A simple randomized algorithm for consistent
sequential prediction of ergodic time series

Laszlé Gyorfi Géabor Lugosi *
Department of Computer Science Department of Economics,
and Information Theory Pompeu Fabra University
Technical University of Budapest Ramon Trias Fargas 25-27,
1521 Stoczek u. 2, 08005 Barcelona, Spain,
Budapest, Hungary lugosi@upf.es

gyorfi@inf.bme.hu

Gusztav Morvai
Research Group for Informatics and Electronics
Hungarian Academy of Sciences
1521 Goldmann Gyorgy tér 3,
Budapest, Hungary
morvai@inf.bme.hu

April 22, 1998

Classification: C13.

*The work of the second author was supported by DGES grant PB96-0300



Abstract

We present a simple randomized procedure for the prediction of a binary sequence.
The algorithm uses ideas from recent developments of the theory of the prediction of
individual sequences. We show that if the sequence is a realization of a stationary and
ergodic random process then the average number of mistakes converges, almost surely,
to that of the optimum, given by the Bayes predictor.



1 Introduction

We address the problem of sequential prediction of a binary sequence. A sequence of bits
Yo, Y1, Y2, - - - € {0,1} is hidden from the predictor. At each time instant : = 1,2,. .., the bit
yi—1 1s revealed and the predictor is asked to guess the value of next outcome y;. Thus, the
predictor’s decision, at time 1, is based on the value of 3™ = (y1,...,%;_1). We also assume
that the predictor has access to a sequence of 1.i.d. random variables Uy, Us, ..., uniformly
distributed on [0, 1], so that the predictor can use U; in forming a randomized decision for
y;. Formally, the strategy of the predictor is a sequence g = {g;}, of decision functions

g {0,137 x [0,1] — {0,1}

and the randomized prediction formed at time z is gi(yi_l, U;). The predictor pays a unit
penalty each time a mistake is made. After n rounds of play, the normalized cumulative loss

on the string y7 is

1
n ~ I{gi(yi_l,Ui#yi}’

K]

Li(g,U7) =

where I denotes the indicator function. When no confusion is caused, we will simply write
L,(g9) = L}(g,U7). In general, we denote

n n 1 =
Lm(g7 Uj ) = Z I{gi(yi_l,Ui#yi}'

n—m—l—li

We also write

L3(g) =EL}(g,U7) and I7(g) =EL%(g,U})

for the expected loss of the randomized strategy g.

In this paper we assume that yq, s, ... are realizations of the random variables Y7, Y5, ...
drawn from the binary-valued ergodic process {Y,,}>, (which is independent of the random-
izing variables Uy, Uy, .. .).

In this case there is a fundamental limit for the predictability of the sequence. This is
stated in the next lemma:

Theorem 1 For any prediction strategy g and stationary ergodic process {Yn}>,

liminf L,(g) > L* almost surely,

n— 00

where

L* = E [min (P{¥; = 1[Y 1}, P{¥; = 0¥ 1 })]

is the minimal (Bayes) probability of error of any decision for the value of Yy based on the
infinite past YL = (...,Y_3,Y_,,Y_4).



Proof. An easy application of the Azuma-Hoeffding inequality for sums of bounded
martingale differences (Hoeffding [8], Azuma [2]) shows that for any prediction strategy g
and € > 0,

A

In particular,

n

L) — 23 PLg:(¥i 1, L) # YY)

=1

lim (Ln(g) _1 Y P{g:(Y7 L Up) # Y;|Y_’;}}> =0 almost surely.

It is well known (see, e.g., [6]) that for any predictor g;,

PL(YiU) # VIV} > Pi(VEd) # MIVE)
= min (P{Y; = Y52}, P{Y = 0]Y0}),

where g is the optimal (Bayes) decision for Y; based on Y*3! given by

iy [ PO Y =) 2 1
rATTo0 0 otherwise.
Note that by stationarity, g7 = g5 = -- dEf . Therefore,

lim inf L,(g) > liminf — me (P{Y = 1Y 1}, P{Y; = 0|V} 1}) almost surely.

n— 00 n

Finally, we note that by the ergodic theorem (see, e.g., Stout [13]) the average on the right-
hand side converges almost surely to L*, so the proof is finished. a

Based on Theorem 1 the following definition is meaningful.
Definition 1 A prediction strategy g is called consistent if for all ergodic processes {Y,}*,

lim L,(g) = L* almost surely.

n— 00

Therefore, consistent strategies asymptotically achieve the best possible loss for all er-
godic processes. The first question is, of course, if such a strategy exists. The affirmative
answer may be easily deduced from earlier results of Ornstein and Bailey as follows:

Theorem 2 There ezists a consistent prediction scheme.

