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Abstract

This article starts a computational study of congruencesazfular forms and modular Galois
representations modulo prime powers. Algorithms are desdithat compute the maximum in-
teger modulo which two monic coprime integral polynomiads'én a root in common in a sense
that is defined. These techniques are applied to the studgngfraences of modular forms and
modular Galois representations modulo prime powers. Firedme computational results with
implications on the (non-)liftability of modular forms mold prime powers and possible gener-
alisations of level raising are presented.

2010 Mathematics Subject Classification: 11F33 (primak¥);11, 11F80, 11Y40.

1 Introduction

Congruences of modular forms modulo a prifrand — from a different point of view — modular forms
overF, play an important role in modern Arithmetic Geometry. Thestmrominent recent example
is Serre’s modularity conjecture, which has just becomeartm of Khare, Wintenberger and Kisin.
We particularly mention the various techniques fevel RaisingandLevel Loweringmodulo/ that
were already crucial for Wiles'’s proof of Fermat’s Last Trex.

Motivated by this, it is natural to study congruences modifioof modular forms and Galois
representations. However, as working over non-factoridlreon-reduced rings liké/¢"Z introduces
many extra difficulties, one is led to first approach this eabjrom an algorithmic and computational
point of view, which is the topic of this article.

We introduce a definition of when two algebraic integerd are congruent moduld™. Our
definition, which might appear non-standard at first, wasddmupon us by three requirements: Firstly,
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we want it to be independent of any choice of number field éoim@ a, b. Secondly, in the special
casen = 1 a congruence modul6should come down to an equality in a finite field. Finallygjfb
lie in some number field( that is unramified at, then a congruence afandb modulo¢™ should be
a congruence moduley™, where\ is a prime dividingl in K.

Since algebraic integers are — up to Galois conjugacy — nwsteniently represented by their
minimal polynomials, we address the problem of determifiémgvhich prime powerg™ two coprime
monic integral polynomials have zeros which are congrueotluto /*. We prove that a certain
number, called the reduced discriminant or — in our languatjee congruence number of the two
polynomials, in all cases gives a good upper bound and irufalme cases completely solves this
problem. In the cases when the congruence number is ingufficive use a method based on the
Newton polygon of the polynomial whose roots are the diffiees of the roots of the polynomials we
started with.

With these tools at our disposal, we target the problem ofpading congruences modul®
between two Hecke eigenforms. Since our motivation conaes firithmetic, especially from Galois
representations, our main interest is in Hecke eigenforiinguickly turns out, however, that there
are several possible well justified notions of Hecke eiganfomodulo/™. We present two, which
we call strongandweak The former can be thought of as reductions modiil@f ¢-expansions of
holomorphic normalised Hecke eigenforms; the latter camrmerstood as linear combinations of
holomorphic modular forms, which are in general not eigenf but whose reduction moduls
becomes an eigenform (our definition is formulated in a déffé way, but can be interpreted to mean
this). We observe that Galois representation&ia (R), whereR is an extension oZ/¢("Z in the
sense of Sectioln 2, can be attached to both weak and strong ldEenforms (under the condition
of residual absolute irreducibility).

Modular forms can be represented by theexpansions (e.g. ii/¢"7Z), i.e. by power series. For
computational purposes, such as uniquely identifying autawdorm and comparing two modular
forms, it is essential that already a finite segment of a cektagth of theg-expansions suffices. We
notice that a sufficient length is provided by the so-callag8 bound, which is the same modulo
as in characteristif.

The computational problem that we are mostly interested ito idetermine congruences mod-
ulo /™ between two newforms, i.e. equalities between strong Hedenforms moduld™. This
problem is perfectly suited for applying our methods of deiaing congruences modul® of zeros
of integral polynomials. The reason for this is that the fensoefficienta,, of a normalised Hecke ei-
genform is a zero of the characteristic polynomial of thekésaperatofl}, acting on a suitable integral
modular symbols space (see e.g. [S]lor [W2]). Thus, in ordeletermine the prime powers modulo
which two newforms are congruent, we compute the congrigebetveen the roots of these charac-
teristic polynomials for a suitable number af One important point deserves to be mentioned here:
If the two newforms that we want to compare do not have the daweds (but the same weights), one
cannot expect that they are congruent at all primes; a diftdoehaviour is to be expected at primes
dividing the levels. We address this problem by applyingubeal degeneracy maps ‘modutd in



order to land in the same level. All these considerationd teaan algorithm, which we sketch. We
point out that this algorithm is much faster than the (naa@@ which works with the coefficients of
the modular forms as algebraic integers in a (necessaglyriimber field.

