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1 Introduction

Information structures were defined by Aumann ([Au74]) to introduce the
concepts of correlated equilibrium and of correlated equilibrium distributions.
Given a game G and an information structure Z, the game G extended by 7 is
the game in which players first receive information according to Z, and second
play in G. The distributions on the actions of G induced by Nash equilibria of
this game are called the correlated equilibrium distributions of G induced by Z.

For instance, it is well known that before playing the game “battle of sexes”:

L R
T [21]0,0
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players may wish to toss a coin, then play (T, L) if heads shows, and (B, R)
otherwise. These strategies are a Nash equilibrium of the game extended by the
coin information structure, and the induced distribution on the actions of the
game is (T, L)+ 5(B, R). One could wonder: “What if the players do not have
a coin at disposition?”. In fact, there are many other information structures
that can replace the coin, like a (fair, 6-sided) die. Consider players that observe
the outcome of a die, and play (7', L) if the observed outcome is even, and (B, R)
otherwise. This defines a Nash equilibrium of the game extended by the dice
information structure inducing the same distribution as before. The fact that
a coin can be replaced by a die does not depend on the particular (battle of
sexes) game. In fact, for any game G, all correlated equilibrium distributions of
G induced by the coin are also correlated equilibrium distributions of G induced
by the die. We define an information structure Z to be richer than another J
whenever for any game G, all correlated equilibrium distributions of G extended
by J are also correlated equilibrium distributions of G extended by Z.

It is striking that in correlated equilibria, players condition their actions on
their information about the state of nature, even though it is common knowledge

that the payoffs of the game do not depend on the state of nature. This is



actually not a contradiction since, for a given player, different signals imply
different beliefs on the actions of the other players, which justifies different

1 After getting his signal, and before playing the game, a

choices of actions
player may forget part of his information if it reveals nothing about the actions
the others are about to take. For instance, a player observing the outcome of
the die and who believes that the others will act only according to the parity
of the outcome may keep only the information “even”, or “odd”. Renaming
“even” and “odd” as “heads” and “tails”, we see that if they forget part of
their information about the outcome of the die, players get “new” signals as if
issued by a coin.

More generally, if players get signals issued by Z, they can compute “new”
(or interpreted) signals that could have been sent by J. An interpretation ¢
from 7 to J describes how players compute these new signals. We call an inter-
pretation ¢ a compatible interpretation when the probability of the interpreted
signals induced by the distribution of signals in Z and by ¢ is equal to the
probability of the signals issued by J. Moreover, a compatible interpretation is
said to be a faithful interpretation when every player has the same conditional
probability over the interpreted signal of the other players, conditional on his
original signal (given by Z) or on his interpreted one. In other words, ¢ is
faithful if no player loses information by computing his interpreted signal and
forgetting his original one.

Our main result is that Z is richer than J if and only if there exists a faithful
interpretation from Z to 7.

Section 2 contains preliminaries, in Section 3 we present the different ways
of comparing information structures. Section 4 contains the proof of the main
result. In general, we can not assume the interpretation to be deterministic.
Players may randomize to compute their new signals. In section 5 some exam-
ples are presented, as well as conditions under which the interpretations can be

assumed to be deterministic.

!See Aumann’s [Au87] article for the close relation between correlated equilibria and
Bayesian rationality



2 Preliminaries

2.1 General notations

Throughout the paper, I is the finite set of players. For every collection of sets
indexed by I (Z%);cs, Z represents [[; Z%, and Z~" is I1z ZJ. Also, for z € Z,
2" is the i-th coordinate of z, and 27 is (zj)j# € Z7J. For a topological set
W, A(W) is the set of regular probability measures over the Borel o-algebra
on W. If P is a probability measure, Ep represents the expectation operator

over P.

2.2 Extended games

A compact game G = ((S%);,g) is given by a compact set of strategies S°
for each player i and by a continuous payoff function ¢ from S to IR!. The
set of mixed strategies for player i is X' = A(S?), and ¢ is extended to ¥ by
g(0) = Eyg(s) (the product set II;A(S?) is identified to be a subset of A(9)).
A Nash equilibrium of G is a profile of mixed strategies ¢ € X such that fo
every player i and 7' € ¥, g(07%, %) < g%(0).

