the term (this is a particular form of the It6-Taylor formula,

see Theorem 5.5.1 in [16])

(@,(XO) — @, (Xo) — (Pr, (tim, Bro_, (X0)) — 6t,_l(XO))) =

Zfoct, 1,t (goc aq)~(ti—1a6tz—1(x))))

a€B(I'y)

(10)

r=Xg
Here g(x) = = and g(p,1) is defined in (7). Some of these terms will involve stochastic integrals that have

to be plugged into (8). For example, the expectation of one of these terms will generate for a = (0, 1)
r=Xg }

ds, (11)
r=Xg

E{%f(@t(ti,x)) T timai (90,1 (- (Fim1, e,y (2)))

Next, this equals

/t ll E ;—xf(@t(ti,l‘)) /ts 1 G(Pu(tizy, B, (2)))dW,,

x:‘I’tl_l(XD) =




where G(z) = m(x)o’'(2) + %0'2(9:)0'”(9:). Then applying the formula (51) one has that the above

expression becomes

t: s a 3G <I>u ti— ’61—1 .
[ 23 L D, Gt B )
tim1 Jti- v = oz
i—1 i—1 I‘I‘I’tl_l(XD)
a j—
+Dum f(8e(ti, @) G(Pu(tiz1, @1, (X0))) ¢ duds. (12)
x25t1—1(X0)

To finish one obtains (using Lemmas 7.3 and 7.4) that the above integrand is smaller than C'6? uniformly
in {(s,u) € [ti—1,4;]*; u < s}. Here C is a positive constant independent of the partition 7, §, s and
t. The treatment of the other terms in (10) is similar.

For example, we will bound in the first term in (12). That is, we will prove that there exists a

positive constant independent of the partition 7 and § such that

G (P (tiz1, P, ()
Ox

sup |E DUXO%f(@t(ti,x)) (Xo) || < C. (13)

w€ti_1,t] =T, L (X0)

In fact, we have D, Xy € LP(Q), for any p < 2, uniformly in « by hypothesis. As f has poly-
nomial growth at infinity and using flow properties together with Lemma 7.3, we also have that
%f(q)t(ti, z)) € LP(Q), for any p > 1 uniformly in {(¢;,%;—1) € [0,1]%; ti—1 < t;}.

x:gtl_l (Xo)
Now note that G(z) is smooth with polynomial growth at infinity. Therefore we have as before that

%G(@u(ti_l, [T (Xo))) € LP(Q), for any p > 1 uniformly in ¢,_; € [0,¢]. Therefore the result follows.
a

Remark 3.1 1. When dealing with the residues in (9) it is necessary to repeat some of the steps shown

wn the proof above. In fact, for example we will have a term of the type

(P, = D1, (Xo))" = (m@,_l(Xo))(ti —tic1) + (@1, (Xo)) (W2, — Wt,_l)) :

Here one expands the square and uses again (51) whenever increments of the Wiener process appear.
2. The condition sup E|D; Dy, Xo|? < co. is used in (13) in the case o = (1,1).
3. Note that the csél;zditions on the deriwatives of Xy can be relazed if one uses the appropiate Holder
inequalities in (13). This weaker condition is of the form: There exists € > 0 such that

sup E|D,Xo|*T+ sup E|D,D, X' < .

s€[0,1] s,u€[0,1]
4. Theorem 3.1 is an improvement of Theorem 4.2 in [2]. The method of proof is different. Theorem

4.2 in [2] is strongly based in some generator of a highly complex process which in spirit resembles the

classical proofs that one can find in e.g. [16], Chaptler 14.

We will now give a first application of this theorem. Consider the weak approximation problem for

F(®:(Xo)) where Xy is generated by a diffusion. Up to the previous theorem it was assumed that the

10



vector (Xo, Wiy, ..., Wi,) had a known joint law that can be simulated. Now we consider the case when
Xy also needs to be approximated through an Euler-Maruyama approximation. For this, let Z be the

diffusion defined by
¢ ¢
Zy = Zy —1—/ B(Z)dW; —1—/ A(Zs)ds. (14)
0 0
Here Zj is any Fp-measurable random variable in LP(£2) for any p > 1. Analogously define the Euler
approximation scheme Z for Z using a partition 7/ := {0 = s < ... < sy = 1} with |7'| < §'. Note
that the noise that generates Z is the same to the one that generates X. Therefore, in general, X and

Z are not independent.

Assume that A and B are smooth with bounded derivatives then Z; € D% and furthermore

sup E[sgp|Dsl...Dsk(Zt Z)P] < (63,

$1,..,5k
for any k € IN (this is done using essentially the same proof as in Proposition 3.1). Therefore by
Theorem 3.1 we obtain that if f € C’;’ there exists a positive constant C' that may depend on f and ¢
but it is independent of 7, 7', § and 4’ such that

|Ef(®:(Z1)) — Ef(®:(Z1))] < C0.

A realistic case i1s to consider that Z; can not be simulated exactly and that we have to use an Euler

approximation of it. The following Lemma will give a weak approximation result for of ®;(77).

LEMMA 3.1 Let f € C’;}(]R). Assume that A, B, b and o are smooth with bounded derivatives, then

there exists a positive constant C' that may depend on f and t such that

BS @) - Bf@(71)] < €.

Proof:  We start like in the proof of Theorem 3.1. Denote by ¢:(z) the stochastic flow defined by (14)

and assume without loss of generality that sy = 1.

Ef(®:(7Z1)) — Ef(®:(21)) = ZE[f@(ah(sz',Z,)))—f@(dn(sz'—l,?s,_l)))]
— ZE

H(@e(b1(si, Zsi2)) — F(De(61(si, ¢s,(5i—1,7s,_1))))]

M

Pu(p1(si,Z5.)) = f(®e(b1(s1, Zs.2y)))

S @ i) (Z -7,

=1

i=1
_(¢s,(5i—1a7s,_1) - 75,_1)) + Rz(7s,) - Ri(¢s,(5i—1a75,_1))]

where

/ / @ s DU + 04U = Fo DU T,y

11



From here we can continue with the argument as in the proof of Theorem 3.1 (in particular the argument

after (8)). Therefore the result follows. 0O

Therefore one obtains that if one approximates the initial condition with a degree of accuracy d, the
new approximation ®;(Z;) is also of order at least J.

Note that in the proof of this theorem was essential that 7 is a diffusion in order to be able to use
the Tto-Taylor formula as in Chapter 14 of [16]. This will not be the case in the next section.

Resuming the previous calculations we have the following result.

THEOREM 3.2 Assume that f € C’;}(]Rd), A, B, b and o are smooth with bounded derivatives. Then
there exists a positive constant C' such that it depends on t and f but it s independent of the partitions

7w and © as well as § and &' and it satisfies
|E[f(®:(Z21)) — f(®:(Z1))]| < C(6 4 6).

One can also extend this result to high order weak approximations. A previous result of this type
was quoted in [2], Theorem 4.2. In that result the hypothesis on X, were much more restrictive than
the ones presented here. In particular one required that some type of trace for D;D; X existed. The

argument was to use approximations for Xy that belonged to S.

4 An Euler type scheme for solutions of stochastic differential

equations with boundary conditions

Stochastic differential equations with boundary conditions arise naturally in the study of perturbations
of ordinary differential equations with boundary conditions as well as stochastic models for many phys-
ical phenomena. The behaviour and numerical approximation in the ode case is well understood (see
e.g. [7] or [15]).