We implemented the algorithm and performed many computsitichich led to observations that
we consider very interesting. Some of the results are regarpon in Sectioh]4. We are planning
to investigate questions like ‘Level Raising’ in more detaia subsequent work. We remark that
the algorithm was already used [n [DT] to determine some mizaleexamples satisfying the main
theorem of that article.
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Notation

We introduce some standard notation to be used throughauthel article/ andp always refer to
prime numbers. By afadic field we shall understand a finite field extensioef We fix algebraic
closuresQ of Q andQ, of Q,. By Z andZ, we denote the integers §f andQ,, respectively. Ifi
is either a number field or a local field, thé€l, denotes its ring of integers. In the latter casg,
denotes a uniformiser, i.e. a generator of the maximal idkély, andvy is the valuation satisfying
vk (mx) = 1. Moreover,v, denotes the valuation afi and onQ, normalised such that,(¢) = 1.

2 Congruences moduld™

In this section we give our definition @bngruences modul@® for algebraic and-adic integers and
discuss how to compute them.
2.1 Definition

Since a question on congruences is a local question, we plaselves in the set-up éfadic fields.
Leta, B € Zy. In our definition of congruences modul® we are led by three requirements: (1) If



n = 1, we want thaty = 8 mod ¢ if and only if the reductions oft and 3 are equal irfF,. (2) If o
andg are elements of some finite unramified extensiofQ,, then we wantv = § mod ¢" if and
only ofa— g € (7}). (3) We want the definition to be independent of any choic& gf), containing
« andg.

We propose the following definition.

Definition 2.1 Letn € N. Letw, € Z,. We say that: is congruent tg3 modulo¢™, for which we
write « = 5 mod ¢, if and only ifv,(ac — §) > n — 1.

Note that this definition satisfies our three requirementgteMlso the trivial equivalence
a=pf mod "< [v(f—a)] >n. (2.2)

In the sequel of this article we will often speak of congriesnmoduld™ of (global) algebraic integers
by fixing an embeddin@® — Q,. The same notation will be used also in this situation witdotther
comments.

2.2 Interpretation in terms of ring extensions

In this section we propose an interpretation of the aboveitiefi of congruences moduly in terms

of ring extension ofZ/¢"7Z. This interpretation gives us a much better algebraic teafatlworking
with such congruences because we will be able to use equaigad of congruence. We were led to
Definition[2.1 by the following consideration: L&f/Q, be a finite extension and € N. What is the
minimal m such that the inclusio, — O induces an injection dL/¢"Z into O /(7}2)? In order

to formulate the answer, we introduce a function.

Definition 2.2 Let L/K/Q, be finite field extensions and let,x denote the ramification index of
L/K Forn € N, Iet’}/L/K(TL) = (TL — 1)6L/K + 1.

This function satisfies the following simple properties:

() Forn =1, we havey, k(1) = 1.
(i) If L/K is unramified, theny, x(n) = n.
(iii) For extensionsM /L/K, we havemultiplicativity. vy k(1) = yar/n (v k(1))

(iv) For extensiond./ K, the integery;, x (n) is the minimal one such that the embeddilg —
Oy induces an injectioy /() < Op /(<™.

(v) Fora, g € K/Q we have:

vg(a—B) > vk/g,(n) € vwla—-p)>n—1&a=4 mod "



Note that [(i)-{(iil) precisely correspond to the requirensefi)—(3) from Sectioh 211. BY (iv) we
have produceding extensions

Z)0VT < O [ (m %™y < o J(m7He ™

).

Property(v) immediately yields a reformulation of the cargnce ot ands modulo/™ as an equality
in the residue ringQK/(wZ(K/Q’f(n)).

In order to interpret congruences as equalities withoutgéahaving to choose some finite ex-
tension ofQ,, we now make the following construction, which far= 1 boils down toF,. We
define

ZJ0 = lim O/ (™),
K

where K runs through all subextensions @, of finite degree ovef), and the inductive limit is
taken with respect to the maps inl(iv). The natural projestiOx — Ok / (WZ(K/ Q (")) give rise to a
surjective ring homomorphism

T 2 Ly — L]0V,

Now we can make another reformulation of our definition ofgroiences modulé™: Let o, 3 € Z.
Then we have
a=p mod " < m,(a) =m,(5).

In the sequel, we will always choose thg in a compatible way, i.e. ifn < n we wantr,,, to be the
composition ofr,, with the natural mag/("Z — Z/(™Z.

Remark 2.3 We also point out a disadvantage of our choiceygfq,(n), namely that it is not ad-
ditive. This fact prevents us from defining a valuationZnby saying that the valuation af € Z is
equal to the maximak such thatr,(a) = 0. Definingvyg q,(n) asn times the ramification index
ex /g, would have avoided that problem. But the(l) = ex /g, # 1, in general, which is not in
accordance with the usual usage of modul@his other possibility can be understoodZag("Z,.

