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Abstract

A Margrabe or exchange option is an option to exchange one asset for another. In
a general stochastic volatility framework, by taking the second asset as a numeraire,
we derive pricing as well as approximate pricing formulae for Margrabe options. The
correlated Stein & Stein and the 3/2 model are studied as particular examples. More-
over, we derive the general mean-variance optimal hedging strategy and show that it is
a delta-hedge only in case of zero correlation between asset prices and volatility.

Key words. Stochastic volatility; Margrabe options; change of numeraire; mean-
variance hedging; Malliavin calculus
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1 Introduction

Consider two risky assets, S' and S?. A Margrabe option, see Margrabe [18], gives the buyer
the right, but not the obligation, to exchange the second asset for the first at maturity 7'

Its payoff thus is
max (Sp — $%,0) = (Sp — %), -

The main pricing method for Margrabe options is to switch to a new measure by taking
S? as a numeraire. This allows a reduction of the problem to pricing a European call on
asset S!, expressed relative to numeraire S?, with strike equal to one. In particular, the
pricing formula does not depend on the risk-free interest rate, given that it is the same for
both assets. For reviews of the classical proof and interesting discussions, see Carmona &
Durrleman [9] as well as Poulsen [21]. One major application is in FX markets where the
two assets represent currencies, see Davies [11].
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As discussed in Wiithrich, Biithlmann & Furrer (2010) [24], an insurance company can
achieve solvency by investing into Margrabe options enabling them to exchange their asset
portfolio for a valuation portfolio (VaPo). The latter consists of financial instruments which
replicate the insurance liabilities. The swapping will be done each time the value of the VaPo
exceeds that one of the available assets. This allows for a dynamic hedge by continuously
observing the financial market.

Our main contribution is to extend Margrabe’s option pricing formula to stochastic
volatility models. Option pricing in this context has been studied in Antonelli & Scar-
latti [6] by using power series in the correlation parameter as well as in Alos [1], Alos &
Ewald [3] by Malliavin Calculus, and in Alos [2] by classical It6 calculus, amongst others.
Regarding exchange options in particular, Antonelli, Ramponi & Scarlatti [7] extend the
method of their earlier paper by first deriving a pricing PDE and then providing a power
series expansion in all three possible correlation coefficients. Carmona and Su ([10]) present
a linear approximation that allows that authors to study the corresponding implied and
local correlations. Alos and Léon [4] focus on random strike basket options and derive a
linear approximation formula for the implied volatility, based in the study of the short-time
implied volatility skew.

We study Margrabe options in a general stochastic volatility framework by taking, as
in the classical case, the second asset as a numeraire for a measure change. In other
words, we switch to the so-called dual market measure, and derive a general option pricing
formula. Hereby we encounter typical problems when working with stochastic volatility
models: stochastic exponentials which are candidates for density processes to be used for a
measure change need not be true martingales; under a Girsanov transform, the filtration of
the new Brownian motion can be strictly smaller than the filtration of the original Brownian
motion; some integrability issues turn out to be rather delicate; and, last but not least, the
resulting financial markets are in general incomplete. Therefore, typically there does not
exist a replicating strategy, and we discuss mean-variance hedging under the martingale
measure for Margrabe options. It results that the optimal hedging strategy is a delta-
hedge only in the (unrealistic) case that the asset prices are uncorrelated to the volatility,
in the correlated case one has to incorporate a correction term. For the corresponding
mean-variance price, we provide a general decomposition formula in terms of the quadratic
variation of the expected future modified volatility and its covariation with the log-return
of the asset expressed in the new numeraire. Based on this general decomposition formula,
we develop an approximation result and provide the corresponding error bounds in terms
of higher Greeks. For an Ornstein-Uhlenbeck stochastic volatility model we can get the
approximation in closed form, while for the 3/2 model we obtain its short time limit.

The paper is organised as follows: In the next section, we state the Margrabe option
pricing problem and introduce the dual change of measure. In the third section, we derive
a general Margrabe option pricing formula for stochastic volatility models, and provide
our approximations. Mean-variance hedging of Margrabe options is then studied in the
fourth section. The necessary explicit computations for the 3/2-model are performed in an
appendix.



2 Statement of the problem and notations

Let (Q,F,F, P) be a filtered probability space where the filtration satisfies the usual condi-
tions with Fo being trivial up to P-null sets, and fix a finite but arbitrary time horizon 7' > 0.
All stochastic processes are RCLL and defined on € x [0,7]. We assume that (2, F,F, P)
supports at least three independent Brownian motions B, W and Z. A process X resp. a
stochastic integral process [ ¥ dX is distinguished in the notation from the random variables
X; and fg Y5 dXs we get by evaluating them at time ¢. (In-)equalities between stochastic
processes are in the sense of indistinguishability, whereas between random variables they
are to be understood in the a.s. sense (if the dependency on the measure can be dropped).
Let EtP denote the F;-conditional P-expectation. A martingale measure, sometimes called
risk-neutral measure, for a (possibly vector-valued) process X is a probability measure @
such that X is a local Q-martingale. A continuous martingale M is called square-integrable
if its bracket process (M) is integrable, i.e. E[(M)y] < co. We denote by L?(M) the space
of all M-integrable processes ¢} such that [ ¢ dM is a square-integrable martingale.