Stochastic differential equations with boundary conditions have a history that may have started
with Kwakerwnaak [21]. Later they have been studied by Ocone-Pardoux [27], Nualart-Pardoux [25],
Donati-Martin [8], Garnier [13], among others. These are equations of the type

dXt = O'(Xt) [} th + b(Xt) dt, OStS 1, (15)
with a boundary condition of the form
h(Xo, X1) = h. (16)

Most of the studies on these equations concern existence and uniqueness of solutions and the Markov
field property.

These equations are anticipative in nature due to the boundary condition. Their solutions are
evaluations of flows at random variables. That is, the solution to (15) and (16), when it exists, can be
written as X; = ®4(Xyg), where {®(z) t € [0,1]} is the stochastic flow associated with (15) and Xy

is the unique solution to (16).

12



A general type of sde with a given anticipating initial condition was first studied by Ocone-Pardoux
[28]. They proved existence and uniqueness for solutions by means of an Ito-Ventzell type formula.

Here we are interested in the rate of convergence for a weak approximation to the solution of
(15)-(16). That is, we will define an approximation for the solution of (15)-(16) and prove that the
approximation converges at some rate to the solution.

We will consider two cases. First, when the boundary condition is linear and the equation is one
dimensional. Existence and uniqueness for this type of equations was considered by Donati-Martin [8].

As in the previous section we want to find an approximation for E(f(®:(X))). Theorem 3.1 is
applicable in this case because Xy € ID® as will be stated later. The added complication here is the
fact that X also needs to be approximated. This approximation is not as smooth as in the case studied
in Lemma 3.1. In fact, it is only locally smooth as it will be proved in Lemma 4.1. This introduces a
new ingredient to this problem that will be solved through an appropiate localization procedure. We
will carry this argument to analyze approximations of densities for ®;(Xg) when they exist.

In the second case we consider a multidimensional equation with ¢ = B, a constant matrix and a
boundary condition of a general type. In this case one can consider as examples some periodic boundary
conditions. Existence and uniqueness was obtained by Nualart and Pardoux [25].

In all the cases considered here it is known (see, [25]) that solutions of (15)-(16) are seldom Markov
processes. Therefore the idea of using the classical method of analysis (see e.g. Chapter 14 in [16])
through PDE problems can not be applied here.

In other articles (see [19], [10]), we have considered the necessary preliminaries to study this problem.
That is, the existence and smoothness of the density and the strong approximation for the solution of
(15)-(16) in the two cases mentioned above. These results are used throughout the text so we will recall
them when necessary.

Although here we only consider approximations for the densities one could also have considered
approximations for the distribution functions. With these results in hand one could approximate these

type of processes using the appropiate Monte Carlo methods.

4.1 The one dimensional case

In this section we will study approximations for densities of solutions to (15) and (16) in the one
dimensional case with linear boundary conditions. Existence and uniqueness of solutions for this case

was studied in [8]. That is, let o and b be real functions, Fy, Iy, hy € R. Consider the equation

dXt = O'(Xt) [} th + b(Xt) dt, OStS 1, (17)
FoXo + F1X1 = he. (18)

Assume from now on that ¢ and b are smooth functions with bounded derivatives and fy F; > O.
Without loss of generality we will always take Fy > 0 and F; > 0. In [8] it is proved that under these
1,00

assumptions, there exists a unique solution to (17) belonging to the space L5, . Furthermore, this

solution can be written as ®;(Xg), where Xy is the unique solution to (18).
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Next we consider a theorem that states when a smooth density of (17)-(18) exists.
THEOREM 4.1 (Kohatsu-Higa and Sanz-Solé [19]) Define

Yo = {o}

X = {[O',V], [b,V]-F%[O’,[O’,V]]; VEE]'_1}, Jj>1,

where [-, -] denotes the Lie bracket. Suppose that there exist jo > 0 and V € %;, with (V(Xo))™! €
Np>1LP(Q). Then, for any t € [0,1] the law of X; has a C* density.
Furthermore there exists a finite positive constant Cp(t) such that ||(A‘l>t(Xu))_1||p < Cp(t), where

Ag denotes the Malliavin covartance matriz assoctated with the random variable .

We will denote the density of X; at the point y by p(¢, ).

Let C = ||/l + |[V'||lcc. Choose 6, M > 0 satisfying § V M < % and let W(Ag) denote
W(t41)—W(ts). With this notation one obtains using a recursive argument that ®,(z) is differentiable
in z and that 58(9:) =1,

!

@, (x) = J[ 0+ o (@,(x) W(AL) + b (B, (2))0).

1=0

Then, on theset Ly = { sup W (Ag)| < M}, one has that |0/ (@, () W(Ag) + b (¥, (7)) 8| <
0<k<N—1

1/2 and therefore 5/1(93) is strictly positive. Consequently, if w € Ly, the function G(z,w) given by
G(r,w) = Fozr + 1@ (x)(w)

is monotone. We denote by X (w) the unique solution to G(z,w) = hy, w € Ly. Obviously one has
that the probabilty of the set Ly is small (the bar denotes the complement of the set Ljys). That is for
q=2

_ CNé§z
P(Tw) < 2 (19)
WA, 2
cy = E( su |7 2
¢ (ogkgjpif—l Vo )
2 [ Y u? v?
- Z q _ N-1 __
= 77/0 vN(/_Uexp( 2)du) exp( 2)dv.

Furthermore SUP ¢ (0,1] (50(;\7 < 0.

Remark 4.1 The following procedure provides approrimations for )?o(w). Assume FyFy > 0. To
stmplify the notation we skip the dependence on w. Fix )?g,o < )?3’0 such that é()?g’o) < hy,
é()?é’o) > hg. We proceed inductively as follows. Let )?g’i < )?é’i be such that é()?g’l) < hy,
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o g2 gl
G(Xé’l) > hg, i > 0. Consider g.

[ XP 4 x) .y XP X0 oy “1i
if G(%) < ho, set Xg'T = Ao+ AT Xt =X

(g g N Tt
r (M) e s oy e 2 M

2
R R N iy gL
if G(M) — hy, set Xo= 0 TR0
2 2
o ‘5(5’0—5(3’0‘
Notice that ‘Xg’l—Xé’Z < b—=a—i>t

Let Xo = Xo 11,,- The integer M plays the role of a stability index. When the increments of the
Brownian motion are too big, then a solution to G(x,w) = hy may not exist.

Therefore X is an approximation of Xo, defined through (15)-(16) using an Euler approximation
(with step size §) instead the flow ® in X = ®(Xy). In deterministic settings this is known as the
shooting method to approximate ordinary differential equations with boundary conditions.

Now we study some stochastic differentiability properties of Xy and X . For this, let € be a random
variable such that ®; (Xo)—gl(yo) = 6/1 (&)(Xo —yo). Then, define for w € Ly, 7(5) = F0+F16/1 &) =
fol(Fo + F16/1 (Xo +u(Xo — Xo))du # 0. This gives

Xo— Xo=—(Z(8))” " Fi(®1(X0) — ®1(X0)), (20)

if w € Ly . For w ¢ Ly we define Z(€) = 1. We will need the following stochastic differentiability
properties of Xy and X .