Proof. Ornstein [12] proved that there exists a sequence of functions f; : {0,1}* — [0,1],
1=1,2,... such that for all ergodic processes {Y,}>,

lim f, (Y1) =P{Y; =1|Y L} almost surely. (1)

n— 00



(A simpler estimator with the same convergence property was introduced by Morvai, Yakowitz,
and Gyorfi [11].) Bailey [3] showed that for such estimators, for all ergodic processes

lim — Z| —P{Yi;1 = 1|Y{}| =0 almost surely. (2)

n— 00 n

Indeed, (1) and Breiman’s generalized ergodic theorem (see, e.g., Algoet [1]) yield (2).
Once such a sequence {f;} of estimators is available, we may define a (non-randomized)

prediction scheme by
1 i faa(yp) > 1
n—1 n—1\Y1 Z 5
gn(vi™) = { 0 otherwise.

By [6, Theorem 2.2],

P {g.(777") £ Yo [Y7 ) = P (Y2) £ VY7 < 2| faa (071 = P{Va =

therefore

) = B < Bl 2P {007 23

+= Z\P{g, (Y1) £ Y| Y™ 1} P{g Yl £ vy }\

n

Ly R lpwi v} o

9)—~ iP {g:(vi) £ Yilv ™}
25

=1

_|_

IA

fia(Vi) = P{Y: = 1|Y* 1]

_|_

- P * Yi—l K Yi—l — L*.
nz o) # v}

The first term of the right hand side tends to zero almost surely by the Hoeftding-Azuma
inequality [8], [2] by a similar argument that was used in the proof of Theorem 1. The second
one converges to zero almost surely by (2) and the third term tends to zero almost surely by
the ergodic theorem. O

Unfortunately, all known estimators satisfying (1) are either very complicated or need so
large amounts of data that their practical use is unrealistic. Therefore, designing a simple
direct algorithm is called for.



2 A simple consistent algorithm

In this section we present a simple prediction strategy, and prove its consistency. It is
motivated by some recent developments from the theory of the prediction of individual
sequences (see, e.g., Vovk [14], Feder, Merhav, and Gutman [7], Littlestone and Warmuth
[9], Cesa-Bianchi et al. [5]). These methods predict according to a combination of several
predictors, the so-called ezperts.

The main idea in this paper is that if the sequence to predict is drawn from a stationary
and ergodic process, combining the predictions of a small and simple set of appropriately
chosen predictors (the so-called experts) suffices to achieve consistency.

First we define an infinite sequence of experts (1) h(®) .. . as follows: Fix a positive
integer k, and for each s € {0,1}* and y € {0,1} define

; e L
Bé(y.yn1]s) — {k<i<n:iyi}=su=y}
n ? . ,
‘{k<z<n:y:-:;:s}‘

, n>k+1. (3)

0/0 is defined to be 1/2. Also, for n < k + 1 we define ﬁf(y,y?‘”s) = 1/2. In other words,
ﬁf(y,y?_”s) is the proportion of the appearances of the bit y following the string s among
all appearances of s in the sequence y7~*.

Also introduce the function

z—05+1/k
Fi(z) = 1{26[0_5_1/k,0.5+1/k]}2/—k/ + 150541 /k}-

The expert h(*) is a sequence of functions A{* : {0,1}*"! x [0,1] — {0,1}, n = 1,2,...
defined by

hy(mk)(y?_17u) _ { 0 if u< Fk(Pf(an?_”yZ:li)) n=1.29

1 otherwise, T

That is, expert A(¥) looks for all appearances of the last seen string y™ 1 of length k in the
past and predicts according to the larger of the relative frequencies of 0’s and 1’s following
the string. The function Fj only plays a role if these frequencies are close to 1/2. In such
a case a randomized prediction is made. (Note that Fi(z) is continuous and it differs from
It.>1/03 only if [z —1/2] < 1/k.)