The financial market consists of two tradable assets S' and S2. In particular, in the
exchange option context considered agents do not trade in the bank account. It will hence-
forth be assumed that P is a martingale measure for the pair (5’1, 52). We consider two
correlated stochastic volatility models for the asset prices S, S? and we will assume that the
corresponding volatility processes oX,0Y > 0 depend on the Brownian motion Z. More-
over, o is negatively correlated (or uncorrelated) with S2. More precisely, we will assume
that the risk-neutral dynamics under P for the pair (S L 5’2) are given as

dS? = o) S? <p23 dZi +4/1 - P%:ath) , 1€ 0,77,

dst = o}* S} <p12 <,023 dZ; +4/1— pggth> + \/@dﬂ) ,t€[0,T7, (1)

where p12 € (—1,1), pag € (—1,0], and both (05()2,(02/)2 are FZ — adapted processes
(with 0%, 0" being their respective positive roots).

As in the classical case, if the same risk-free interest rate is assumed for both assets,
we may w.l.o.g. assume it to be zero for the purpose of pricing Margrabe options. See in
particular [8] for the case of stochastic interest rates which may depend on the assets.

Example 1 We will illustrate the general results with an example, namely the 3/2-model
(see [16] for a survey) where the volatility y is given as strong solution to

dy: = ky (0 — yp) dt + Vyt3/2 dZ;,

for some positive real constants k,0 and v.
It is well-known (and follows by Ité’s formula) that the Heston and the 3/2-model are
reciprocal in the sense that the inverse 1/y of the 3/2 wvolatility follows a Heston dynamics,



albeit with different coefficients. More precisely,

d (1> Y (9’ _ 1) dt 4/ (1) iz,
Yt Yt VYt

with k' = k0, 0 = “:61,’2 and V' = —v. Notice that ?f,/)gl = 2"1‘2”2 > 2, which implies that the

Heston process 1]y is positive.

Our goal is to evaluate a Margrabe option with payoff

(St —5%) -

As valuation concept we consider conditional expectation under the chosen risk-neutral

measure,
Sl
(s )
sz ),

= B[S} (Yr —1),]

Vi=E;

where we denote by Y = S1/5? the asset price S! expressed in the new numeraire S2.
Notice that the situation is symmetric, since it is easy to see that there exists two Brownian
motions W, B such that

dS? = o) 52 AW, dS} = oX S} dB,.

So we could have equally well expressed S? in terms of S'. However, we have chosen the
notation such that calculations are facilitated by choosing S? as numeraire.

Remark on valuation in incomplete markets. The dynamics in (1) induce an
incomplete market, and are formulated under one particular martingale measure chosen
by the agent. As there is, by the second fundamental theorem of asset pricing, no unique
martingale measure, it can be selected by several considerations, depending on the agent’s
risk preference. Possible choices are the minimal martingale measure, the minimal entropy
martingale measure, or a risk-neutral measure obtained by some calibration procedure.
There are also alternative valuation concepts like utility indifference pricing which do not
result in taking the expectation with respect to some martingale measure (which, however,
will not be considered in this paper). So there will not be a unique price valid for all agents,
as in the complete market setting studied by [18], but rather some valuation concept used
by an individual agent. For this agent, we do however take this risk-neutral measure P as
fixed for the remainder of the paper.

We have that S? can be written as a Doléans-Dade stochastic exponential,

§?— 2 ¢ ( / oY <p23dZ + @dW)) 2)
— 52 exp < / o <p23dZ + MdW) -3 / (UY)2d5> .



Assumption (A.1) S? is a martingale (and not a strict local martingale).
Under (A.1), we have that by the abstract Bayes’ formula,
By [S%(Yr —1),] = S?E, [(Yr — 1),] (3)

where Et denotes the conditional expectation under the probability measure P which has
Radon-Nikodym density process with respect to P as

aP|  §?
aP|_~ S¥
Fi

The measure change from P to P comprises a dual market transform with respect to asset

S2.