LeEMMA 4.1 We have that Xo € D™, X € DS, (Z(€))™r € Dp5.. Also we have for all p > 1,
k=0,1,..
sup sup [| D¢, ... Do Xo|lp —|—SI§p sup ||Dt1...Dtk70||p
k

& (t1,..,tx)€[0,1] (t1,.tx)€[0,1]*

+sup  sup (| Dyy D (Z(8)7H]p < oo
5 (tr, . tx)€[0,1]%

Proof: In Kohatsu-Higa and Sanz-Solé [19] it is proven that Xy € D and that

FyDy®1(X)

DXy = —— 00
T TR 4+ RO (X))

(21)

Given that FyFy > 0 we have that |D; Xy| < C|D;®1(Xg)|. Therefore one obtains that sup,||D:Xo||, <
oo applying Lemma 7.3. The proof of sup,, ;|| Dy D¢ Xo||p, < oo is similar.
Now we will prove the properties about X, and (Z(€))~! for k = 1.

We use the following localizing sequence: The sets

LSy = {ogingajif(—l |w(Ag)| < M — 2¢ or ogingajif(—l lw(Ag)| > M+e}tQase—0 (22)
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and let hprc : RN — [0,1] be a bounded smooth function with bounded derivatives such that

(23)

1  if max{|a], ..., |en|} < M — 2¢
hM,e($1,~~~,$N) =

0 ; if max{|z1],..., |en|} > M — €.

Then the localizing random variable is defined by X, = X_ohMyﬁ(w(Ao), ww(An_1))and (Z(6)~He =
(7(€))_1hM76(w(A0), oy w(Anz1)) + (1 = hare(w(Aog), ..., w(An=1))). Now in order to prove the differ-
entiability of X, and (Z(€)71)* consider w” = w +n~! Jy 9sds for g € L2([0,1]), n € IN. To simplify
notation we will write har (w) for hnre(w(Ap),...,w(An_1)). Then consider

n(Xo (") = X0 (@) = Dy Xo(w)har,e(w) = Xo(w) Dghar e (w) =
n(Xo(w") = Xo(w) = n7 Dy Xo(w))har,e(w") + Dy Xo(w) (hare(W") = hare(w)) +
n(hare(W") — hare(w) — n_nghMyﬁ(w))X_o(w). (24)
Here,

DT = @)
' Fo+ AL (Xo) (@)

Dghare(w) = Zagii’ﬁ(w(Ao),...,w(AN_l))/tj g(s)ds.

j=1 i=

Iz, (@) (25)

If we take n big enough so that

Volgll:
n

< i and suppose that har.(w”) # 0, then using the

definition of hps . we have that

max |w(Ag)] < max |w"(Ag)| +

Volgll:
n

0<k<N-1 0<k<N-1
3¢

< M- —

- 4

Therefore we only consider the case w, w” € Lys. In such a case, both Xg(w) and Xo(w™) satisfy

the boundary condition. Subtracting these boundary conditions we obtain

== (", Xo(w) = B (@, Xo(w))
n(Xo(w") — Xo(w)) :_Fln( Fo + Fy®) (w7 (w)) )’

where £"(w) is a random point between X o(w) and Xo(w™). Therefore due to the stochastic differen-

tiability of ®; and as £"(w) converges to Xo(w) in LP(Q) for any p > 1 as n — oo and using Lemma
7.3, 1t follows that

i (B Tole) =Tl o)y _ BOBIED |
F0+F1<I> (W™, & (w)) F0+F161/(X_0) '

P

F — 0.

The other terms in (24) are dealt in a similar fashion. The property supt75||Dtyo||p < oo is obtained
through (25) using Lemma 7.3 and properties of the flow defined by D;®(x).
The proof of the stochastic differentiability of (Z(£)~!)¢ uses the same techniques. In fact, consider
n((Z(&)™HW") = (Z(O) ) W)hae(w") = hare(w")F
o (@ (" (Ko + u(Xo — Xo)](w")) = B (w, [Xo + u(Xo — Xo)](w))du
(Fo+ Py fy (@) (@, [Xo + w(Xo — Xo)](w))du)(Fo + F1 [ () (w, [Xo + u(Xo — Xo)](@))du)
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Here, we again have that Xo(w") and Xo(w) satisfy the boundary condition if hare(w™) # 0. Therefore
the differentiability of (Z(€£)~1!)¢ follows from the differentiability properties of X, and 6/1 |

LEMMA 4.2 For t € [0,1] fized, k, p € N and for every ¢ € (0,1) there exists a positive constant
Cle, k,p) such that
1X0 = X0 [lkp < Cle k,p)3*2.

Proof.

Xo—Xo (Xo — Xo)hare + Xo(1 — hare)

= (=Z(8))7 F1(®1(Xo) — @1(Xo))hare + Xo(1 = hare)-
Lemma 4.1 and Proposition 3.1 give
I(=Z(€) ™ Fi(@1(X0) = B (Xo))harclleg < Cles ko p)o 2.

The second estimate || Xo(1 — hnre)||e,p < Cle, k,p)d*/? follows from (19). O

Now we give the result that shows that the weak rate of convergence for our approximation method
is §. Its proof will give us some important steps to consider later approximations for the density of the

solution process.

THEOREM 4.2 Let f € C’;}(]R) . Then we have that for any t € [0,1] there is a positive constant C
depending on f but independent of w, t and § such that

|Ef(®:(Xo0)) — Ef(P:(X0))| < C0.

The method of proof shown here has the advantage that it allows the extension to consideration of
non-smooth functions in cases where one has some estimations of the Malliavin covariance matrix of
the process involved. In order to avoid a long proof with long expressions we will sketch the proof of
the above Theorem using analogies with some of the steps taken in the proof of Theorem 3.1.

Sketch of the proof of Theorem 4.2: First, we have that Theorem 3.1 is applicable due to Lemma 4.1

and therefore
|E(f(®:(X0)) — f(®:(X0)))| < C6

Now we consider the term

[E(f(®¢(X0)) = f(@e(Xo)))| < [E(f(®e(X0)) = f(®:(X0)); Lar)|

HE(f(@:(X0)) = f(®:(X0)); Lur)]-

The second term on the right is smaller than Cd due to (19), Cauchy-Schwarz inequality and the
fact that supse g 1 E|f(®:(X0)) — £(®:(X0))|P < oo for any p.
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To deal with the first term note that for w € Ly, we have using the mean value theorem and (20)

that

F(®(Xo) —y) — f(®(Xo)—y) = /0 %f@t(' —y))(Xo + u(Xo — Xo))du(Xo — Xo)

:/O%f@(. — ) (KXo +u(Xo — Xo))du(—Z (&))" Fi(®1(Xo) — ®1(X0))). (26)

Therefore,

1(Xo + u(Xo — Xo)) — 9))du(—Z (€)™ Fy

:D\H
&|&
=
id

E(f(gt(yo))—f(gt(Xo));LM) = ZE

{@,(XO) — ®;,_, (Xo)
x:gtl_l (Xo)

— (@, (tiz1, Pr,_, (Xo)) — 6t,_l(Xo))} + Ri( @, (Xo))

—Ri (D, (ti 1, Py, (Xo)))) ; LM]

This is the analogue to formula (8). The residues R; are defined considering f(x) = # in (9). As
in Theorem 3.1 we arrive at the consideration of terms that are similar. For example, the analogous to

(11) is

[ B @+ oo = o) = D)7 Fagp el o)

; LM) dvds
r=Xg

Denote the expression inside the above expectation by =. Then, we have that for a fixed € > 0,

z=®, ) (Xo)

/ts G(®y(tizy, Br,_, (2)))dW,

E(E; LM) = E(EhMyzg) + E(E(HLM - hM,2€))

< B(Ehprad) + C()(EEN)YIP(M —de < sup  [W(Ag)| < M)Y/?
0<k<N-1

where C'(€) is a positive constant that depends only on e. =€
That is, we put Xo = Xo and Z(&)~' = (Z(€)71)¢ in the formula for =.