In [Me94] for instance, a correlation device is given by a probability space
of states of nature by and a signaling function for each player that characterizes
his information about the state. Equivalently, if the signaling functions have
finite range, we represent information structures as probabilities over product
sets of signals. An information structure Z = ((X*);, ) is given by a family
of finite sets X* and by a probability measure 1 over X. When z is drawn
according to ju, 7 is informed about x'. Without loss of generality, we assume

that all the signals of player i occur with a positive probability (for all 2 € X?,
p(x?) > 0).

Definition 2.1 For every compact game G and information structure I,
I'(Z,G) represents the game G extended by Z defined as follows:

-2 € X is drawn according to u, each player i is informed about x°

- each player i chooses o* € %

- the payoffs are given by g(o)

A strategy for player i is a mapping f* from X' to X', and the payoff function



of T(Z,G) is given by gz(f) = Eug(f(x))

Since X is finite, I'(Z,G) is also a compact game when 5%" is endowed
with the product topology. D(Z,G) represents the set of correlated equilibrium
distributions of G induced by Z. Namely, it is the set of image distributions on
S of u by Nash equilibria of I'(Z, G).

For z° € X?, let p(z*) € A(X %) denote the conditional probability of u

ﬂ(x_ifxi) )

given x' over X! (p(mz)(fcﬁ) = )

Remark 2.1 We shall use the following characterization of Nash equilibria of
I'Z,G):

f is a Nash equilibrium of T'(Z,G) if and only if for every player i and
zte Xt

fi(a) € arg max By g' (7', f (@)

Proof: This is simply a consequence of the relation:
gr(f)= > n@)Epang' (f'(a), [ (=)
p(z*) ’
e X!
This expresses the fact that a rational and bayesian player maximizes his ex-

pected payoff conditional to his information.

3 Comparison of information structures

In this section, we introduce two ways of comparing information structures
T =((X")i,p) and J = ((Y");,v).
The first definition says that Z is richer than 7 whenever Z induces all the

correlated equilibrium distributions that are induced by 7.

Definition 3.1 7 is richer than J whenever for every compact game G,

D(Z,G) > D(J,G).

For the second definition, we imagine that players receive signals from 7,
and define conditions under which they can reproduce signals that could have
been issued by J. An interpretation mapping for player i from Z to J is
an application ¢ from X* to A(Y?). When 27 is 4’s signal in Z, the interpreted



signal in J is y* with probability ¢’(z)(y*). An interpretation from Z to J
is a family ¢ = (¢');cs of interpretation mappings for all the players. ¢ and
¢~ = (¢/) ;£ define mappings from X to A(Y) and from X~ to A(Y %) when
ILA(Y?) and I1;,;A(Y?) are identified to subsets of A(Y) and A(Y ™).

Definition 3.2 A consistent interpretation from 7 to J is an interpreta-
tion ¢ = (¢'); such that the image of u by ¢ is v, namely such that for every
y €Y, E,o(x)(y) = v(y). J is reproducible from I when there exists a

consistent interpretation from I to J.

For the remainder of the section ¢ represents a compatible interpretation
from 7 to J. Let P be the probability induced on X XY by u and the transition
law ¢. Explicitly P(z,y) = u(x)¢(z)(y). The marginals of P on X and Y are
w and v, respectively.

We shall say that ¢ is faithful whenever no player loses information about
the interpreted signal of the others by relying on his interpreted signal and
forgetting his original one. We shall express it in different ways that will turn
out to be equivalent.

We can compare the conditional probabilities ¢(y*)(y~%) = P(y~%/y) and
r(x)(y=") = P(y~t/a") for ¢(x%)(y*) > 0. These can been seen as “ex ante”
and “ex post” conditional probabilities over the interpreted signals of players
others than i when i’s signal is 2' and his interpreted signal is y'. We shall

view ¢(y") and r(2%) as random variables with values in A(Y ~%). Note that

T(:L’l) = Ep(xz)(;b_z(a:_’)

Definition 3.3 An interpretation ¢ from T to J is faithful whenever it is
compatible and for every i and z* € X', Ed,i(xi)q(yi) = r(z%). When there erists
a faithful interpretation from T to J, we say that J is faithfully reproducible
from T.