Example 2 One well-known criterion for a stochastic exponential as in (2) to be a mar-
tingale is that there is an € > 0 such that

E [exp <5/0T (o})? dt>] < o,

this follows e.g. from [17], Section 6.2, Example 3 (note that there is an expectation sign
missing). This criterion is fulfilled for both the Heston as well as the 3/2-model which in
turn follows from [12], p. 18 and Theorem 4.1, respectively. Here it is important to note

that by our assumption pa3 < 0; in case of a positive pag there is a counterexample in [23].
O

Now we compute

as} St St 1
dY; = —t — L 482 + =t _q(5?% §%) —
t St2 (53)2 t (StQ)B < >t (53)2

=Y, 0 <P12 <p23dZt +4/1— p§3th> +4/1 - p§2dBt)
~ Yo} <,023dZt +4/1— p§3th>

2
+Y; (Uty) dt — Ytplgathz/dt

d<51,52>t

The processes Z=27- 023 fay dt and W = W— V1I=p3 [ oY dt are Brownian motions
under the probability measure P. By a straightforward computation,

dy, =Y, {(atx p12 — o7 ) <p23d2t +4/1— pggth> +054/1— p%QdBt] , (4)

5



so in particular Y is a local P-martingale. Moreover, if we define U := £(Y') (the stochastic
logarithm of Y, so £ (U) =Y), by 1to’s formula we get

AUy = (0 pr2 — o)) <P23d2t + \/@dﬁ/\r) + UtX\/THdBt

Note that we have FZ ¢ FZ , but in general FZ need not be included into FZ.

Assumption (A.2) It holds that FZ = FZ.

Example 3 (A.2) is fulfilled e.g. in the 3/2-model (with respect to P) because, as we shall
see later, (O’Y)2 is again a 3/2-model under P, albeit with different constants (see Appendix
1), hence as strong solution to an SDE driven by Z is in particular FZ -adapted. It follows

that Z = Z + P23 fUY dt is then also ]F'E—adapted, hence 2 = F%. An analogous argument
also gives that (A.2) is fulfilled in the Heston model as well.

Remark on the classical Margrabe formula. Notice that by straightforward compu-
tations based on It6’s formula, for every deterministic process a(t)

Cps (T, InYr,a(T)) = Cps (t,InY:, a(t))

T
—|-/t LBs ((05)2—{—(03) —2p120 o )C’BS(S InYs,a(s)) ds

. /tT <8ng> (5,10 Yy, a(s)) da(s)

g

+ local martingale terms,

where Cpg (T, Iny, o) denotes the Black-Scholes price for a European call option with strike
one maturing at 7', on an asset with log-price Iny and volatility o, and Lpg (o) denotes the
Black-Scholes operator with volatility 0. Obviously, if ;X and o) are constants, pa3 = 0
and the resulting Feynman—Kac equation is the Black-Scholes equation with variance given
by ( )2 + (O'Y) — 2p120% Y, from which we deduce the classical Margrabe formula by
choosing

2 2
a*(s) = (03)" + (0))" — 2p1205 ),
see [18]. If they are deterministic, the exchange option price is given by the Black-Scholes

price with variance
1 [T 2
T/ <(0§X) +(O’Z) — 2p190X 0} >ds
0

then it is easy to check that it suffices to take

a(s) = ! /T ((05)2 + (03/) — 2p12080 Y) ds. O

T—s



3 An extension of the Margrabe formula to the stochastic
volatility case
3.1 A decomposition formula for the option price

We denote by E’S the conditional expectation with respect to .7-"52 , and let the modified
squared volatility be given as

a(r) == (05)2 + (02/)2 — 2p1p0io).

Let us also consider the averaged modified squared volatility

2(s) = TI_SES [/STaQ(r) dr}
Tl_s [/OTaQ(r)dr—/osaQ(r)dr}
1

E;
T <MS—/0 a%r)dr),

M, = B, [ /0 " dr} . (5)

Then it follows via [t6’s formula by straightforward computations that

where

Cps (T, InYr,a(T)) = Cps (t,In Y3, a(t))

T 2 o~
t S

Oz \  Ox2 oz
T/ o d 0?Cps  0Cps . =
+/t (w‘m)( 92 Ow )<371“Y5’“<8>>d<M7M>3
+ local martingale terms. (6)

Here « refers to the second argument of Cpg. The local martingale terms are

1.

T
oC - ~ —~
/t 6‘55 (s,In ¥, a(s)) <(U{:XP12 - Uf) <P23dZt + MdWO +U§Md3t> :

(7)

/tT <82CBS _ 8035) (5,1 Ya,(s)) dM.. (8)

0z2 Oz



Assumption (A.3) We will henceforth assume that M and U are square-integrable p-
martingales.

Remark 4 (A.3) is satisfied for most of the classical stochastic volatility models. An ex-
plicit proof in the context of the 3/2 model is given in the Appendix.

For the sake of simplicity we will assume the next assumption. One could replace it
by model-dependent integrability assumptions which in the interest of readability we omit
here since they would render the proofs quite tedious.

Assumption (A.4) There exists a strictly positive constant ¢ such that min (O’X , O'Y) > €.