Due to (19), we have that P(M —4e <supgcpcy_q [W(Ak)| < M) < C(q)63-1.

is the localization of = to the set L§,.

For E(Z°har 2.) one can apply integration by parts. That is,

E(Zhus) = E(%f@(yéw(%—YE))—y))((—7(€))‘1)6F13%<1>t(ti’l‘)

x:gtl_l (Xo)

/ G(®y(tizy, Pr,_, (2)))dW, hat 2e).
i1 z=Xo

Now we can procceed applying Lemma 7.5 to obtain that is enough to find a bound for a series of
terms one of which is

| [ B (Ko + (X0 = Ko) = ) -Z(6) i g 0t )

w€fti—1,t;

x:gtl_l (Xo)
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aG(@U(tl_allz6tl_l())) (XO)hM,Ze) (27)

Given the bounds for all the processes involved one has that the above expression is bounded by a
constant that depends on e. For example, |((—=Z(£))~')¢| < Fy ! and f(@t(YS + u(Xo — 78)) —y)) €
LP(Q) for any p > 1, € > 0, uniformly in « € [0,1], 6 € (0,1] and in the partition .

Therefore the result follows. O

Now we give the main result of this subsection:

THEOREM 4.3 Suppose that o and b are smooth functions with bounded derwatives, FoF1 > 0 and that
there exist jo >0 and V € ¥;, with (V(Xo))™! € Np>1LP (). Then

sup [p(t,y) — B, 1 (2:(Xo) —y)| < C4.
Y

Here ¢, denotes the density of a Gaussian random variable with mean 0 and standard deviation r and

C 1is a positive constant independent of & and the partition .

Sketch of the proof of Theorem 4.3

First, one considers

Pt y) = Eo 1 (0(Xo) —y) = plt,y) — B, 1 (:(Xo) — v)
+E¢5% (Be(Xo) —y) — E¢5%(6t(y0) )
= A4+ B.
Now we prove that
sup |A] < 4. (28)
y

Note that if Z is a random variable with continuous density ¢(z) one has that

4(z) = lim Elg,o(Z - )]

Therefore,
A = pty) — E¢>6%(<I>t(Xo) —y)
= lim Flp-e (B(Xo) = 9) — de (®(X0) + 63771 — y)],

where n € N and a > 0 is fixed. W is a Wiener process independent of W and E still denotes the
expectation on the extended Wiener space supporting (W, W) Here we apply a Taylor expansion

argument

Elén-a(®e(X0) = y) — Gn-a(®e(Xo) + 0¥ W1 — )] = B¢)-u(®:(Xo) — v)]

M| S

! L s 47
0

o (29)
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The proof of (28) finishes if we prove that each of the expectations on the right hand side of (29) is
bounded. Using Lemma 7.1 we have that for some universal constants a, b, e, k and w
| E[W,,-« (®¢(Xo) — y) H?(®:(Xo), 1)]|
3@ (Xo), Dl < ClIAG 519 (X0) 12

| E[¢7-a(®:(Xo) — 9]

IN

¥, denotes the distribution function of a N(0,r) random variable. The right hand of the above

equation is bounded due to Theorem 4.1 and Proposition 3.1. Analogously we obtain

sup sup sup F[¢!.(P:(Xo) —y—i—ué%Wl)Wf] < o0
7 uel0,1]6€(0,1]

This finishes the proof of (28).
Now we procceed to prove that sup, |B| < C6. Assume without loss of generality that ¢ € 7 and let

n(t) denote the integer j such that ¢; = t. Consider

Lets start with B;. Define ¢5(2) = (bé%/ﬂ(l‘) and 7 = 6—2_2W1 First, apply (8) for f = s to obtain

E¢ 1 ((Xo) —y) — B¢,y (®e(Xo)—y) = E(ps(e(X0)+ Z—y) — 0s(®e(Xo) + Z — y))
)

{@,(Xo)

r=®;,_, (Xo)

d d

— D¢, (Xo) = (De, (tie1, @r,_, (X0)) — e, (X)) p + Ri(Pr,(X0))

—Ri (P, (tiz1, s, _, (XO)))]

where
Ri(U) = /0 /082 j—;gog(q)t(ti, V+Z—-y)(U +s(U - 6t,_1(X0)))(U - 6tl_1(X0))2d51d52.

Here the analysis goes as in the proof of Theorem 3.1. That is, one finds the expansion of &, (Xg) —
D, (Xo) — (q)tl(ti_l,@tl_l (Xo)) — 6“_1()(0)) using the Ito-Taylor formula.

Now we procceed to find uniform bounds for the expectations of the integrands as in (13). The
additional problem that appears in this case is that the derivatives of s start to appear. Here we apply
the integration by parts formula, enough number of times so that we recover the function ¥ which is
bounded by 1.

That is, consider for example the term analogous to the one obtained in (13). In such a case we

have to prove that there exists a positive constant C' independent of the partition 7 and ¢ such that

5 (DuXO aG(q)U(ti_alg;q)t’_l(.)))(XO)%¢6(@t(tia6t,_l(X0))

= sup
w€ti—1,t:]

bl
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d
+7 — y)%@t(ti, z) < (. (30)

x:gtl_l (XD))

To prove the above inequality we will use Proposition 7.1 which applied to , gives that there exists

appropiate constants such that

= sup
w€ti—1,t:]

B (\Ijél/2/\/§(q)t(tia6t,_1(X0)) + 7 —y)H*? (q)t(ti,6t,_1(x0)) + 7, Dy Xo

x:gtl_l (XD))

G (P (tiz1, ®r,_, ()

G (P (tiz1, Pr,_, (1))
Ox

(Xo) St 2)

_ d
< sup H2[ @, (t;, ®,_, (X0)) + Z, Dy X0 (Xo)—®(t;, )

WEtio1 ti] Ox dx 2=%,,_, (Xo) 1
< 0 o {10k, n B0 Te, () 4 202
OG (Pu(ti-1, Br,, (1)) d
DX Uk Xo)— (¢, 31
’ 9a (Xo)Zpoeltiz)) (31)
x:‘l%l_l(XD) el bl
The proof of (30) is finished if we prove the following assertions:
(i)  sup |[|®:(t;, D, (X)) + Z||ap < o0, for any d,b € IN.
tio1<ti<t
(i7)  sup H(A‘Ih(tl,@ _l(Xo))+Z)_1||p < oo, for all p > 1.
tio1<ti<t i
(#4i) For all d,b € IN|
0 — d
sup DuXOa—G(q)u(ti—l,@t,_l(Xo)))d—q)t(ti,l‘) < 0.
w0, t];tic1<u<t; <t T T B (Xo)
o100 db

(7) and (éi7) follow from flow properties, (21), Lemma 7.3 and Lemma 4.1. (i) follows from Lemma 7.2
in the Appendix.