Another way of comparing information is to use the notion of comparison
of experiments due to Blackwell (see [B151] [BI53]). Recall that an experi-
ment is a collection a = (uq, ..., u,) of probability measures over some (finite)

space X. A point & € X is selected according to one of the distributions



(u1,...,uy), and is observed by the statistician. Given two experiments a and
B = (v1,...,v,) with v, € A(Y) for k € {1,...,n}, we say that « is sufficient
for 8 whenever there exists a stochastic transformation from « to 3, that is
a family (Q(7)); ¢ of probability measures over Y such that for all 1 <k <n
and § € Y, vi(§) = Eu, Q(&)(7). When a is sufficient for § and 3 is suficient
for o, o and § are called equivalent.

In our case, the statistician is player ¢, and two experiments are given by
the families o = (Uy—i) fy—i w(y—1)>0} and B = (vy—i) (=i w(y—i)>0y of probabil-
ities over X' and Y defined by wu,-i(2') = P(2'/y™") and v,-i(y*) = P(y'/
y~'). Since B, _,¢'(2")(y") = i P(a'ly~")Py' /') = P(y'/y™"), ¢' defines

a stochastic transformation from o to B¢. Therefore o is sufficient for 3°.

Theorem 3.1 For all i, the following statements are equivalent:

(i) i € XF, Byiipyaly’) = r(a?)

(i) V ot € XP, ¢ (o) (y) > 0 = qly) = r(s)

(i43) ¥ 5 7 € XF, ¢ (ah) () (@) () > 0 = r(ad) = r(zf)

(iv) o' and B are equivalent

(v) The distributions of r(z*) and q(y*) on A(Y %) are equal. Namely ¥ qy €
AY ), p({r(z') = q}) = v({a(y") = 9})-

In particular, ¢ is faithful if and only if any of these conditions is true for all
player .

Proof of the theorem:

We start the proof with a lemma :
Lemma 3.1 Writing ¥'(y%)(z) = P(2%/y"), we have q(y') = Eyiiyr(x z%) for
ally' € Y?.

Proof of the lemma: q(y*")(y™") = >, P(a"/y" ) P(y~"/x") = Byi(,ir'(z'). .
(ii) = (i) is straightforward.
(iii) = (ii) See that for y* € Y, ¢(y%)(z") > 0 if and only if ¢*(x?)(y?) > 0.

If for all these x%, r(x?) takes the same value, then ¢(y') also takes this value.
(i) = (iii) Consider a connected component C' of the graph G on XU Y

where ¢ and y' are connected whenever ¢(x%)(y') > 0. Now let gy be an



extremal point of co ({r(z?),z* € CN X} U{q(y"),y" € CNY'}). Since r(2?) =
Eyi1q(y"), any 2* € C N X" such that r(z') = go is only connected to points
y* such that r(y*) = qo. Conversely, as q(y') = Eyi(,iyr(z’), for y* € CNY?, ¢/
connected to 2 and q(y') = qo imply that 7(z%) = qo . Therefore, if 2, x{ € X*
are elements of the same connected component of G, r(zf) = r(z}), which
implies (iii).

(iv) is equivalent to (v) In the case where the marginal of P on {y~% €
Y =4 P(y~%) > 0} is uniform, the distributions of r(z) and of ¢(y) are the
standard measures associated with o’ and 3". Theorem 4 of [Bl51] shows that
the standard measures associated to o and ° are equal if and only if o and 3
are equivalent. Blackwell’s result easily extends to the case where the marginal
of Pon {y~* € Y=¢ P(y~%) > 0} is not uniform.

(v) = (ii) Assume that for all go € A(Y %), u({r(z!) = q}) = v({e(¥*) =
q0}) = v({Eyir(z’) = qo}). Let go be extremal in co {r(z'),z" € X'}. We
get Yo (aiy—go M) < Xraiy—go (x)¢'({a(y") = qo}). This can hold only if
r(x%) = qo implies ¢*({q(y*) = qo}) = 1. Therefore (ii) holds if r(z) = go. We
get an equivalent system of equations if 7(x%) # g, and the proof is completed
by induction on the cardinality of X*.

(i) = (v) For g0 € A(Y™), v({a(y') = ao}) = B, (=) ({a(v) = ao}) =
u({r(@) = qo)- .