The proposed prediction algorithm proceeds as follows: Let m = 0,1,2,... be a non-
negative integer. For 2™ < n < 2™*! the prediction is based upon a weighted majority of

predictions of the experts A1), ... AZ™) as follows:
m+1 D n—1| n—
1 0 lf u < ]2621 Fk(Pf(())yl 1|yn—i))w”(k)
(YT u) = 274 (k) n=12...,

1 otherwise,
where wy,(k) is the weight of expert h(*) defined by the past performance of A%) as
wym(k) =1 and wu(k)= e_"mfg’;l(h(k)) n > 2"

4



where 7,, = 4/81n(2m+1)/2™. Recall that

B0 - S P (000 )

=2

is the average number of mistakes made by expert h(¥) between times 2™ and n — 1. The
weight of each expert is therefore exponentially decreasing with the number of its mistakes
on this part of the data.

Our main result is the consistency of this simple prediction scheme:
Theorem 3 The prediction scheme g defined above is consistent.

In the proof we use a beautiful result of Cesa-Bianchi et al. [5]. It states that, given a set
of N experts, and a sequence of fixed length n, there exists a randomized predictor whose

number of mistakes is not more than that of the best predictor plus about 4/(n/2)In N
for all possible sequences y?'. The simpler algorithm and statement cited below is due to

Cesa-Bianchi [4]:

Lemma 1 Let AV, ... AN) be g finite collection of prediction strategies (ezperts). Then if
the prediction strateqy g is defined by
SN, P {RR(y, U) = 0} (k)

0 if u< EkN:1'lI]t(k)

1 otherwise,
t=1,2,...,n, where forallk=1,...,N

(k) =1 and wy(k)=e 1 ) 45

with n = 1/81n N/n, then for every y? € {0,1}™,

Proof of Theorem 3. By Lemma 1, we have that the expected number of errors committed
by g on a segment 2™,...,2™*! — 1 is bounded, for any 2. e {0,1}?", a

R " 1 2'm.-|-l_1
gmtl_g _
Lym (g) = 9m zz;n I{gl(yl_l,Ui#yi}

IA

min L2m+l_1 h(k) \/ 2m+1

k<amt!

= min L2m+l_1 h(k) 2m+1)
k=12, \/



where the last equality follows from the fact that since n < 2™t1, all experts A(*) with
k > 2™*1 predict zero with probability 1/2 up to time n (and therefore they are identical to
R

Therefore, denoting @ = 21827+ for any sequence y1,vs, .. .,
[logy n|—1

nl}(g) = Y 2737 Ng)+ (n—7/2 + 1) L2 (g)

m=0

log, n|—1 m
| gZZJ 2™ | min L2 1(RK) In(2m+7)
m—0 k=1,2,... 2

—I—(n—ﬁ/Z—l—l)(rrlnzn L_/2 (k) _|_\J

IA

2. n—n/2—|—1))

therefore

|log, | —1 — —
- 1 2m | 2m+1 (n—m/2+1)lnn
n (k)
Li(g) < min L7 () + ( ) 2 W 2

1 [log, 7] gm+1 |y 9m+1
(k) 2 s
< mip A0+ 0 Y =

[logy n]

< krr1112n (h(k)) + \/ 2¢/|logyn| +1 Z om/?
In (K6 & Zv/n 2./ Voo
< krrlnzn 1(h )—I—n In2 10g2n+1(\/§_1)

~ 1 1
< min L7 (h(k)) + e /M)
k=1,2,... n

_ V2In2

= A1

It follows from McDiarmid’s inequality (McDiarmid [10]; see also [6, Theorem 9.2]) that
for any sequence y7,

where

~ 2.84.

P {|L7(g,U7) - L7(9)| > €} < 272,

Therefore, if L and L are now evaluated on the random sequence Y;,Ys, ..., we obtain

1 1
limsup L7(g,U7") < limsup (k min L”(h(k)) + c\/@) _
n—oo n—oo = n

= limsup m12n L"(h(k)) almost surely.

n—oo k=1,

Thus, it remains to show that for any ergodic process Y1, Y3, .. .,

lim sup m12n L”(h(k)) < L* almost surely. (4)

n— 00

This will follow easily from the following lemma:
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Lemma 2 For each k > 1,

- 2
lim sup ‘L’f(h(k)) -P {g(k)(Y__kl) +* YE)H < z almost surely,
where for any s € {0,1}*,

4(s) ={ i P{Yo= 1V =s} >}

0 otherwise

is the Bayes decision for Yy given Y.