Now consider the other term in B, By. We have
By = E[(ps(®:(Xo) + Z — y) — 05 (®e(Xo) + Z — y))(11,, + 13M)] = B2 + B

In the case of Baa, using (19), one has for fixed ¢ > 5

Byy = Eles(®:(Xo0) + Z —y) — 05(®:(Xo) + Z — y); L]
< C5TV2P(Ty)
—1/25%_1
S T2
< 05, (32)
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where C' is a positive constant that only depends on ¢ and M. Now consider By;. For w € Ly, we
have using (26)
_ _ Lq _ _
s (Pe(Xo) + 7 —y) — s (P:(Xo) + 7 — ) I/%w(@t(Xo + u(Xo — Xo)) + 7 —y)du  (33)
0

(—Z(€)) ™ Fi(®1(Xo) — ®1(X0)))-

Therefore the problem of considering the rate of convergence of Ba; goes through applying (8) localized
on the set Ly for &1 (Xy) — D, (Xo). That is, f(z) =z and t = 1 in (8). Then one continues with like
in the proof of Theorem 4.2. For example instead of (27) we will have for € € (0, 1) fixed

1
d — —c —e —
sup | [ (Do Joa @ (X5 400X - X3)) 4 2= (20 P
w€lti—y1,t:]1J0 z
d OG (D (ti—1, s, (-
a—xq)t(ti,l‘) ( ( 31l‘ i ()))(Xo)hMyzg)dv <C(€).
x:gtl_l(XD)

Here one can apply integration by parts and obtain the necessary properties as we have done in (31)

(in particular, Lemma 7.2). Therefore the result follows. O

As in the proof of Theorem 3.1 one has to deal with the residues R;(U) using the integration by
parts formula (5).
With the same techniques as in this proof one can obtain results for approximations of distribution

functions.

4.2 Weak approximation for general boundary conditions in the multidi-

mensional case

We will now briefly indicate how to obtain a weak approximation result for the multidimensional sde
with boundary condition considered in [25]. In this section we will consider the stochastic differential
equation

dX: + F(Xy) dt = BdW;, te€]0,1], (34)
with boundary condition
h(Xo,X1) = h,. (35)

for h: IR?® — R*. Here {X; , t €[0,1]} is an IR% valued continuous stochastic process and {W; , t €
[0,1]} is a IR*- valued Brownian motion with k > d, F : RY — R? takes the form

F(x) = Ax + Bf(z),

where A is a d x d matrix, f: IRY — IR* is measurable and locally bounded and B is a d x k matrix. In
[25] a theorem on existence and uniqueness of solution for this kind of equations has been established.

More explicitely, let Cqy ([0, 1];]Rk) be the set of continuous, IR valued functions vanishing at 0; set

1
A= {/ e B de(t) ; p€C ([0, 1]; ]Rk) }, where the integrals are defined using integration by parts.
0

Assume
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(H1) For any z € A the equation h (y, ey + z)) = h has a unique solution y = g(2).
In order to find the solution of (34), (35) we consider the linear equation

dY, + AV, dt = BdW;, te€][0,1],
with boundary condition (35). This equation has a unique solution given by

1 t
Y, = e~ A [g (/ e B dWs) + / e B dWs] .
0 0

t

Let ¥ = {5 ec ([0, 1];13’@) L& — & +/ A&, ds € ImB, 0 <t < 1,h(&, &) = E}. Then there
0
exists a bijection ¥ : Cy ([0, 1];]Rk) — X such that ¥; = (¢(W)):. Finally we define the mapping
T:C ([0,1];1}{’@) G ([0,1];1}{’@) by
70) = 0+ [ ). ds
0

THEOREM 4.4 (Nualart and Pardouz, [25]) Assume T is a bijection and (H1). Then equation (34)
with boundary condition (35) possess a unique solution in C’([O,T];]Rd) given by

X = ¢ (T7'(W)).

Momentarily assume that 7 is a bijection, then one can give a different way of expressing the solution

¢
to (34), (35). For this let 0 = T=H(W), & = fot e B dW, and ¢, :/ ¢ B df,. Then,
0

1 t
e At [g (/ 4% B dﬁu) + / 4% B d@u]
0 0

= e Mg(e1) + @i

Xy

In [10], it was proved that ¢; = & + w;, where

w= = [ PBFE ) + &) b

Fix y € R and assume

w(y) = - / ABF (A [g (6 +1) + &+ uaw)]) ds (36)

has a unique solution. Moreover, suppose that the mapping y — w;(y) has a unique fixed point Y.
Then, clearly

or = &+ u(Y).
Let |M| denote the norm of a matrix M, that is, |M| = sup |Mxz|. We need the following assumption:

|z|=1

(H2) g, f € C'(RY RY) and
B
K (L}V,Lg) = I, [exp [(62|A|—1) % L}v] —1] <1, (37)
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where fand g are Lipschitz functions with Lipschitz constant L}v and L, respectively. Under (H2) T'
is a bijection and therefore there is a unique solution to (34) and (35).

Here we will work with the same approximation scheme as introduced in [10]. That is, define &,, %, (y)

by .
& :/ M) B dW,,
0

ul(y) = —/Ot eMOBF () g € +) + Gy + T 0)]) ds.

In Section 3 of [10] it is proven that under (H2) y + % (y) has a unique fixed point, say V. Let
P = gt + U (?) and
X = M @) +7] (38)

Now we introduce some preliminary lemmas.
LEmMA 4.3 Assume (H2). Then I — w)(y) and I —w|(y) are invertible matrices for all y € R? a.s.

Proof:  We will sketch the proofs for I — @) (y).

It is enough to prove that the maximum eigenvalue of @) (y) is strictly smaller than 1.

For this is enough to prove that [uw;(y1) — w1 (y2)| < K (L}v, Lg) ly1 — y2] < |y1 — y=2|. This is exactly
(3.16) in [10]. O

The following result is an extension of Lemma 3.2 in [19]. The proof is obtained through standard

methods of calculation for stochastic derivatives.
LEMMA 4.4 Assume (H2). Then

(1) we(y), @(y) €DV, forall y € R* and t €[0,1].

(1) Y, Y € DY with DY = (I — ) (Y))~ Y (Dsu)(Y) and DY = (I — @, (V)" YD) (Y).
(#33) ue(Y), W@ (Y) € DY and the chain rule is satisfied for both processes for all t € [0,1].

(iv) sup Efsup | Ds(u:(Y))[P] < oo sup E[sup |Ds(u:(Y))[F] < oo for all p > 1.

s t s t

The following result gives the rate of convergence for the weak approximation. Strong approximations
where studied in [10].

THEOREM 4.5 Assume (H1), (H2) and that f, fandg are in C’g. Then there exists a positive constant
C independent of 6 and w
|E(f(Xe) = F(Xo)| < C6.

Proof.  First, note that

F(X0) = F(X2) = THYF (o1 —21) + o0 — Bl
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where

T;

1
/ f/(yt —|— OZ(Xt — yt))doze_At
0

17

/0 9 (# + alpr —7y))da.

Due to Lemma 4.4, we have that T and T2 € DY,
Therefore we consider ¢, — B, = & — &, + (u(Y) — w(Y')). The difference & — €, can obviously be

written as an expression of order §. That is,
¢
& _Et :/ ( eAs _ eAﬂ(s)) B dWs,
0

where | e4* — eA1()| < ¢?l41§ and therefore SUPyefo,) |16 — &llp < C(p)d for a positive constant C'(p)
independent of § and « but dependent on p > 1.
To simplify the notation define

k(zy, ..., 25) = —eA1Bf (e74%1 [g (x5 + 23) + 244 25]) . (39)
Now consider
WO =TT = [ €Y u) — K1) B Y (1)
b RO Y By 1)~ KO, E0T 0 i
RO B T8 00— K1), 60 Ty T

Lets start with /4. Consider

|14 (t)]

A
:Nﬁ
o
L)
b
)
&=
&
h
A
&

o
=
|
2|

=
&=
=
a
&

AN
(%N
vy
h
I
:D\
2
)
N
=
=
&
B
—
=
=
o
<z
e
M
~
=
&=
2|
=
&=
—
~
-
=
I,
)