We also need to define an e-faithful interpretation. First we define a metric

on A(Z) for Z finite by d(p1, p2) = max.cz |p1(z) — p2(2)|.

Definition 3.4 For ¢ > 0, a consistent interpretation ¢ is a e-faithful in-
terpretation when for all i, x* € X* and y* € Y', ¢'(2))(y") > 0 implies
d(r(z'), q(y")) <e.

Proposition 3.1 7 is faithfully reproducible from I if and only if there exists

an e-faithful interpretation for all € > 0.

Proof: The direct proof is obvious since a faithful interpretation is also a e-

faithful interpretation. For all € > 0, the set of e-faithful interpretations from



7 to J is compact in the set of interpretations from Z to J endowed with the
metric D(¢1, ¢2) = max; i d(¢}(x), ¢5(2")). If these sets are non-empty, their

intersection is also non-empty. .

4 Equivalence theorem

Theorem 4.1 (Main Theorem) Z is richer than J if and only if J is faith-

fully reproducible from T.

The remaining of this section is devoted to a proof of the theorem and to a

corollary.

4.1 Construction of strategies in ['(7,G) from strategies in
I'(Z,G) and from ¢

Assume that ¢ is an interpretation from Z to J. Let G be a compact game,
and f a I-tuple of strategies in I'(J, G). The I-tuple of strategies e in I'(Z, )
is defined by e'(z')(B") = >, ¢'(«")(y") f*(y")(B") for B’ Borel subset of S".

Lemma 4.1 If ¢ is a compatible interpretation, e and f induce the same dis-

tribution on S.

Proof: Let B = B! x ... x B! be a product of Borel subsets of St,...,S".
We get Eue(x)(B) = E,ILe'(2')(B') = EIL Y, ¢'(2") () f'(y')(B') =
E L f'(y")(B') = E, f(y)(B). .

Lemma 4.2 If ¢ is faithful and f is a Nash equilibrium of T'(J,G), e is a
Nash equilibrium of T'(Z, G)

Proof: We use the remark 2.1. For 2! € X? and ¢! € ¥,
E 9 (0" e (27) = EpuiyBy-ie-iyg" (0%, F T (y™) = Eppuing’ (0", f (™)
=D (@) (Y ) By’ (o' [T (yT)
yi
Since f is a Nash equilibrium of I'(7, G), this is at most

Z ¢z(xl)(yz)Eq(y‘)gl(fl(yl% fﬁl(yiz)) = Er(xi)gi(ei(xi)v fﬁl(yil))



— Ep(x,-)gi(e"(:ci), e H(z7Y)

This completes the first part of the proof of the main theorem.

4.2 Construction of a faithful interpretation if 7 is richer than
J

First, we assume that the inclusion D(Z,G) D D(J,G) is also satisfied when

G is an upper semi-continuous game, and prove the existence of a faithful

interpretation under this assumption. Then we complete the proof of the main

theorem using approximations of upper semi-continuous games by continuous

games.

4.2.1 Case where the payoff function may be upper semi-continuous

An upper semi-continuous (or u.s.c.) game is given by ((S%);,g), where
the sets S%’s are compact, and g : S — (IRU{—0o0})! is an upper semi-continuous
payoff function. For G an u.s.c. game and an information structure Z, I'(Z, G)
and D(Z,G) are defined as in the case of a compact game.

Given an information structure J, we construct an u.s.c. game G = G(J)
as follows: An element of S* = Y% x A(Y %) is a couple (s%, si ), and the payoff
function is defined by ¢*(sy,sa) = Insiy (sy") if si (sy°) > 0, and ¢*(sy, sa) =
—oo otherwise. The payoff of ¢ does not depend on SZ' nor on sg/. We write it
G (s 5v").

Now consider an information structure Z, and a I-tuple e of strategies in
I'(Z,G). For 2! € X', €i(x%) is a probability measure over Y% x A(Y ™). We
denote by e} (z') and €’y (z') its marginals on Y* and A(Y %) respectively.

In G, each player announces a signal and a probability over the signals of the
others. The payoff function is designed such that each player has incentive to
announce as probability his conditional probability over the signals announced
by the others. More precisely, e induces with p a probability P, on X x Y X
ILA(Y ™), and P.(sy'/2") = Epi(xi)e;,i(x_i)(s;i) is the conditional probability
on 2 that the other players announce the signal sy,". (Recall that p’(2")(z™7) =

Puamifal) = M)



Lemma 4.3 e is a Nash equilibrium of T'(Z,G) if and only if for all i and

z' e X', e\ (z") is the Dirac mass at By iyey’.