2.3 Computing congruences moduld™

If one does not require one fixed embedding into the complembaus, algebraic integers are most
easily represented by their minimal polynomials. Thuss ibatural to study congruences between
algebraic integers entirely through their minimal polynals This is the point of view that we adapt
and it leads us to consider the following problem.

Problem 2.4 We fix, once and for all, for every compatibly, ring homomorphisms, : Z < Z; —
Z]0"7. LetP,Q € Z]X] be two coprime monic polynomials and fe€ N.
How can we decide the validity of the following assertion?

“There exista, 3 € Z such that



() Po) = Q(8) = 0 and
(i) m(a) =7 (B) (le.a = mod M)

In this article, we will give two algorithms for treating thproblem. The first one arose from
the idea that one could try to use greatest common divisolngs ffotion seems to be the right one
for n = 1, but it is not well behaved for. > 1 since the ringZ/¢"7Z[X] is not a principal ideal
domain. However, the algorithm for approximating greatsshmon divisors of two polynomials
over Z, presented in Appendix A of [FRR] led us to consider the notibsongruence numbeor
reduced resultantlt can be used to give quite a fast algorithm, which, howedees not always give
a complete answer.

The second algorithm, which we call theewton polygon methodlways solves Problem 2.4 but
tends to be slower (experimentally). Its basic idea was estgg to us by Michael Stoll after a talk
of the second author and was immediately put into practicewd¥er, since the first version of this
article had already been finished, the algorithm was nouded in it, so that it was again suggested
to us by one of the referees. In this section we will presettt bgorithms in detail.

It should be pointed out explicitly that Problém12.4 cannetsblved completely by considering
only the reductions o and@ mod¢" if n > 1. This is a major difference to the case= 1. The
difference is due to the fact that in the problem we wargnd S to be zeros of? andQ: if @ and
[ are elements iff./¢"Z such that inside that ring(@) = Q(3) = 0, then it is not clear if they are
reductions of zeros aP and().

Congruence number

The congruence number of two integral polynomials provatesipper bound for congruences in the
sense of Problein 2.4. It is defined in such a way that it camydasicalculated on a computer.

Definition 2.5 Let R be any commutative ring. B[ X|.,, we denote thé?-module of polynomials
of degree less than. Let P, € R[X] be two polynomials of degrees andn, respectively. The
Sylvester majis the R-module homomorphism

R[X]cn @ R[X]<m = RIX]<(min), (1, 8) = 1P+ 5Q.

If Ris a field, then the monic polynomial of smallest degree inithage of the Sylvester map
is the greatest common divisor éf and ). In particular, withR a factorial integral domain and
P, @) primitive polynomials, the Sylvester map is injective ifdaonly if P and() are coprime. Con-
sequently, ifP, Q € Z[X] are primitive coprime polynomials, then any non-zero polyial of smal-
lest degree is a constant polynomial.

Definition 2.6 Let P,Q € Z[X] be coprime polynomials. We define twngruence numbei( P, Q)
of P and( as the smallest positive integesuch that the constant polynomials in the image of the
Sylvester map aP and Q.



We remark that for monic coprime polynomialsand ) via polynomial division the principal
ideal (¢(P, Q)) can be seen to be equal to the intersection of the ideal ofanatristegral polynomials
with the ideal inZ[X] generated by all polynomialsP + s@ whenr, s run through all ofZ[X].

In [Pohst] the congruence number is called tbeduced resultant Note that in general the reduced
resultant is a proper divisor of the resultant. It makes sa¢aseplaceZ by 7, everywhere and to
define a congruence number as a constant polynomial in thgeimiathe Sylvester map having the
lowest/-adic valuation. Although this element is not unique, ithig#ion is.

The congruence number gives an upper bound fontimeProblen] 2.4:

Proposition 2.7 Let P, Q € Z[X] be coprime polynomials and €t be the exact power dfdividing
c(P, Q). Then there are ne, 3 € Z such that

() P(0) = Q() = 0 and
(i) mm(a) = mn(B) (le.a= 4 mod (™) for anym > n.

Proof. By assumption there exists € Z[X] such thatc = ¢(P,Q) = rP + sQ. Leta, 3 € Z
be zeros ofP and@), respectively, such that,,(«) = m,,,(/5). We obtain

7Tm(c) = Tm (T(Q)P(a) + S(Q)Q(a)) = Tm (S(Q))Wm (Q(a)) = Tm (3(/8))7(771 (Q(/B)) =0.