We will make use of Lemma 4 in [7]:

Lemma 5 Assume that (A.4) holds. Then, for alln > 2 and 0 <t < s < T there exists a
positive constant C such that

E[ach

xn
Theorem 6 Consider our basic model (1). In the case that (A.1) — (A.8) hold, we have
the following decomposition formula for the option price:
1 /T 0 (82035 B 0Cpgs
t

2 ~ = N e
v, = 5 {CBS (t,InY;,a(t)) + E, {2 = - ) (s,InY;,(s)) d<U, M>

(5 0Y,,0(6))

a(u), u € [t, s]] < C(T — s)t"/2,

ox

1 (o2 o 92Cps  0Cgpg R —~
+8/t <8x2_8:13)< g oh )(s,lnYS,a(s))d<M,M>J}.

Proof. By Lemma 5, the expectation of the integrals in (9) are finite. Since (A.3) holds,
the P-expectations of the local martingale terms are zero, and the formula follows directly
from (6). m

s

9)

Assumption (A.5) The a?(r) associated martingale is square-integrable, so that by the
martingale representation formula there exists a process A (r,u) such that

a(r) = E [a®(r ' U Au
() E[<>]+/OA<,>dZ,

where
|A(ryu)| < vA(r,u),

where v € (0,1) and X is a square integrable (wrt. P) process whose moments are uniformly
bounded by one in r and u. Noticing that

T
dMs =v </ A(r,s) dr) dZs,

8



we moreover have that

Et[/OTd<UM] /<// trsdtdr)d

and -
Et[/ d<MM } /(/// tursdtdudr)ds,
0
where
|q) (t,T’,S)’ < :023V¢ (t,?", S)
and

|W (¢, u,r, s)| < vy (t,u,r,s),

for some square integrable (with respect to ]3) processes ¢ and Y whose moments are
uniformly bounded by one in t,r, s and u.

Now we are in a position to prove the main result of this section.
Theorem 7 Assume (A.1) - (A.5). Then an approzimation result can be given as
Sy 'V = Ops (t,nY;,a(t))

1 ~ [ [T —~
v ZH (t,InYy,a) By U d<U,M> ]
2 ) ]

1 T
+ <K (LY, a) E [/t d<M,M>S]
+0 (0231/ + V2)2 ;

_ 0 (9°Cps _ 9Cps 22 9 (22Cps _ 9Cps
where H := az( D2 or ) K= a2 — 5 dx? oz J*

Proof. We follow the notation ), := Et UtTd <U, ]\7> } , Ry = E’t [ftT d <J\7, ]/\4\> ] . Then
S S
by applying It6’s formula to the process

1 1
Cgs (t,InY;,a(t)) + 5H (t,InY;,a(t)) Q: + gK (t,InYy,a(t)) Ry,

and taking into account that Q7 = Rp = 0, it follows that



CBS (T7 In YTa ZL\(T))

1 1
= Cps (LInY,,a(0) + S H (. nYn (1) Q: + K (1 InY,,a() Ry

1T -
+2/t O H (s,InYs,a(s)) d (U, Q),

1 /T e
+2/ (ag—ax)H(s,lnn,a(s))d<M,Q>
1 7 —~
+2/ (8;’—8§)H(s,lnYS,a(s))Qsd<U,M>
t S
T —_—~
+ ;/ (02— 0,)° H (s,In Y, d(s)) Qud <M,M>
1 T
+2/ 0.K (s,InY,a(s)) d(U, R),
1 7 —~
+2/ (ag—ax)K(s,lny;,a(s))d<M,R>
1 7 —~
+2/ (a;’;—ag)K(s,lny;,a(s))de<U,M>
t S
1

T ) S
+/ (02— a,) K(s,lnn,a(s))de<M,M>
8 Ji

+ local martingale terms.

s

We can show, similarly as in Section A.3 that the local martingale terms are in fact true
martingale terms starting at zero. Then, taking conditional expectations we get that

10



1 1
Vi = Cps (t,InY,a(t)) + iH (t,InY;,a(t)) Q + éK (t,InY:,a(t)) Re

1 T
+ E; {2/t 0.H (s,InY;,a(s)) d(U,Q),

—+

/T (02— 0,) H (s,InYs,a(s)) d <1\7 Q>S

+
~

(03 — 82) H (s,InYs,d(s)) Qud <U, J\7>

+
~

T

(02— 0,)” H (s,In Y, d(s)) Qud <z\7 z\7>

_l’_

0. K (s,InY,a(s)) d (U, R),

+
N

(02— 0,) K (s,In Yz, d(s)) d <z\7 R>8

+
S

(0% — 82) K (s,In Y, d(s)) Red <U, J\7>

+
0|~ NI NI= Nl= ool N—= N =

—
N
52

—0,)° K (s,InY,,d(s)) Red <z\7 J\7> } .
Now, by Lemma 5 and assumption (A.5), it follows that
1 1
Vi — Cps (t,InYs,a(t)) — §H (t,InYs,a(t)) Qr — éK (t,InYs,a(t)) Ry

is less or equal than

11



1

T
| -9 +m-97awa,

Q
IS
—N—
N =

+
S

:(T )R (T —s) (T~ s)*%} d <z\7 Q>S

+
!