Proof. Note that
L3 (h®)

1z >

1 & -~ 1 & 1 &
- (ﬁ ; E [I{hﬁ")(Yf‘l,Ui)#Yi}m ] T n ; I{g(k)(Yii__klbﬂfi}) + ;;I{g(k)(y;_—;#m-

For the second term on the right-hand side, it follows from the ergodic theorem that

1L -
Jim - > Ligmi-hyery =P {g(k)(Y_kl) # YE)} almost surely.
1=1

Therefore, it suffices to show that

. 2
lim sup < z almost surely.

n— 00

1 R
n ;E [I{hﬁ")(Yf—l,m#mm ] n ;I{g(")(l’f:;#m

To see this, write

1 & SR
_;E [I{hsﬂ(yf—l,m);emm ] - E;I{gm(ﬁ:ﬁ)ﬂi}

n 4

1

3

(using that if a,b € {0,1} then Ijoz) = a + b — 2abd)

1 S (Y + (1= 2Y)E [hB(¥ L U)|¥g°] - v — (1 - 2Y2)g ™V )

=1

= 3 2% (R(PHL YY) - g DY)
= (B30 - o) (AP Y V) - (P = 11¥)

+ (3 S°(1 - 28 (B(P{Y: = 1Y)} g<’“>o@i-;>)) :

n =1

= =Y (B[vi+ (i) - 2vib (i 0)| Y| - Vi — WY + 2vig (Vi)
=1



Now 1t follows from the ergodic theorem that

ﬁf(y,iﬁ"‘lls) - P {YE) =y|Y 3 = SH =0 almost surely,

lim max
n—00 ye{0,1},5€{0,1}*

and therefore

lim ‘]Sik(l,}"li_1|}’;i__k1)) - P {Y; = 1|Y;’__k1)}‘ =0 almost surely,

71— 00

so by the continuity of F, we have, for the first term on the right-hand side of (5), that

n

1 ~ . . ,
lim =) (1 —2Y;) (Fk(Pik(l, YY) — Fu(P{Y; = 1|Y;’__k1})) =0 almost surely.
n—oo 1, =

For the second term on the right-hand side of (5), note that by the ergodic theorem, almost
surely,

%i(l —2v;) (R (P {Yi = Y5 }) — dW(¥E) ‘
= [B[(1—2%) (A (P {¥o = 1¥22}) - sP(v2))] |
= ‘E [E [(1 — 2Yo) (Fk (P {YE) = 1|Y—_k1}) - g(k)(Y__kl)) ‘Y—_kln
= B[ 2P {¥o=1yR}) (B (P{Yo = 1Y }) - M)

< E ‘(1 —2P {¥; = 1|v3!})

lim

n— 00

Ir1p {vo=1ly=}—1/2]<1/k}

< 2]
B [E {|P{Y0=1|Y:§}—1/2|§1/k}]

E
2
< R
Tk
and Lemma 2 is proved. a
Now we return to the proof of Theorem 3. Since
P{g®(Y ) # Yo} = E [min (P{Ys = 1|Y '}, P{¥; = 0]V} })],

it follows from the martingale convergence theorem and Lebesgue’s dominated convergence
theorem that

lim P {dPYyH £ Y%} = lim E [min (P{Y; = 1[Y3!}, P{Y; = 0]y 3'})]
= E [min (P{¥o = 1[Y 1}, P{¥o = 0[Y1})]
~ I~ (6)
Therefore, we conclude that

lim lim sup ‘Z’f(h(k)) - L*

k—oo n—oo

< lim limsup (‘Z’f(h(k)) -P {g(k)(Y__kl) # YE)H + ‘P {g(k)(Y__kl) # YE)} - L*

k—00 n—oo

)

2
< lim z (By Lemma 2 and (6)).

T k—oo

= 0.



Finally, for a fixed € > 0, choose the positive integer K such that lim sup,,_, ‘Z’f(h(K)) —L*
€. Then

<

limsup min L7?(A®) < limsup L?(h))

n—oo k=1,2,... n—oo

< L*+e

Since € was arbitrary, (4) is established, and the proof of the theorem is finished. a

Remarks. 1. The proposed estimate is clearly easy to compute. One merely has to keep
track of the expected cumulative losses L’;;l(h(’“)) for k=1,2,...,n.

2. We see from the analysis that for any sequence y1,ys, ... and for all n,

- ~ log,n +1
n : n (k) 82
B(o) < mip T7 (V) +y/ =0

In other words, the algorithm is guaranteed to perform almost well as the best expert. The
rate of convergence to L* depends on the behavior of the best expert.