This means that™ dividesc, whencem < n. O

On the computation of the congruence number

The idea for the computation of the congruence number is sienple: we use basic linear algebra
and the Sylvester matrix. The point is that the Sylvester imajescribed by the standard Sylvester
matrix S of P and @ (or rather its transpose if one works with column vectors)tfe standard
bases of the polynomial rings. We describe in words theggttdorward algorithm for computing the
congruence numbex P, Q) as well as for finding polynomials s such that:(P, Q) = rP + sQ with
deg(r) < deg(®) anddeg(s) < deg(P). The algorithm consists of bringin§ into row echelon (or
Hermite) form, i.e. one computes an invertible integralnraB such thatB.S has no entries below
the diagonal. The congruence numbgP, Q) is (the absolute value of) the bottom right entry/®$
and the coefficients af ands are the entries in the bottom row &f. This algorithm works over the
integers and ovef-adic rings with a certain precision, i.8/("Z.

We note that by reducing?.S modulo ¢, one can read off the greatest common divisor of the
reductions ofP and(@ modulo/: its coefficients (up to normalization) are the entries i st non-
zero row of the reduction aBS modulo/. This has the following trivial, but noteworthy consequenc

Corollary 2.8 Suppose thaP and@ are primitive coprime polyomials ii[ X]. ThenP and @ have
a non-trivial common divisor moduléif and only if the congruence number Bfand Q is divisible
by . O



Applications of the congruence number

We now examine when the congruence number is enough to saltséeRZ.4 for givenP, Q and for
all n. In cases when it is not, we will give a lower bound for the maxin~ for which the assertions
of the problem are satisfied.

We start with the observation that the congruence numbécssito solve our problem for = 1.

Proposition 2.9 Letn = 1. Assume thaf and ) are coprime monic polynomials [ X]. The
assertion in Proble 214 is satisfied if and only if the comgree numbee(P, Q) is divisible by/.

Proof. The calculations of the proof of Proposition 2.7 show thaéhé assertion is satisfied, then
¢ dividesc(P, Q). Conversely, if¢ dividesc(P, Q) then by Corollary 218 the reductions #fand@
have a non-trivial common divisor and thus a common zet,inAll zeros inF, lift to zeros inZ,.

O

We fix an embedding) — Q,. Our further treatment will be based on the following simpke
servation. LetM C Q be any number field containing all the roots of the monic aoprpolynomials
P,Q € Z[X] and letc = ¢(P,Q) = rP+sQ with r, s € Z[X], deg(r) < deg(Q), deg(s) < deg(P)
and factorQ(X) = [[;(X — ) in Z[X]. Then fora € Z such thatP(a) = 0 we have

vp(e) = vM(s(a)) + ZvM(oz - Bi). (2.2)

Our aim now is to find a lower bound for the maximumwaf (o« — f3;) depending onry,(c). For that
we discuss the two summands in the equation separately.
We first treatvM(s(a)). By F' we denote the reduction modul@f an integral polynomiaF.

Proposition 2.10 Suppose that dividesc(P, Q).
(a) IfsandQ are coprime, them; (s(a)) = 0 for all o € Z with 71 (Q(«r)) = 0.

(b) If one of P or  does not have any multiple factors, then thereris Z such thatP(a) = 0,
71(Q(a)) = 0 andvys(s(a)) = 0, or there is3 € Z such thatQ(3) = 0, 7 (P(3)) = 0 and
o (r(B)) = 0.

(c) If P is an irreducible polynomial irff,[X] and Q is irreducible inZ,[X], thens and Q are
coprime andvy (s(a)) = 0 for all o € Z with 1 (Q(a)) = 0.

Proof. (a) Sinces and( are coprime, the reduction of cannot be a root of both of them.

(b) We prove that there exisis € F, which is a common zero aP and @, but not a common
zero of ¥ ands at the same time. Assume the contrary, i.e. tg) = 5(y) = 0 forall y € Ty
with P(y) = Q(y) = 0. LetG € F,[X] be the monic polynomial of smallest degree annihilating all
y € F, with the propertyP(y) = Q(y) = 0. ThenG divides P, ) as well as by assumptiahands.
Hence, we have

0=7P+5Q =G (7P +51Q1)
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with certain polynomialgT, Py, 57, Q1 € F,[X]. We obtain the equation
0=71P +51Q1 (2.3)

and we also havéeg(77) < deg(Q1) anddeg(s7) < deg(P;). As eitherP or Q does not have any
multiple factor, it follows that?; andQ; are coprime. This contradicts Equatlon]2.3.
Hence, we havg € F, with P(y) = Q(y) = 0 and7(y) # 0 or3(y) # 0. If #(y) # 0 then we
lift v to a zeras of Q. In the other case we liff to a zerox of P.
(c) The assumptions imply thgl = P for somea. As the degree of is smaller than the degree
of P, it follows thats and P are coprime. Thus als@,andQ are coprime and we conclude by (a).
a

We now treat the termy _, var(a — ;).
Proposition 2.11 Suppose that dividesc(P, Q) and thata is a root of P which is congruent to some

root of @ modulo/ (which exists by Propositidn_2.9). Assume without loss négaity that3; is a
root of @ which is closest ta, i.e. such thavy,(a — 51) > vy (a — 5;) for all 4.