Proof: From remark 2.1, e is a Nash equilibrium if and only if for all ¢ and
i e X' e\ (z') € argmax,i cA(A(y ) Epi(xi)gi(aiA,e{,i(x*i)). Note that for
7,8 € AY),

Eg'(vy)~E g6y )= > Ay ) ggy;) = Pale)
S y™)

Where D(7||6) is the relative entropy (or Kullback Leibler distance [CT91])

between v and . By property of the relative entropy, D(v||6) > 0, with
D(~||6) = 0 if and only if 6 = . This proves the lemma. .

Proposition 4.1 Assume that D(Z,G) D D(J,G) for the previously defined
u.s.c. game G, then J is faithfully reproducible from T.

Proof: Let the (pure) strategies in I'(7,G) be defined by fi(y*) = (v, ¢'(y%))
(¢ () (y™) = ”(g(_;gi’i) ).By lemma 4.3, f is a Nash equilibrium. Let e be a Nash
equilibrium inducing the same distribution on the actions of G. An interpreta-

tion ¢ is given by ¢'(z%)(y’) = €% (y'). The proposition is a consequence of the

two next lemmas.
Lemma 4.4 ¢ is a compatible interpretation from I to J.

Proof: Just note that the marginals on Y of the distributions induced by e and

f on S are v and the image of u by ¢ respectively. .
Lemma 4.5 ¢ is faithful.

Proof: Take ' € X? and y* € Y such that ¢*(2%)(y") > 0. As e is a Nash equi-
librium, e’ (x%) is the Dirac mass at Epi(mi)e;i(x*i) = E,i(;1y¢”"(z7"). Then
e'(2')(y', Epi(ziy¢~"(x7")) > 0. As e and f induce the same distribution on the
actions of G, there exists y € Y? such that f*(z*)(y", Epi(mi)(b_i(x_i)) > 0. By

definition of f we have y'i =, and ¢'(y') = Epi(xi)gzﬁ_i(x_’). .

10



4.2.2 Case where the payoff function is continuous

Here we approximate the game G = G(J) by a family of continuous games
Gk = Gg(J), for K < 0. We study the best response correspondence of
I'(Z,Gk), then we construct an interpretation from Z to J from a Nash equi-
librium of I'(7, G) and prove that it is an e-faithful interpretation.

For some K, Gx = Gi(J) is the compact game whose spaces of strategies
are S%, and with payoff function given by g4 (sy, sa) = max{g(sy,sa), K}. We
again write gk (sy,sa) = G5 (s, 577).

Lemma 4.6 Let v € A(Y ™), and 6 € arg MaXg ey —i) E, g% (8',y™"). There
exists a subset J of Y such that 6(y~%) = I ify=teJ, sy =0if

‘ ‘ ' ZjeJ v(7)
y g, andy T € T if y(yTt) > — 4

Proof: Take § € argmaxgeay-i) E1gk (6',y7"), and & € A(Y ™). Put p,, =
erpK.

Egx@y )= > Ay HK+ > Ay )y
8 (Y= <pm 8 (Y= >pm

Then if 6(y~%) < pm, 6(y~%) = 0. Maximizing D8 (y)>pm Yy~ In & (y~?)
shows that if 6(y~%) # 0,

N )
ow™) = Z5(j)2pm v(7)

Put J = {y~% 6(y~%) > 0}, we have to prove that y = € Jif y(y~¢) > —%. Take

jo & J, and denote J; = J U {jo}. Now define &' by &' (y~*) = EL’Y(Z)U_Z)
JEI

y~t e Jp, and &' (y~*) = 0 otherwise.
~i ool i i, —i —i 1y~
Egx@.y™) 2 Y A'yTE+ Y Jn(s= =)
y*i€J1 y—ieJ jeJ1 84V
Write a = ;¢ ;v(j) and b = v(jo). We get
E % (6", y™") — E gk (8,y™") > blnb— Kb+ alna — (a+b)In(a + b)

Since a + b < 1,

. . . . 1
E k(8 y™") —Eyg%(6,y") > blnb— Kb+ (1 —b)In(1 —b) > In 5 Kb

11



Therefore E, g (6',y™") > E g% (6,57 if v(jo) > —%, which proves that if

Y(jo) > —%, jo € J. .