:(T )2 (T — )75+ (T — s)*l} Q.d <U, ]\//.7>

+
!

:(T — ) T4 (T—s) 24 (T—s) 2+ (T— s)—l} Q.d <J\7 J/\4\>

_l’_

:(T )R (T —s) (T - s)—%} d (U, R)

+
S

N

@\@\“\%o\@\@\

N~ NI~ NI~ ol NI~ N

—+

<
4 ;/f (M=) 4 (T =) 2 4 (T =) P+ (T s)F 4 (T = 5) 2] Rea (M, z@}
=T+ ..+ Ty,
where C' is a positive constant. Assumption 5 allows us then to estimate
T < C’p%31/2, T < C’p23u3, T3 < Cp%31/2, Ty < C,o231/3
Ts < Cposv®, Tg < Cvt, Ty < Cpagr®, Tz < Cv?
and the proof is complete. m
Definition 8 The implied volatility I(7',t) for exzchange options is the process such that
SPCps (t,InY;, I(T, 1)) = V;.
Remark 9 Define

~

(T, t) = /a2 (1) + % (1 - (t)d(T — t)) = (SQ?T - E, [/tT (02p1a — o) d<Z, J\7>]

LA d Lo 1 1 E[ T
8 @M@ -t amT-t a@nT-1)a2oT-t LU
where
InY; a2 (t) (T —1)
V@20 (T -1 2 '

Then it is easy to see by means of a Taylor expansion as in [5] that

T(T,t) — I(T,t) = 0 (p231/—|- U2)2 .

12
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3.2 An explicit expression for the approximation formula

Let us denote by ]D)g2 the domain of the derivative operator DZ in the Malliavin calculus

sense. ]]))22 is a dense subset of L%(Q) and DZ is a closed and unbounded operator from

LQP(Q) into L?D([O, T x Q) (see for example [19] for a detailed introduction to these notions).
The martingale representation theorem states that for a square-integrable martingale M
adapted to the Brownian filtration FZ there exists § € L?(Z) such that

t
M, = My +/ 0, dZ,.
0

The integrand 6 is called a martingale kernel. It can be represented by the Clark-Ocone
formula, in case M € pL? , as a conditional expectation of the Malliavin derivative with
respect to the Brownian filtration,

0, = E, [Df (MT)} .

Recall that

a(r) == (05)2 + (03,/)2 — 2p1p0a).

Given that the to a?(r) associated martingale is square-integrable, by the martingale
representation formula there exists a process A (r,u) € L?(Z) such that

a2(r) = E [a®(r ' ) dZ,.
") =B 0] + [ A dZ

Then we may apply stochastic Fubini to get

MS:MO+/OS </UTA(7',u)dr) iZ,, (10)

E, [/tTd<U,J\/4\>S] = psE} [/tT (0 p12 — o)) (/fA(r,u)dr)] ,
B [/tTd<z\7,z\7>s] — B, /tT </STA(r,u)dr>2ds] .

Now the problem reduces to compute — or approximate — Mo and A (r,u).

and

Example 10 Let us assume that both o and ¥ are Ornstein-Uhlenbeck processes under
the martingale measure P. More precisely, we will assume that

dot = k¥ (mX — atX) dt + v dz,

and
doy = kY (my — 02/) dt + v¥ dZ,

13



for some positive constants kX, m~,vX, kY, mY and v¥. Then it follows that

do} =k (m— 02/) dt + ¥ dZ,

mY

where k= kY — posvY and m = P —
us the following martingale representations

Y Then, some straigthforward computations give

0
and .
o =B+ [ otz
0
where R
E (Uf) =m+ (0'3/ - m) exp(—k(t — s)),
t
E (ng) =F (O'tX) + p23VY/ exp(—kX(t — 5))E (0'2/) ds
0
and

g(t,s) = ¥ exp(—r(t - s)),
f(t,s) = Z/XZ/Y/ exp(—kX(t — 7)) exp(—r(r — s))dr + v~ exp(—sX(t — 5)).

Then, it is easy to check that (10) holds with

A(t,s) = 2F, UT ((affpm —07) (praf(t,s) — g(t, s)) + o1/ 1 — plof(2, s)) dt] .