(a) Suppose tha® has no multiple factors (i.e. the discriminant @fis not divisible by¢, or, equi-
valently, the congruence number@fand Q' is not divisible by).

Then), var(a — B;) = vm (o — Br).
(b) In general we havey; (o — 1) > (@(Zi om(a — Bi))].
Proof. (a) If Q does not have any multiple factors, theqy (3, — ;) = 0 for all i # 1. Con-

sequentlypys (o — ;) = vayr(a — B1 + 1 — B;) = 0 fori # 1.
(b) is trivial. O

We summarise of the preceding discussion in the followingltary, solving Probleni 214 iP

and(@ do not have any multiple factors, and giving a partial answéhne other cases.

Corollary 2.12 Let P, Q be coprime monic polynomials #1.X| (or Z,[X]) and let/™ be the highest
power of¢ dividing the congruence number.= ¢(P, Q) and letr, s € Z[X] (or Z,[X]) be polyno-
mials such that = rP + s@Q with deg(r) < deg(Q) anddeg(s) < deg(P).

(&) If n =0, then no root ofP is congruent moduld to a root ofQ.

(b) If n = 1, then there arey, 3 in Z (in Z,, respectively) withP(a) = Q(8) = 0 such that they are
congruent moduld, and there are nav;, 3; in Z (in Z,, respectively) withP(a) = Q(8) = 0
such that they are congruent modufo

(c) Suppose now that > 1 and that one of the following properties holds:

(i) P does not have any multiple factors antidoes not have any multiple factors (i&4

c(P,P"yand?tc(Q,Q)).



(i) Q does not have any multiple factors andndQ are coprime.

(i) P does not have any multiple factors andnd P are coprime.

Then there arey, 8 in Z (in Z,, respectively) wittP(a) = Q(3) = 0 such that they are congruent
modulo/™ and there are nav, £, in Z (in Z,, respectively) withP(a;) = Q(31) = 0 such that
they are congruent modul3*'.
(d) Suppose that > 1.
(i) If 3andQ are coprime, letn = Frolt
(i) If ¥ and P are coprime, letn = Fr=rail
(iii) If (i) and (ii) do not hold, letm = 1

Then there arey, 3 in Z (in Z,, respectively) wittP(a) = Q(3) = 0 such that they are congruent
modulo/™ and there are nayy, 31 in Z (in Z;, respectively) withP(a;) = Q(51) = 0 such that
they are congruent modul3*'.

Proof. In the proof we use the notation introduced above. The uppands in [(b){(d) were
proved in Proposition 217.

(a) follows from Proposition 219.

(b) The existence of a congruence follows from Corol[ary 2.8

(c) In case (i), by Propositidn 2.110 (b) we can choasg € Z congruent moduld with P(a) = 0
andB € Z with Q(B8) = 0 such thatvys(s(a)) = 0 or vy (r(3)) = 0. Without loss of generality
(after possibly exchanging the roles(d?, ) and(@Q, s)) we may assume the former case. In case (ii),
by Proposition 2.10 (a) any € Z with P(a) = 0 and7(Q(a)) = 0 will satisfy v,,(s(a)) = 0. In
both cases, from Proposition 2111 and Equdtioh 2.2 we obtaiequality

v (e) = v (0") = vy (a — Br),

where3; comes from Proposition 2.11. This gives the desired re€ldse (iii) is just case (ii) with
the roles of( P, ) and(Q), s) interchanged.

(d) also follows from Propositioris 2.110 and 2.11 and Equd®@. More precisely, in case (i) we
have the inequality

op(c) ;- en n B n
wheree is the ramification index of//Q,. Hencem,, (o — 81) = 0 with m = [ﬁ@}. Case (i) is
case (i) with the roles of P, r) and(Q, s) interchanged. O

Remark 2.13 It is straightforward to turn Corollardy 2.12 into an algbrit. Say,P,Q € Z[X] are
coprime monic polynomials. First we compute the congruengabers:(P, P') ande(Q, Q'). If any
of these is zero, then we factér (respectively) in Z[.X] into irreducible polynomiald® =[], P;
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(respectively@ = || j Q). We then treat any pair;, (),;) separately and return the maximum upper
and the maximum lower bound for congruences of zeros. Faglgiity of notation, we now call the
pair (P, Q).