Therefore it follows from Lemma 7.6 in the Appendix that ||sup,ep 4 [1a(s)ll; < C(p)d for a positive
constant C'(p) independent of 6 and 7 but depend on p > 1. Now consider /;. We will divide it into 4

terms

(1) (Ak@fhK&ﬂMY»—HﬂﬁfhK&ﬂMY»ﬁ
+ / K(1(s), 0, Y, €0, ua(Y)) = k(n(5), B, Vi s, s (V))ds
+ / K(1(s), B, Y, 0 s (V) — (n(5),E1, VB, (V) ds

+/0 k(n(s)aglayagsaus(y)) - k(n(s)fl,Y,En(s),us(Y)) ds
= D)+ Lia(t) + Lis(t) + ha(t).
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As in the case of I, and using the hypotheses on fand g one obtains that ||sup,¢p o [11i(s)|llp < C(p)d

is satisfied for ¢ = 1,2,3. I;4 can be written as (using the mean value theorem)
Lia(t) = T3(W, — Wis))-
where
/ Pt g € +Y) + &y + a6 = &) +ulY)]) dae™)

Note that due to Lemma 4.4, one has that T3 € IDV*

Now we analyze the term I3. We have by the mean value theorem

L) = - / Yo (s (V) — 7, (7)) ds

where

v, = et / f —An(s (51 +Y) +€ )y +us(Y) + 00, (V) — us (V)| )e= A7) dg.

Similar calculations are applied to Is to obtain

—/Otﬁs(Y —V)ds

where

(41)

38, = ¢An /f —Ans (51+Y—|—9(Y Y))+En(s)+us(Y)])—A” JE Y +0(Y —Y))db.

Resuming these calculations we have that we can write (40) as

t

u (V) —w(Y) = /0 agds + i ﬁs(Y—Y)ds—i—/o Y5 (us (V) — us(Y))ds.

This is a linear equation in u;(Y) — u(Y) where a is defined so that

/t Ozst = (Il + I4)(t)

Using classical results (see Dunford and Schwartz [9], vol I, page 1282) we solve (42):

u (V) —ut Z\I!JG

(43)

¢ ¢ ¢
where G(t) = / agds —1—/ Beds(Y —Y)and (¥Z)(t) = / vsZ(s)ds. Here one has that sup |v,| < oo
0 0

0 s€[0,1]

a.e. (see the proof of Lemma 7.7 in the Appendix) and therefore the series above converge uniformly

for t in compact sets.

In order to solve for Y —Y in (43) for ¢ = 1 one proves by induction (see Lemma 7.7 in the Appendix)

that for j = 1,2,...
(62|A| — 1)/

vilp()] < i
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therefore by (37) one has that |Z\I!]B )] < 1 and therefore the inverse of I — Z;O:O Wi B(1) (45)

7=0
exists.

Replacing t = 1 in (43), we have that using (37),
S B)S wiA(), (45)
7=0 7=0

t
where A(t) = / asds + I () + I4(t) and B(t / Beds.
Using (45) i% (43) we also have

oQ oQ

w(Y)=m(Y) =Y WA +Z\IJJB Z\IJJB(1)) Y WA, (46)

j=0 =0 =0

Note that ||sup,ep 17 [A(t) — ha(t)ll[; < C3. Now if we put all these estimates together, we have:

E[f(X) = f(Xe)] = BITY{(E — &) +& —&]]
EIXYHY =YV + B (ue(Y) —w(Y))] = AL + Az + A3

First it is easy to see that |A1| < €6 given that sup,cg 17 [/§ — &llp < O3 and T* and Y% € DV,
Next, as As and Az are of the same nature we only consider Az leaving As to the reader. Using

(46) one has

A = EHR WA= b)) + W B0 = WB) WA= L))

Jj=0
ENCHD Wha(t)+ > WB@EH)(I - > W B(1) Z\WM = Ag1 + Ass
Jj=0 Jj=0 5=0
In Lemma 7.8 in the Appendix it is proven that |As;| < C4. To prove |Aszs| < €6 one needs to apply

the integration by parts formula (5) because the rate is being carried by (W, — W, () in the definition
of I14 in (41). This is done in Lemma 7.9 in the Appendix. This finishes the proof. O

Further refining this proof one could consider the approximations for densities or distribution func-
tions of solutions to (34). The hypothesis will require further smoothness of f and ¢g. The study of
existence and smoothness of densities for multimensional stochastic differential equations with boundary

conditions was carried out in [19]. The statement in the case of density approximations is

THEOREM 4.6 Assume (H1) and (H2). Also assume that g and f are elements of Cp° and that g'(x)
(respectively I+ ¢'(x) ) has an inverse for all x € IR? and that its inverse has at most polynomial growth
at infinity. Then, if det BBT # 0 one has

sup |p(t, z) — E¢61/2(Yt —z)| < €94,

for a positive constant C' independent of § and the partition © and fort € [0,1) (respectively t € (0,1]).
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5 An Example

In this section we will discuss informally an example of stochastic equation with boundary conditions.
There are various examples were the methods introduced here can be applied. These include the
smoothing problem (see [30]), the problem of estimation of maximum a posteriori for trajectories of
diffusions processes (see [32] and [33]) and the study of some classes of reciprocal processes (see [20]).
These equations also appear in the asymptotical study of waves in random media (see [11] and [29]) and
in the study of second order stochastic differential equations (see [26]). In general, most of the control
systems where differential equations with boundary conditions appear will have an associated stochastic
differential equation with boundary conditions when noise is introduced into it. Usually the boundary
conditions appear from using a space variable instead of a time variable. We will briefly discuss one
of the possible applications where this is exactly the case. A more detailed account will be given in a
future publication.

As a simple example we will give a description of the equation considered in [29]. In this article
they considered a transmission-reflection problem for a one dimensional equation in a random slab. The
coeflicients are assumed to randomly fluctuate in a small scale therefore producing a limit equation which
will be a linear stochastic differential equation with linear boundary conditions. This limit equation
is obtained using techniques of diffusion approximation. To describe the situation, let L > 0 be fixed.

The one dimensional acoustic wave equation in the interval [0, L] is

Ou Op
P(l‘)g to, = 0
1 dp  Ou 0

K(x) ot ' Ox
with some boundary conditions which will be described later. Here u(z,t) is the velocity, p(x,t) is the
pressure, p(x) is the density and K (x) is the bulk modulus. Then one considers that p(z) = 1 4+ 8(Z%)
for some smooth function taking values in [—e, ¢] for ¢ < 1 and Z¢ is a Markov processes with certain
properties. One also assumes that X' = 1 which corresponds to the homogeneous case. Then one defines
A =u+pand B = u—p called the right and left going wave respectively. The boundary conditions are
then set for A(0,¢) and B(L,t). These conditions correspond to entering pulses at time ¢ =0 at © =0
and at z = L. A combination of conditions in # = 0 and & = L can also be considered. As described in
[29] the general problem is given these boundary conditions what can we say about the medium if we
have small-scale inhomogeneities present? (these being represented by Z¢).

In order to transform the above problem into a stochastic differential equation with boundary
conditions one considers the Fourier transform of A and B which are random and will depend in

general of e. Under certain conditions the limit equation for the Fourier transforms is given by

d Ae iw . 1 e~ 2iwz/e Ae
(5 ) -men( )0 )
T Be ¢ —e 2iwz /e -1 Be

where flﬁ(x,w) = A(x,w)e’™?/ and Bﬁ(x,w) = B(x,w)e™ /. A® and B being the Fourier trans-

forms of A and B. Some of the physical quantities of interest are R = BE/AE, the reflection coefficient
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and T' = 1/121E the transmission coefficient.
These problems fall into a general category of diffusion approximation theorem from [13] which we

quote here. In our case we will have f = 0, L = 1 and #*(t/¢%) = B(Zf).