Example 11 Let us assume that both o and o¥ are 3/2 models under the martingale
measure P. More precisely, we will assume that

4(0)? =¥ (o) (m* — (0)?) e+ (o))" a2

and
a (o)) =" (o)) (m¥ = (o)) dt+ 0" ((o})?)" a2

Then, it is not direct to obtain an explicit expression for A(t,s), but from the results in the
Appendiz it is easy to see that

lim (Et [/tTd<U, ]\7>] - %pgg (0Xpra — o) ) A (t,8) (T — t)2> =0

t—T

and

t—T

Jim <Et UtTcuM, M>s} - %A2 (t.4) (T — t)3> —0,

14



where

3 3
A(t,t) =vY ((02/)2> f T <(af()2) f =12 (V‘r (622 ¥ + 1Y (Uf)2 Uf) .
Then, the following short-time approximation formula is easily deduced:
S; {Cps (t,n Y, a(t))

4 %H (t,10 Y3, a(t)) pas (07 pra — 0¥ ) A (£,8) (T — )2
><;Axuhn@a@»Au¢f(T—tﬁ}.

Moreover, we can check that

- The — ol A2 (t,t
lim T(T, ) = /a2 (8) + P2LOTP12 =90\ iy, + (t.1)

T 1 (V@) 21 (Va2 @)’

which gives us the short-time limit of the implied volatility approximation, as a quadratic
function of In'Y;.

(InY;)?,

4 Mean-variance hedging of Margrabe options

The stochastic volatility model considered induces an incomplete market, so not every claim
is replicable by trading with the underlying asset. Here we choose as hedging instrument
the process Y, that is the asset price S! expressed in the new numeraire S2. In particular,
one of the main applications of Margrabe options is in FX markets, so in that case we would
hedge with asset S! in terms of the new currency as given by S2. In this section, we aim to
minimize the remaining risk using a quadratic criterion, formulated under the martingale
measure P. A quadratic criterion can be considered under the statistical measure as well,
but the then resulting theory has conceptual drawbacks. A more comprehensive discussion
of mean-variance hedging can be found e.g. in [22].

For the purpose of mean-variance hedging, the following strategy set is appropriate:

Definition 12 A strategy 9 is called admissible if 9 € L? (Y), i.e. [9dY is a square-
integrable P-martingale.

Note that although ¥ might be a strict local martingale, the gains process [ dY is a square-
integrable martingale for every admissible strategy 9. Given a claim H € L?(Fr, P), define
a square-integrable martingale V via

Vi:=E[H|F], 0<t<T. (11)
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For an initial capital ¢ and a self-financing strategy 9, the associated value process is ¢ +

[¥dY. Our goal is to minimize
T
(H — C — / ﬁt dY;)
0

over all constants ¢ and all ¥ € L?(Y). For the following result see [22] and the references
therein.

2

~

E (12)

Theorem 13 Optimal mean-variance hedging strategy. Consider the Kunita-Watanabe
decomposition of V,

V:E[H]+/19HdY+L, (13)

with Y7 € L2(Y) and a square-integrable martingale L with Ly = 0, strongly orthogonal to
Y. The optimal initial capital ¢* and optimal strategy 9* minimizing the quadratic functional
(12) are c* = E’[H], 9* = 9. The optimal strategy is unique in the sense that for two
optimal strategies 9*,1* the resulting stochastic integral processes are indistinguishable, or
equivalently, [ (9* — )2 d[Y]=0.

One can interpret ¢* + [ Y dY as the part of the risk which is attainable, so can be
perfectly replicated by means of the hedging strategy ¥, whereas, L is the part of the risk
that is totally unhedgeable. Thus L7 is the risk-component of the claim H that cannot
be accessed by trading in the underlying. To quantify this inaccessible risk, we are often
interested in calculating the variance of the remaining hedging error,

Rr (v1) == E [L3].

Since by strong orthogonality (13) implies that (V,Y) = [9 d(Y,Y), we can determine
the optimal mean-variance hedging strategy 9 by calculating the formal derivative

I =d(V,Y)/d({Y,Y).

To sum up, the mean-variance hedging approach is a method yielding both a fair price c*
and an optimal hedging strategy ¥*. In particular, the fair price is the expectation of the
claim under the chosen martingale measure which seems to be a very suitable extension of
the pricing rule for complete markets.

For the remainder of this section, we assume that (A.1) and (A.2) are in place. We have
in our case, see (3), that H = (Y7 — 1) which we assume to be in L2(P). By the put-call

parity, this is equivalent to saying that Y € L? (ﬁ) which e.g. is satisfied in the 3/2-model.
Hence R
Vi=E [(Yr—1),].

Here, see (4),
dY)Y = €/2dR,

16



where ¢ := w? + p? + v? with

we = (07 p1a — 0)) pas,

pr = (0 p12 — 0} ) \/1— P33,
v = o \/1 — ps.

The Brownian motion R is given as
R= (w2+;fW+ VB) /(W% + p? + 02).
Hence the two Brownian motions Z and R have quadratic covariation
d<2, R> = w/\V/(@?F p2 +02)dt = W dt.