Now we compute the congruence numbers- ¢(P,Q) andcp = c¢(P,P’) as well ascg =
¢(Q,Q"), all of which are non-zero by assumption. Along the way we asmpute polynomials
r,s € Z[X] such thatt = rP + sQ anddeg(r) < deg(Q) anddeg(s) < deg(P). For each prime
power/{™ (with n > 1) exactly dividingc we do the following. 1f¢ does not divide:pcg, then we are
in casel(r)(i) and we know that there are3 € Z such thatP(a) = 0 = Q(3) andr,(a) = 7,(B).
This is best possible and we have obtained a complete ansWweobleni 2.4. I¥ is coprime tocp or
cq, we check whether we are in cage (c)(ii) @r (c)(iii). Then wsoabtain equality of the upper and
lower bound and thus a complete answer to Prollein 2.4. If eignaneither of these cases, then we
use the much weaker lower bounds of palt (d). In order to gesagmssible result in this case, too,
one can make use of the Newton polygon method to be described n

Newton polygon method

We now present the second algorithm for treating Prolplein P basic idea of this algorithm was
suggested to us by Michael Stoll. Let stil Q € Z[X] be coprime monic polynomials. Consider
factorisations irZ[X]:

u v

P(X) = [[(X = o) andQ(X) = J] (X - 8).

i=1 j=1

Now takeQ(X +Y) = [[;_;(X — (8; —Y)), considered as a polynomial i with coefficients
in Z[Y] and letF'(Y") be the resultant oP(X) andQ(X + Y') with respect to the variabl&. By

well known properties of the resultant one has
FOV)=+[[]](Y - (8 — i)
i=1j=1

Hence, the roots of'(Y") are precisely the differences of the rootsffind@. Thus, the slopes of
the Newton Polygon of'(Y') € Z,[Y] are thev,(5; — ;). We obtain the following result, solving
Problen{2.4.

Proposition 2.14 Let P, Q € Z[X] be coprime monic polynomials and set= [s|, wheres is the
biggest slope of the Newton polygon of the polynorhial Z,[Y] defined above.
Then there arev, 3 € Z such that

() P(a)=Q(8) = 0and
(i) mp () =7, (B) (i.e.a = mod 7).

Moreover,n is the biggest integer satisfying this property.

11



Proof. Leta,3 € Z with P(a) = Q(B) = 0 such that the slope o8 — « is equal tos,
i.e. v(B3 — a) = s (subject to the fixed embeddin@ — Q,). The proposition is an immediate
consequence of Definitidn 2.1 and Equafiod 2.1. O

3 Modular forms and Galois representations modulo/™

In this section, we apply the methods from Secfibn 2 to thdystf congruences of modular forms
and modular Galois representations modifio

As in Sectiorl 2, we keep ring homomorphisms : Z < Z, — (Z/¢"7Z), compatibly forn,
fixed. In this section, we restrict 0, (V) for simplicity. Everything can be generalised without any
problems td"; (V) with the obvious modifications. Moreover, also for the siitipf of the exposition
all our modular forms are cusp forms.

3.1 Modular forms modulo ¢*

For studying the notion of congruences moddéfoof modular forms it is useful to introduce the
terminology of modular forms ove£/¢"Z or, in abuse of language, modular forms moddilo In
contrast to the case = 1, one must be aware that lifting of modular forms o7 to charac-
teristic zero is not automatic. This will be reflected in oations. We letS;(I'o(N)) denote the
C-vector space of holomorphic cuspidal modular forms of Wekgand levelN.

Definition 3.1 LetT := Ty (I'o(N)) be theZ-subalgebra oEndc(Sk(I'o(N))) generated by all the
Hecke operatorg’,, n € N.

(i) A modular form of weight: and levelN overZ/¢"Z (or modulo/™) is aZ-module homomorph-

ismf:T — (Z/("Z).
(i) A modular formf overZ/¢"Z is aweak Hecke eigenforrii f is a ring homomorphism.

(i) A weak Hecke eigenfornfioverZ/¢"Z is astrong Hecke eigenforifi f factors into ring homo-

morphismsT' — Z, ™% (Z /(7).

(iv) Any normalised holomorphic Hecke eigenfofm= g + >, <5 an(f)g™ (With g = e?™* and

am € 7) gives rise to a strong Hecke eigenform o@et("Z via T 1=2%, 7 ™ (Z/0n7).
This modular form will be referred to as tlmeduction off modulo/™.

(v) If the reductions modulg™ of two normalised holomorphic eigenfornfsand g agree, then
we say thatf and g are congruent moduld™. This is the same as the congruengg(f) =
am(g) mod ¢" forall m € N with the notion of congruence from Sectidn 2. If the congceen
ap(f) = ap(g) mod ¢" holds for all primesp but possibly finitely many, we say thagnd g
are congruent moduld™ at almost all primes

12



Remark 3.2 (a) It is often useful to think of a modular forrfi over Z/¢"Z as theg-expansion
>one1 f(To)d™ € Z/Z][q])-

(b) As T is a finitely generated (and fre@-module, every weak eigenforrfi can be factored as
T — Ok /(mp /% (n)) — Z/0"Z for a suitable/-adic field K .