3. The function F} is defined somewhat arbitrarily. All that’s needed for consistency is that
Fr(z) is continuous and it only differs from If.>1/23 in a shrinking neighborhood of 1/2 as
k — oo. For finite-sample behavior the choice of F; may be an important issue, however,
we cannot offer any good intuition on this. Actually, Fi(2) = If,>1/2} is the most natural
choice, but continuity of Fj is needed in our analysis. We do not know if it is necessary.



3 Prediction with side information

In this section we apply the same ideas to the seemingly more difficult classification (or
pattern recognition) problem. The setup is the following: let {(X,,Y,)}2 _ . be a stationary
and ergodic sequence of pairs taking values in R% x {0, 1}. The problem is to predict the value
of Y, given the data (X,, D"!), where we denote D"~ ! = (X! ¥ !). The prediction
problem is similar to the one studied in the previous section with the exception that the
sequence of X;’s is also available to the predictor. One may think about the X,’s as side
information.

We may formalize the prediction problem as follows. A (randomized) prediction strategy
is a sequence g = {g;}, of decision functions

g : {0,131 x (Rd)i x [0,1] — {0, 1}

so that the prediction formed at time 2 is gi(y ~1 21, U;). The normalized cumulative risk for
any fixed pair of sequences z7,y7* is now

n

n n 1
Ri(9,U7) = n z; I{gl(yl_l,zi,Ui#yi}’

We also use the short notation R,(g) = R}(g,U}'). Denote the expected risk of the random-
ized strategy g by
Ri(g) = ERY(g,U7).

Similarly to the notation of the previous section, we write

13 n 1 ” ATL 13 n
Bale, UT) = n—m+1 Z I{gi(yi_lﬂi,Ui#yi}’ and  R7.(g) = ER.(9,U7).

We assume that the randomizing variables Uy, Us, . . . are independent of the process {(X,, ¥,.)}.
Just like in the case of prediction without side information, the fundamental limit is given

by the Bayes probability of error:

Theorem 4 For any prediction strategy g and stationary ergodic process {(Xn, Yn)}2

—o0/

liminf R,(g) > R* almost surely,

n— 00

where
R =E |min (P{Y = 1|V}, X° )}, P{¥o = 0]}, X° })|.

The proof of this lower bound is similar to that of Theorem 1, the details are omitted.
It follows from results of Morvai, Yakowitz, and Gyorfi [11] that there exists a prediction
strategy g such that for all ergodic processes, R,(g) — R* almost surely. (The result of
[11] should be complemented with an argument similar appearing in the proof of Theorem
2 to obtain the above statement. To avoid repetition, the details are again omitted.) The
algorithm of Morvai, Yakowitz, and Gyorfi, however, is not useful in practice, as it requires

10



an astronomical data size. The main message of this section is a simple consistent procedure
with a practical appeal. The idea, again, is to combine the decisions of a small number of
simple experts in an appropriate way.

We define an infinite array of experts h(®9) k. £ =1,2,... as follows. Let P, = {Ay;,7 =
1,2,...,my} be a sequence of finite partitions of the feature space R?, and let G4 be the
corresponding quantizer:

Gz(:I}) = j, ifzc Al,j

With some abuse of notation, for any n and z7 € (Rd)n, we write Gy(z7) for the se-
quence Gy(z1),...,Gi(z,). Fix positive integers k,£, and for each s € {0,1}* and 2 €
{1,2,...,m}** and y € {0,1} define

{k<i<n:y}=sGisl) = 2u =1}

{k<i<n:yih=s0Cai) =2}

BED(y, ynt zh|s, z) = ‘ , n>k+1. (7)

0/0 is defined to be 1/2. Also, for n < k + 1 we define PO (y, y71 2?|s, z) = 1/2.
The expert A%9 is now defined by

0 if u< Fk(ﬁék’l)(oay?_la m711|y:::li7 Gl(mZ—k)))

1 otherwise, n=12

RO (yn=t gn ) = { 2, ...
where F}, is defined in the previous section. That is, expert h(*%) quantizes the sequence z?
according to the partition P;, and looks for all appearances of the last seen quantized strings
Yy r, Gy(z™ ;) of lenght k in the past. Then it predicts according to the larger of the relative
frequencies of 0’s and 1’s following the string.