There exists a Brownian motion R* in F which is uncorrelated to R (the choice is not
unique) which we fix.

Moreover, we denote the various martingale kernels as follows, up to finite variation (FV)
terms (which play no role here since they will drop out when forming brackets):

d (JX)2 =m¥dZ, d (JY)2 =mY dZ, do¥c¥ =m*Y dZ. (all plus FV terms)
It results that
d¢=d { (O'X)2 — 2p120X0Y + (UY)Q}
=: Cd2 + F'V terms,

with

¢ =m® = 2p1om™Y +mY.
While Y is a Markov process conditional on Z , it is not a Markov process per se, but the
pair <Y, Z) is. Hence, and since we are in a Brownian framework, there exists a smooth
function v(¢,y, z) such that

‘/t = (ta}/tvz\t) .

As V is a martingale, there are no FV terms in its canonical decomposition. It results by
Ito’s formula that

ov o, =
dV = 5 dY + 5 ¢dZ
= @gmy + @gw’ dR + @C\A — W' dR*,
oy 0z 0z
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so the Kunita-Watanabe decomposition is given as

- <gz v W2y >dy+ng)g\/1—7wde.

Therefore, the optimal mean-variance hedging strategy is

d(V.Y) 0v v W'

V= Ty "oy T azany

In particular, 9 is a Delta-hedge if and only if w = 0 which is the case if and only if pa3 = 0.
To show that ¥* is admissible, we will have to show that

T / 2
~ ov  OJv W'(¢
E — 4+ — dt
[/0 <8y * 8z§1/2Y> ] =0
Notice first that the Delta dv/0y and the Vega dv/0z are bounded. On the other hand, if
1/Y has finite moments of all orders, it suffices to check that, for some p > 1,

. T / 2p
E / YN g
0 51/2
Remark 14 In the 3/2-model, the moments of 1/§ are bounded by the moments of a CIR
process which are finite because of the results in [12]. Then, in this case we only need to

check that -
E [/ (w¢)™ dt] < 00,
0

for some q > 1. This is satisfied if k > 3 v2. In fact, notice that E(w()2q 18 bounded by
the moments of order 4q of the inverse of a CIR, which is finite if 4q < %/29/ — 1. Then,

o7 19! 2
26 ) 20— 1 =25~ 1> 4 because

To find the minimal risk, we proceed as follows: Recall that

taking q > 1 in such a way that 4q € (4,

K> %1/2), the admissibility is proved.

ov

8'11 1/2
= (Lerizy
av (ayg + 5

Cw > dR + —g\/ W' dR*.
The Kunita-Watanabe decomposition can be written as
V=E[Yr—1),] /ﬁ"‘dlu/wd}zL

for some ¢ € L? ( ) We can calculate 1/ as formal derivative
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d(V, R+
poSR) e
dt 0z

which is in L2 (2 ) for the 3/2-model, see Section 4.

The variance of the hedging error is then given by

Ry (9F) =E [/OT«z;?dt} :/OTE

(gzcm) 2] dt.
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A Computations for the 3/2 model

In this section we will assume that both (O'iX )2 and (02/ )2 follow a 3/2 model. More
precisely, we will assume that

4()? =k (o)} (6 = (o)?) a7 (o)) a2, (14)

and
3

a(o))’ =k (o) (0 = (o)) at + 07 (o))" d. (15)
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A.1 Malliavin differentiability of the 3/2 model volatility
Consider a 3/2 model o2 given by a equation of the form
3
do} = ko} (0 —of) dt + v (07)? dW,, t € [0,T7, (16)

where W is a standard Brownian motion and k,f and v are non-negative constants. It is
well-known (and follows by Ito’s formula) that the process z := 1/ (0)? is a CIR process
given by

dzy =K' (0" — z¢) dt + V' \/zdWy, ¢ € (0,77, (17)
where k' = k0, = —v and 0’ = k:—gQ.
1l V2
Notice that, if & > 0, then 2)’3—29 = Q(k:; ) > 2 and the dimension of the underlying

Bessel process for z is greater or equal than 2. Then Corollary 4.2 in [3] gives us that, for
allt € [0,T], z € ]]3)11/{,2 and hence

t / /0! 2
DV 2 =V \/z exp (/ <—]; - (k; - V8> 21> du> , t€[0,T]. (18)

Now we are in a position to prove the following Lemma.

Lemma 15 Assume the model (16). Then, for all t € [0,T], 0? € ]]])114}2 and

t 2
DVeZ =y (JE)% exp </ <k29 - <l; + 3;) 03) du) , t€[0,T]. (19)

Proof. This proof is based on similar approximation arguments as presented in Section 2
in [3]. Let ¢ > 0 and @, () be a continuously differentiable function satisfying ®. (z) = 1
if x > 2¢ and @, (z) = 0 if © < g, while ®.(z) < 1 for all z € R. Notice that in this
case @ (z) = 0 if z < £ or > 2¢. Furthermore we define the function A.(z) = ®.(z)2
with A-(0) = 0. The function A;(x) is bounded and continuously differentiable satisfying
AL (z) = @, (z) L — @ (2) 25. In particular A (z) = — 25 if # > 2c and AL (z) =0 if 2 <e.