(c) Letf:T 2 Z¢ =% 7./"7 be a strong Hecke eigenform modula The kernel ofp is a minimal
prime idealp of T. As such, it corresponds taGal(Q/Q)-conjugacy class of holomorphic Hecke
eigenforms, sincé := Frac(T/p) C Q is a number field (recall that is a finitely generated free
Z-module) and is the kernel of the ring homomorphism

T—»T/pCL—QCC, Tp~ am,

which corresponds to the normalised holomorphic eigenf@;g21 ame?™™* and depends on
the choice of the embedding — Q. Hence, the notion of strong Hecke eigenform mod#ilo
implies that the forny is the reduction of a holomorphic Hecke eigenform modtilo

(d) Forn = 1, the notion of weak and strong Hecke eigenform agree. Ttsoreia that the kernel of
f: T — F, is amaximal ideal, since the image pis a (finite) field. Every maximal ideal &f
contains a minimal prime idealand, hencef factors asT — T/p < Z < Zy — Fy.

(e) Weak Hecke eigenforms need not be strong Hecke eigesformeneral. See, for instance,
Sectior{ 4.D.

(f) Let R be any ring. Sincélomy(T,Z) ®z R = Homyz(T, R) due to the freeness @f as a finitely
generated-module and sincElomyz(T, Z) can be identified with the holomorphic modular forms
having integral Fourier expansions, any homomorphfsnT — R (e.g. weak/strong eigenform)
can be seen as dtlinear combination of holomorphic modular forms (whicle aot necessarily
eigenforms).

(9) Another issue concerns the absence of a good Galoigtferdhe extensions ¢t /¢"7Z discussed
in Sectior 2: LetK be an/-adic field. Not every ring homomorphisx — Ok /(7}%) comes
from a field homomorphisnk’ — K. Suppose, for example, thé&x = Z,[X]/(P(X)) is the
ring of integers of a ramified extension @f. If « is a root of P and if m is big enough, then
a + 7™~ 1 is not a root of P, but nevertheles®(a + 7™~ ) € (77), whence sending to
o + 7™~ 1 uniquely defines a ring homomorphisth; — O /(7%), which does not lift to a
field automorphismiK — K. Hence, a strong Hecke eigenform moddilacan give rise to many
weak Hecke eigenforms modut8.

(h) Finally, we would like to point out a connection, as sugjgd by one of the referees, between
the congruence number and the congruence exponent of madhdkan varieties defined in the
paper [ARS] by Agashe, Ribet and Stein and our notions.
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Let J be the Jacobian (ové&¥) of some modular curve (sa¥,(/N)) andA, B abelian subvarieties
of J such that/ = A + B and A N B is finite. For the moment, I be the Hecke algebra of,
i.e. the subring of the endomorphism ring.bfyenerated by all Hecke operators. Denotelhy
andT g the Hecke algebras of and B, respectively. The natural map: T — T 4 Ty given by
sending an operatdr to its restrictions tod and B is injective due to the conditiod = A + B.
Thus, we can vieWl as an abelian subgroup @f; @ T, which has finite index, sincd N B
is finite. Agashe, Ribet and Stein define tmwngruence expone@nd thecongruence numbgr
of A as the exponent (the number of elements) of the abelian dfdym Tg)/T. Note that the
definition also depends aB.

Now we establish the connection to our set-up. The Heckéedgis known to be isomorphic
to the Hecke algebr&’y(T'g(/V)). Applying the functorHomy (-, Z/¢"7), we obtain the exact
sequence

0 — Homgz((Ta @ Tg)/T,Z/("Z) % Homgz(T 4, Z/"Z) & Homy(Tg, Z/I"Z)
5y Homy,(T, Z]0"Z).

Note that the term on the right is precisely the group of welymodular forms moduld@™ on
I'o(N) in our definition. Let us now take two normalised newforhandg in Sa(I'o(N)) in
distinct Galois conjugacy classes such tfi@orresponds to a ring homomorphisim T4, — C
andgtog : Tg — C. This is the case, for instance,Af= (J/I;J)" andB = I;J, wherel is
the kernel of the ring homomorphisiih— C belonging tof. Assume thayf andg are congruent
modulo¢™. This means by definition thalf, —g) is in the kernel of3. We analyse the element
¢ € Homgz((Ta @ Tp)/T,Z/"Z) such thata(y) = (f, —g). It satisfiesy((T1,0) + T) =
f(T1) — g(0) = 1, sincef is normalised. Consequentl¥,/¢"Z is in the image of). Hence,
(T4 @ Tp)/T contains an element of ordéf. We conclude that™ divides the congruence
exponent of4d (and, of course, also the congruence number).