THEOREM 5.1 Let X¢ be the smallest solution of the system

dX¢
dt
HOXS + Hle == Vo

. ol t
= f(t’Xt) +Uk(t’Xt)z77k(€_2)’

Here n*(t) are independent Markov processes with a unique invariant probability measure under which
they are ergodic and fulfill Doeblin’s condition. Denote o = fooo E[n*(0)n*(t)]dt € (0,00). Let X be

the solution of

dX, :f(t,Xt)dt—FOsz'k(t,Xt)Othk (47)
HoXo+ Hi X4 =W (48)

Then under conditions (H1 and (H2 (see [13]) there exists a unique solution X in .55, and further-

more X¢ converges weakly to X in the uniform topology.

Therefore according to the properties of the process n one will find a whole array of processes X
which satisfy Equations (47) and (48) which according to our results can be approximated. As in
the example considered, it is common that stochastic differential equations with boundary conditions
appear when the variable ¢ represents a space variable rather than a time variable.

The conditions we have required in Theorem 4.3 are sufficient to obtain that (#1) and (H2) are
satisfied. In the multidimensional case there are cases that we have considered here were (H2) is not

satisfied.

6 Conclusions

We have considered an alternative method of proof for weak approximations of solutions of stochastic
differential equations. This method should be useful in many cases, in particular, when non-adapted
processes are considered or when we are interested in approximating the distribution or the density
function of a locally smooth process.

Many variations of this argument can be implemented. For example, one can obtain with some
further work an expansion of the error in terms of powers of the step size. One possible disadvantage of
this method 1s that the calculation of the constants in this expansion is quite cumbersome. It does not
seem to have a nice expression like in the case of diffusions (see e.g. [31]). Another problem of interest
is to consider the generalization of Theorem 4.3 to many dimensions using the technique of stochastic
invariant imbedding introduced in [13].

Another argument to approach the analysis of numerical schemes in non-linear problems has been
used to study the McKean-Vlasov equation (see [18]) and the author is currently considering applying

a combination of both techniques to the case of the Burgers equation.
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Further extensions of this method can be investigated in order to obtain weak approximation results
for higher order schemes and to develop the error in powers of the step size of the approximation which
should help the design of interpolation schemes.

Also these ideas should give some light about the behaviour of weak approximations to higher
order sde’s with boundary conditions as well as stochastic partial differential equations with boundary

conditions. These problems need to be studied further.

7 Appendix

In this section we will prove accesory results used in other sections.
The following Proposition is the basic result to obtain properties about the densities of smooth

random variables.

PROPOSITION 7.1 Let F'' = (F,...,F9) € (ID®)? such that (det Ap)™' € Np>2LP(Q). Let G € D™
and let g € C’;;o(]Rd). Then (det Ap)™t € D and for any multi-index o € {1,...,d}*, k > 1, there
erists an element Hy(F,G) € D% such that:

E(0ag)(F)G] = Elg(F)Ho(F, G)).

Furthermore for any multi-index «, integers p and q there exists constants C'(p,q, o), e, b, ', V', a, k
and w such that

IHa(F, G)llp.q < Clp, g, ) IAFIIEE G ller -

Proof: The proof of this proposition can be obtained by performing some aditional calculations to the
usual proof (see for example, Proposition 3.2.2 in Nualart [24]).

For example, let o = (1). Then it follows that

d
Hey(F,G) =Y 8(G(AR")DFY).
j=1
Now using the continuity of the adjoint operator § and some standard properties of the norms || - ||, 4

we have that

d d
||Z(5(G(A;1)1‘7DF‘7)||M < ||ZG(AE1)1‘7DF‘7||p+1,q
i=1 i=1
< OlAE Ipt1,6 1F o260 Gllps,en

for some integers b, O, b"”. To finish the proof is enough to note that

d
DAY= = > (AR (AR DIAK].
k=1

)
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In the one dimensional case (d=1) we write H(F,G) = H)(F,G). By induction also define
HI(F,G) = HI-YF, H(F,Q&)).
Now we give some results on the estimation of Malliavin covariance matrices. In the following F*

and F* denote measurable random fields.
LEMMA 7.1 Let F¥, F¥ € (IDV*)™ and suppose that
(i) there exists ¥ > 0 such that sup||Fs — F“||1 , = O(8"), for all p > 1.
(¢3) sup||(det Apu)~t|, < oo, for all p > 1.
(#4i) For all p, there exists v(p) > 0 such that sup||(det Apéi)_1||p = 0(5_”(”)).
Then we have sgpsup”(det Apgi)_al < oo forallp>1.
Proof: Consider A = [|det Apy — det Apu| < 5ldet Apu|]. Then,

E(|(det Apu)™H P A) < 2PE(|(det Apu)THP) < oo

E((det Apg)™ 5 A9 < B(|(det Ay~ [P (A2, (49)
The proof finishes by noting that
P(A) < 2°B(|(det Apu)™! " det Apy — det Apu|") = O(87),
for any k. Taking k big enough, one obtains that (49) is bounded. O

As an application of this Lemma we consider:

S

LEMMA 7.2 Let Xy and yz be as defined in Section §.1. Also let 7 = S2W, where W is a Wiener

V2
process independent of W. Then, for firedt > 0,

(D) sup Ay, 5, (xopsz) I < oo, forall p>1.
ti_1<t; <t -1

(11) il[lopl]Il(Aa(yg+u<xo_f3>)+z)‘lIIp < oo, forall p > 1.

Proof:  In both cases we only need to check that the conditions in Lemma 7.1 are satisfied. For (¢)

we have that due to Proposition 3.1 and Lemma 4.2:

(19 (ti, Br,_, (X0)) + Z — ®:e(Xo)|1,p cal?

IN

I sup B4 ulXo = Xo) + 7= Xl < C8
u€e[0,1

where C'is a positive constant that does not depend on J or the partition m. (47) follows from Theorem

4.1. (é44) is similar in both cases so we will only do the first:

1 1
A¢t(t,,$t,_1(xo))+z = /0 |D8q)t(tiaq)tz—1(X0))|2+ |D8Z|2d52 /0 |D5Z|2d8
)
> =
- 2
From here the proof follows. m|

31



LEMMA 7.3 Let {Fi(z), t € [0,1]}, z € IR®, be a family of stochastic processes such that there exists
a > 1 with

sup E(sup |Fi(-, nz)|f) < K(p)n®?, (50)
t€[0,1] |z|<1

or an > 1, where K is a constant depending on p and o. Let Y : Q — IRF be a random vector
yp =21, P g P

belonging to Np>1 LP(Q). Then

sup E(|F,(Y)]P) < 2K (pr)/7 (1 + E|Y|(ertDsys

1 1
, foranyp>1and —+-=1r,s> 1.
te[0,1] L

This result is Lemma 2.1 in [19]. The above bound can be obtained from the proof. As an application

one has the following result.

LEMMA 7.4 Suppose that o and m have bounded derivatives up to order k. Also let’ Y : Q — IR be a
random variable belonging to Np>1LF (). Then, for each p > 2, there exist a constant Cy, , such that

sup F sup || Vk O (s, Y)||P < Cip,

s<1  tels,1]

sup B sup || " @i (s, Y)|JF < Ch ps

s<1  tels,1]

sup B sup || " (®:(s,Y) — By(s, V))||P < Cr 672
s<1  tels,1]

The proofs of the above statements are obtained as in the proof of Proposition 3.1. That is, one applies
Lemma 7.3 after checking that the condition (50) is satisfied. This is done for every k using the Faa di
Bruno formula (see [12]).