It is easy to see that, for all t € [0,T], Ac(z) — (07)% in L? (P). On the other hand,
|D)Y Ac(20)| = |AL(z) D) ]

t k/ k/@/ 2 1
o ([ (- (-5) 1))

. / / 2 2 2
Notice that, as 21226, > 2, k29, — % =% — % >0and then

for some positive constant C. Then, as E [1/z] < 0o, Vt > 0, Lemma 1.2.3 in [19] gives us
that (67)° € DL? and that

DY (01)2 = v (02)* exp (/t <—k29 - <;€ + 3’;) ag> du> .
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A.2 Martingale representation for (o} )2 y (o7 )2 and o0} .

In this section we will apply the Clark-Ocone formula (see for example [19]) to find a mar-
tingale representation for (o} )2 , (o )2 and 0;Xo) . Our first step will be the computation
of the corresponding Malliavin derivatives.

Notice that under the change of numeraire the process (o} )2 is again a 3/2 model. In
fact,

d (02/)2 = kY (02/)2 (Hy - (02/)2) dt +vY ((02/)2)3 dZ; + 1Y pa3 ((02/)2>2dt
= (kY — 1Y pa3) (02/)2 < kYov ( Y)2> df 4 Y <( )2)5 ng.

kY — 1Y pas
Then, Lemma 6 implies that, for all ¢ € [0,T7], (02/ )2 € ]D)lzi2 and that

D7 ) = (00)) e ([ (- - (M2 4 20 ) (1)) ).

which satisfies 5
2

DZ () <7 ((01)%)%,
provided kY — v¥pa3 > 0.

On the other hand, even when (UX )2 is not a 3/2 model under the new measure, Lemma
6.3.1 in [19], jointly with (19) gives us the following martingale representation

t t
2 p 2 r 2 2 N N
(05)2 = B (o) +/ ) (Df (622 — pas (o) / DSZa}der> iz,
0 s
In a similar way, for the product cX¢Y, the kernel of the martingale representation is

E, [DZ (Ut Ut — oo} / DZ ]
Corollary 16 The above results prove that we get for the martingale kernel
A(s,t)

~ t A~
= Fq <DTZ (02’)2 + D? (Ut ) — 2p19DZ (at oy ) + 2p12 (p23 (UtX) + atXaf) / DSZO'T}./dZT> .
S

A.3 On the martingale condition

To show that the stochastic integrals with respect to M and U are square-integrable mar-
tingales, and not strict local ones, we will use the criterion that a local martingale L whose
square bracket [L] is integrable is a square-integrable martingale.
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As for the first term in (7), note first that the Delta 0Cps/0x is bounded, so what remains
is to show that

E [/ ((Ut )"+ (o ) — 2p1207° 0} ) dt} (20)
0
Regarding the second term (8), in concrete examples one has to show that
o g 82C(BS 8035 N 2
F [/0 <( 922 Oz ) (t,lnYt,a(t))> d{M,M),| < co. (21)

We will now carry out the required steps for the 3/2 model. As (O’Y)2 is again a 3/2

model under P, it follows by Theorem 4.1 of [12] that E [ fOT (oF )2 dt] is finite. With a
measure change and Holder’s and Jensen’s inequality we get

~[ (T 9 S2 S2
E U (o7) dt] =F [72’/ o) dt == TE at dt} < 00
0 S0 Jo S

which holds again by the results in [12]. By the elementary inequality

2? +y? — 2pzy < 4 (2* +y?) for p € [—1,+1], (22)

it follows that (20) is fulfilled.
Regarding (21), notice first that we can bound the squared difference of the Gamma and
Delta for the Black-Scholes price in the log-stock price x as

9*Cps 0Cps
83}2 - or (ta €, U)

2
<Co2(T—1t)",

hence

@[/OT

Further, we can evaluate (M, M) by the martingale representation (10) of M as

9*Cps ~ 0Cps 2
0z2 Oz

<CE [/OT (@) (T -t~ d(M, M),

d(M, M),

2

d (M, M), = < /t " At d7~> dt,

Notice that the moments of A(r,t) are bounded by the moments of S%/S? and the moments
of (a,gX)Q , (02/)2 up to order 2p, for some p > 1, which are finite by the results in [12]
since (O’X )2 is given as a 3/2 model under the measure P, and we can proceed by similar

arguments as in the (UY)2—Case. We conclude that (21) is fulfilled. Summing up, in the 3/2
model, Assumption (A.3) is valid.
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