Lemma 4.7 For ¢ > 0, there exists K < 0 such that for , v € A(Y ™),

§ € argmaxgen(y—iy By g5 (8',7) implies d(6,7) < e.

Proof: Take 0 < ¢ < % As Y is finite, we can take K < —% such that

for all v € A(Y™Y), >ies V() > 1— 5 with J = {y=",v(y~%) > —%}. Take

§ € argmaxy B, g (6", y™). I 6(y~") > 0,v(y7) < —% < e, and if 6(y ) # 0:
1 1

6(y™") =y ") = v(y*’)(m -1)<

Now we can construct e-faithful interpretations.

Proposition 4.2 IfT is richer than J, there exists an e-faithful interpretation

from T to J for all e > 0.

Proof: For € > 0, let K be chosen such that § € argmaxy E, g% (6,y7°) implies
d(é,7) < 5. Toy" € Y" we associate fa(y") that maximizes Eqi(yi)f]}(( TR0
The I-tuple of (pure) strategies f in I'(J, Gk ) defined by f'(y') = (v*, fa(y'))
is a Nash equilibrium. Take a Nash equilibrium e of I'(Z, Gk ) inducing the
same distribution on S as f, and let el (z) and €’ (z') be the marginals of
e'(x") on Y and A(Y~%). An interpretation from Z to J is again defined by
@' (x?) = e'(x"). We see, as in the case where G is u.s.c., that ¢ is a compatible
interpretation. We have to prove that ¢ is e-faithful.

Consider 2* € X* and y' such that ¢*(z%)(y*) > 0. Let U C Y x A(Y %)
be the support of the image of p by f'. The support T of e’(x?) is included
in U. By definition of f, the section of U by {y'} x A(Y %) is {y*, fi(y")}.
The section of T by {y'} x A(Y ") is not empty since e (z°)(y*) > 0, there-
fore it is also {y’, fA(y%)}. Then fi(y') € argmax; Epi(xi)ﬁ((é, ez (y™Y))
= argmaxs Eri(xi)gﬁ((é, y~?), with ri(2?) = Epi(xi)e;i(x*i) = Epi(xi)¢*i(x*i).
From the choice of K, d(fA(y"),r"(z")) < §, but also d(f4(y"),q'(y")) < §
since f is a Nash equilibrium. This finally proves that d(r‘(z%), ¢'(y?)) < e.

>

mProof of Theorem 4.1: As seen in proposition 3.1, the existence for all ¢ > 0

12



of an e-faithful interpretation from Z to J implies the existence of a faithful

interpretation.

Corollary 4.1 A consistent interpretation ¢ from I to J is a faithful inter-
pretation if and only if for every compact game G and every Nash equilibrium
f of T(J,Q), the strategies defined by e(x') = >y &2 (y") f(y') form a Nash
equilibrium of T'(Z, Q).

Proof: The only if sense is a consequence of the lemmas 4.1 and 4.2. For
the if proof, take € > 0, then choose K and construct an equilibrium fy of
I'(Z,Gk) as in the proof of proposition 4.2. Also let #° € X* and y* € Y*
be such that ¢'(z%)(y") > 0. We still have d(fa(y’),q(y")) < 5. On
the other side, (3%, fa(y?)) is in the support of e‘(z%). Therefore fa(y') €
arg maxs Ee;igé((&y*i), which implies that d(fA(yi),Epi(xi)¢*i(x*i)) < 5.
This proves that ¢ is e-faithful for all €, and therefore ¢ is faithful. n

5 Equivalence classes — Examples

5.1 examples
Example 5.1
With two players we represent information structures by matrices. Each

cell contains its probability to be drawn, player 1 is informed about the row,

and player 2 about the column.

az by e

ar b zy [1/6 ] 0 | 1/6
v [1/3]1/3 w2 | 0 [1/6|1/6
v (1370 2 [1/6[1/6] 0
Il IQ

Let ¢ be the interpretation from Zy to Z; defined by ¢'(x2) = ¢'(y2) = 1,
91(22) = y1 for player 1, and ¢*(az) = ¢! (b2) = a1, d'(cs) = by for player 2. ¢

is a faithful interpretation from Zy to 7.