The proposed algorithm combines the predictions of these experts similarly to that of the
previous section. This way both the length of the string to be matched and the resolution of
the quantizer are adjusted depending on the data. The formal definition is as follows: For
any m = 0,1,2,...,if 2™ <n < 2™*! the prediction is based upon a weighted majority of
predictions of the (2™+1)? experts h(¥4) k1 < 2™+ as follows:

. Secamss Fe(PEA(0, 4771, @b lynTh, Gu(ap_y)))wa(k, £)
nel .n 0 if u<
gn(y1 y Ly u) = Ek,z§2m+l wﬂ(k7 E)
1 otherwise,

where wy,(k, £) is the weight of expert h(*4) defined by the past performance of A(¥4) as

wym(k,0) =1 and wn(k,£) = e—mm Bt (R om

where 1, = \/8 In(2m+1)2 /2m.

For the consistency of the method, we need some natural conditions on the sequence of
partitions. We assume the following:

(a) the sequence of partitions is nested, that is, any cell of Pyyq is a subset of a cell of Py,
£=1,2,..

11



(b) each partition Py is finite;
(c) if diam(A) = sup, ,e4 ||z — y|| denotes the diameter of a set, then for each sphere S
centered at the origin

lim max diam(A,;)=0.
£—00 5; A4 ;NSHD

Theorem 5 Assume that the sequence of partitions Py satisfies the three conditions above.
Then the pattern recognition scheme g defined above satisfies

lim R,(g9) = R* almost surely

n— 00

for any stationary and ergodic process {(Xn, Yn)}32

—00

Proof of Theorem 5. Exactly the same way as in the first part of the proof of Theorem
3, we obtain that for any stationary and ergodic process {(X,, Ys)

oo
n—=—oo!?

~ /1 1
limsup RT(g,U7") < limsup min R’f(h(k’l)) + 2¢ o8 nt L
n—oo n—oo k=1,2,... n

£=1,2,...,n—1

= limsup min R’f(h(k’l)) almost surely.
n—oo k 2,...

Thus, it remains to show that

lim sup min R’f(h(k’l)) < R* almost surely.
n— oo =1,2,...
£=1,2,...,n—1

To prove this, we use the following lemma, whose proof is easily obtained by copying that
of Lemma 2:

Lemma 3 For each k > 1,

~ 2
lim sup ‘R(h(k’l)) - P {g(k’l)(Y__kl, X°,) # YE)H < z almost surely,

n— 00

where for any s € {0,1}* and z € {1,2,...,mg}**1,

4B (s, 2) = { 1 if P{Y,= 1Y =5, 0(X%) =2} >}

0 otherwise

is the Bayes decision for Y, given Y 3!, G¢y(X°}).

Now we return to the proof of Theorem 5. For fix £, the sequences

12



are martingales, and they converge almost surely to
P{¥o = 1[Y=1,Gy(X°,.)} and P{¥ =02, G(X°,)}
respectively. Since the sequence of partitions P, is nested, and by (c), the sequences

P{Yo =1|Y L, Gy(X° )} and P{Y;=0|Y L, G(X° )} 1=1,2

g Ly oo

are martingales and they converge almost surely to
P{Yo =1|Y L, X° } and P{Y;=0]Y %, X°_}.
Thus, it follows from Lebesgue’s dominated convergence theorem that

lim lim E [min (P{Yo = 1|Y3}, Ge(X%,)}, P{Yo = 0]Y 3, Gu(X°,)})]

[S00 k—vo00
— B [min (P{¥; = 1Y, X°,,}, P{¥ = 0¥ 3, X°,})| = R".
Since
P {g*O(Y 3, X°%) # Yo} = E [min (P{Y, = 1|V}, G(X°)}, P{Yo = 0]Y 3, Gu(X°)})]
we conclude that

lim lim lim sup ‘R’f(h(k’l)) - R

f—oo k—o0 nooco

< lim lim lim sup (‘R’f(h(k’l)) -P {g(k’l)(Y__kl,ng) #+ YE)H

T f—ooo k=0 nooco

+ ‘P {g(k,z)(y_—]:,ng) # YE)} — R*

= 0 almost surely.

Now it follows easily that

lim sup min R’f(h(k’l)) < R* almost surely,
n—oo k=1,2,...
£=1,2,...,n—1

and the proof of the theorem is finished. a

Acknowledgement. We thank Nicolé Cesa-Bianchi for teaching us all wee needed to know
about prediction with expert advise.
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