In the next lemma we obtain a formula to evaluate the expectations of products of random variables
with stochastic integrals. The main ingredient of the proof is the integration by parts formula of

Proposition 7.1.

LEMMA 7.5 LetY be a random variable such that Y € Np>2LF(Q) and Y € DL,
Also let {u(z),t € [0,1]}, * € R, be a family of measurable adapted random fields such that u.(x)
and %];‘j’ satisfy (50) for j = 1,2.

Then for a,b € [0,1] and Xy € DV, the following formula holds:

ou

oz

o
t

V)= E(/bYDth (Xo) + DY ul(Xo)dt). (51)

r=Xg

E(/abuf‘(x)th

Sketch of the proof: Let ¢,(x) denote the density of a normal random variable with standard
deviation r. The proof i1s obtained through the justification of the following steps:

E(/ uz(2)dW, Y) = }E%E(/R/ ur(2)dWedy (2 — Xo)Y di) (52)
= }1_1;1(1) RE(/ ur(2)dWedy (2 — X0)Y )dx (53)

32



= lim E(/b(—qb;(x—Xo)DthY—i—q/)r(x—Xo)DtY)ut(x)dt)dx (54)

r—0 R

= lim E(/ /]R ér(xz — Xo)(De XoYuy(z) + DY ug(z))dedt)

r—0

b
9
E(/ YDtX()%(Xo) + DY up(Xo)dt).

First the term on the left hand side of (51) is well defined due to the hypothesis and the application
of Lemma 3.2.2 in [23] and Lemma 7.3. (52) follows because fR f; ug(2)dWidr (2 — Xo)Y dx converges

pointwise to fab ug (2)dWy Y and this sequence is uniformly integrable. That is, one uses the
. r=Xg
hypothesis and Lemma 7.3 to prove that

b
sup E(/ / wg (2)dWid, (2 — Xo)Ydr)? < oco.
r R Ja

To prove the above one follows the following steps

E(/R/ ut(x)th(/)r(x—Xo)de)z:ZE(]I(ng|X0|<n—|—1)Y2(/R/ u(2)dWié, (2 — Xo)dz)?)

o b
<> B(I(n < |[Xo| <n+ 1)Y2(/ sup |/ g (2)dWe |, (2 — Xo)da
n=0 {le=Xo|<Ig} |2|<2(n41) Ja

b
ug (2)dWy dexz
Loy [ e G

%] 1 b
< CUBYY'P(EIX M)A (B sup I/ wr(2)dWe *)H
n y Ja

= |z <2(n+1

=1 b x
+ Z W(/]R E|/ ut(x)th|8¢r(§)dx)1/4), for any k& > 0.
n=0 @

From here using the Sobolev embedding theorem and the hypothesis, one finds bounds for the ex-
pectations above. These bounds are polynomials in n. Therefore taking £ big enough the uniform
integrability follows.

(53) follows by Fubini theorem. (54) is a consequence of the integration by parts formula. The last

two steps in the proof are a repetition of the arguments used in (52) and (53). m]

LEMMA 7.6 Let k : [0,1]% x (]Rd)4 — R be defined by (39). Then the following properties are
verified:

(i) The function k belongs to C’g([O, 1)2x (]Rd)4) and furthermore the following inequalities are satisfied

|k(l‘,l‘2,...,l’5) _k(ya xZa"~a$5)| S 62|A|B|x_y|{|f<e_Ax [g (l‘2—|—l‘3) + $4+$5]>|
—|—L}v|g(x2—|—x3) + x4+ as|}

IN

|k(x1, 2, 23, ..., 5) — k(x1,y, 23, ..., 5)] ezlAlBL}ngM -y

k(21 ..., 2, x5) — k(x1, ...y, 25)] < ezlAlBL}v|x—y|
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E Sltlopt] |k(77(5)’ Ela Ya En(s)’uﬂ(s)(v)ﬂp
s€el(0,

E Sllflp]|k(5,€1,Y,€5,U5(Y))|p S C(p)a
s€[0,t

IA
2
=

for a positive constant C(p) independent of § and =
LEMMA 7.7 Under the conditions of Theorem 4.5 we have for j = 1,2, ..

. 21Alt _ 1yd
WiI=1B(t)| < (e )

Jird

Proof.  Note that

IN

s | 62|AIH(S)BL}V

13| < 62|A|”(5)BL}ng

Therefore for j = 1 we have

¢ (24l — 1)BL~L,
B(t g/ B,|ds < Fe
)| ; |8: 3A]

Now assume that the assertion is true for j. Then

t
W B < / 991 B(s)| | ds
0

IN

o t(p2lAls _ 1)
g, [ =D o VBL:d
B LS 9/0 J129] AP ’

i+l
UBILp™ Ly /t(ezws _ 1yl g
JR27 A} 0
(|B|L}“)j+1L9
J+ 1A+

LEMMA 7.8 For A(t) = I1(t) + 14(t), we have
E[T! iqﬂ' (A—Na)(t) + i W B(t) (I — i W B(1))~! iqﬂ' (A—TL4))]| < Co

for some positive constant C' independent of & and the partition .

Proof  Given that T} € LP(Q2) for any p > 1, and |Z;°:0 U B(t)| < 1 it is enough to prove that

oQ

EQ W (A= L)) < C(p)?

7=0

—i\lljB 12@%4 L) (1)
7=0 7=0

A
2
=
<,
=
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To prove the first inequality one proves by induction that

. 2l _ 1y
WA= 1)(0)] < sup [(A— L) () D

$€[0,¢] j!2]|A|J | | f

for j = 0,1,.... From here the inequality follows because

E( zl[lopt] |(A = L) (s)") = E( zl[lopt] [111(t) + Lia(t) + Lia(t) + Lu(t)[") < C(p)d”.

The second inequality in (55) is analogous except one also needs (I — Z;O:O Wi B(1))~ € LP(Q) for any
p > 1. This follows from (44) as

1
\I!]B _
-3 »

1k (L7
O
LEMMA 7.9
E[Y; Y WiLa(t)+> WBHI -> ¥WB(1) Z\I!JIM ]| < Cs,
7=0 7=0 7=0
where C' 1s a positive constant that does not depend on § or the partition .
Proof.  Consider first for j > 1, the term
j—1
E[X[ W L4(t)] = / / / H%IT T3 (Wey — Wygsy))ldsy...dsj_
_ B Y LTI ) TT s
[L7-00 L ot T
—|—ZD Ysi) H S 0 B dudsy...ds;_1
k=1 I1=1,1#k
] (62|A| — 1)t il
< Cl+Ci(j— 1)t |BP 1L 56
= ( + 1(-7 )) 3_1!2]_1|A|]_1| | 7 ( )

The above calculation follows from (5) and previous estimates on YT!, Y3 and 4. Also note that a
calculation gives that sup, <, || Dy¥s|lp < C(p)e2lAlnt) B,

A calculation for the other terms is done noting that we have to prove some differentiability properties
of Z;O:O Wi B(t)(I — Z;O:O W B(1))~!. Given that 8, € D" uniformly in s € [0, 1] one can obtain the
same property for Z;O:O U/ B(t) as we have shown in (56). Similarly for (1 — Z;O:O Wi B(1))~! if one

uses the inversion formula (I — M)~! = Z;O:O M for a matrix M with norm smaller than 1. m]
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