13



5.2 Equivalence relation

Definition 5.1 7 and J are equivalent information structures whenever T

1s richer than J and J is richer than 7.

Example 5.2

as b3 c3
x3 | 1/6 | 1/12 | 1/12
ys | 1/6 | 1/12 | 1/12
z3 | 1/3 0 0

13

We see that in Z3 the second and third columns are the same, as are the first
and second rows. If we set ¢!(z3) = ¢'(y3) = 1, ¢'(23) = y3, and ¢?(a3) = a1,
»*(b3) = ¢*(c3) = b1, we see that Z3 is richer than Z;. Conversely, a faithful
interpretation from Z; to T is defined by ¢'(z1) = 2z + ys, ¢'(y1) = 23 and

#?*(a1) = az, ¢*(b1) = %bg + %03. Therefore Z3 and Z; are equivalent.
5.3 Deterministic interpretations

Definition 5.2 A interpretation ¢ from I to J is said to be deterministic
when for every ' € X', the support of ¢'(z') is a singleton, that is when ¢' is

a mapping from X' to Y.
Example 5.3

This is the case of the interpretation from Zy and Z3 to Z7, but not of the one

from 77 to Z3.

Definition 5.3 An information structure J is called minimal when any faith-

ful interpretation from an information structure I to J is deterministic.

Proposition 5.1 For any information structure I, there exists an information

structure j that is equivalent to J and minimal.

Proof: On Y we define an equivalence relation by y*Ry when q(y%) = q(y').
Let Y be the set of equivalence classes for R on Y, and let ¢ be defined by
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Py (FY) = 1if y* € §¢, and ¥ (y*)(§°) = 0 if y* & §'. U represents the image
by 1 of v, so that 1) is a compatible interpretation from J to J = ((Y?);, »).

Lemma 5.1 ¢ is a faithful interpretation from J to J.

For yi,yli €Yiand ¢ € Y such that wi(yi)(gi)wi(y’i)(gi) >0, y' € § and
y" €3’ Then q(y’) = q(y"), therefore o' (y™") = By *(y™). =
On the other hand, an interpretation ¢ from J to J is given by &’(gl)(y’) =

AL if y' e g, and GU(F)(y) = 0 if o' & 3.

Lemma 5.2 9 is a faithful interpretation from T toJ.

See that for § € Y, the restriction of v to the cartesian product of
the sets §° is a product measure. If y € 7, v(y) = ﬂ(y)l'h%, and thus
v(y) = ()¢ (§)(y). Then ¢ is a consistent interpretation from J to J. If
G D) YT >0, ¥y € VY, and q(y') = a(y”). .

To get J from J, we identify the signals of player ¢ in J that lead to
the same conditional probability on the signals of the other players. The next
lemma shows that if we do this a second time, we still get 7. Let 4(7°) be the

conditional probability of 7 over Y% given .

~15

Lemma 5.3 For ', 5" € Y, §(§') = G(§") implies §* = i °.

Proof: Take y* € §' and ¢y € ¢, since ¢ is faithful ¢(y’) = Eq(gi)@(y_i) =
Eq(gli)qz(y_i) = q(y"). Therefore §* = .

Proof of the proposition: Consider a faithful interpretation ¢ from 7 to 7. Take
z' €Y', and §,§" € X' such that ¢'(«")(7")¢"(«")(7") > 0. 4(F") = p(F"),

therefore ' = . .

6 Concluding remarks.

We have introduced a dual approach to the classical approach of correlated equi-
libria. We considered normal form games extended by information structures,
but rather than making the information structure vary to get all the correlated
equilibrium distributions of the normal form game, we compared two informa-

tion structures by making the normal form game vary. We then obtained a
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characterization of “Z is richer that J” where the normal form game does not
appear.

The relation “Z is richer that J” defines a partial order relation on the
information structures. The smallest element is the trivial information structure
where each player has only one signal that appears with probability one.

In this framework, the normal form games are supposed compact and the
information structures finite. One may wonder if the main theorem holds with
a smaller class of games (finite games for instance) and with a bigger class of

information structures.
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