3.2 Galois Representations modul@™

We are interested in congruences modifidin the sense of Sectign 2) betweZdimensionak-adic
Galois representations £ 1, 2)

i.e. Ok, is the ring of integers of aé-adic field. For that letX be an/-adic field containingk
and K5. We study the reductions of the representations moéulo

)

2 : Gal(@/Q) — GLa(Ok) S2P% GLy (O /(m <% M),

™) andp{™ are

Definition 3.3 The representationg; and p, are calledcongruent moduld™ if 5
isomorphic ag O/ (mr =% ")) [Gal(@/Q)]-modules.
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Remark 3.4 The insistence on taking the natural projection is owededdlt that there may be ‘too
many’ maps from0x — Ok /(x 'YK/@Z( )) as mentioned in Remalk 32 (g).

Theorem 3.5 If the p; are residually absolutely irreducible, then they are camgmt moduld™ if and

only if the traces of Frobenius elements agree,Tzéﬁ(1 (Froby,)) = Tr(p, (n) (Frob,)), at a dense set
of primesp.
Proof. Chebotarev’'s Theorem applied to the Proposition inl[M2R%8. O

Subject to a fixed choic® — Qy, to a normalised holomorphic eigenforfn= " a,,¢™ €
Sk(I'o(IV)) one can attach afradic Galois representatigny , : Gal(Q/Q) — GL2(K) with some
(suitably large)/-adic field K. This Galois representation has the properties that it ramified
outside/ and the level off and the trace ofrob, is equal toa,, at all unramified primesp.

(7pe /% M) of level N' and

Proposition 3.6 Any weak or strong Hecke eigenforfn: T — Og/
weightk has an attached residual Galois representatign. If o, is absolutely irreduciblef gives
rise to a Galois representation

)

A+ Gal(Q/Q) — GLa(O /('™
which is unramified outsidéN and satisfies for eveny{ (N
) (Brob,)) = p,
f(Tp)-
Proof. Any weak modular form moduld® gives rise to a strong modular form modulby reduc-

tion, and hence we dispose ®f ,. If the residual representation is absolutely irreducifbleeorem 3
(p. 225) from [C] implies the existence of a Galois repreation

Tr (p;ne) (Frob,)) = ap, and det(p

where we writez, for the p-th coefficient off, i.e.a, =

p: Gal(Q/Q) — GL2(T ®z Zy)

() Vi /@, (7 ))

with the desired properties. Note thatfactors asT — T ®z Z, 0 K/ . It hence

suffices to composg with the natural map coming froryj. |

3.3 Sturm bound modulo/®

_(n

If two Galois representations; ’ (i = 1,2) as in the previous subsection come from weak or strong
modular forms moduld@™, then one can decide whether they are equivalent by congpaniy finitely
many coefficients, since one disposes of an effective boonthé two modular forms modulé® to

be equal. Such a bound is given by the Sturm bound ([Sturm]).

Theorem 3.7 LetI" be a congruence group containifg (), let & > 1 and let B be theSturm

bounddefined by
kb b—1

“nN

15



whereb = [SL2(Z) : I']. The Hecke algebrd& acting on the spacéj(I') is generated as @-module
by the Hecke operatorg, for 1 < n < B. Moreover, forl' = I'g(/N) the algebrdT is generated as a
Z-algebra by ther, for the primegp < B.

Proof. Theorenm9.23 and Remarl9.24 from [S]. O

Theorem 3.8 Letf,g : T — Ok/ (w}K/ Qe (n)) be two weak or strong Hecke eigenforms modiilo
onT'y(NV) for some weighk. Letb = [SLa(Z) : T'o(N)]. If for all primes

kb b—1

we have
f(Ty) = g(T}) (i.e. “ap(f) = ap(g) mod £M7),

thenf is equal tog as a Hecke eigenform moduld.

Proof. As forI' = I'y(/V) we have thafl is generated asZ-algebra by the Hecke operatdfs
for the primesp < B (Theoreni 3.l7), it follows thaf andg are uniquely determined by their values
atT), for primesp < B. 0

Remark 3.9 The Sturm bound can easily be extended to modular forms wibemtype, see e.q./[S],
Corollary 9.20.

We mention that in([CKR], the Sturm bound is proved by otheranseand is also extended to
the situation when the two modular forms have different Wwesg It is also useful to remark that
the Sturm bound for modular forms moduld is also a direct consequence of the Sturm bound for
modular forms oveff, and Nakayama’'s Lemma: T ®z F, is generated aB,-vector space by the
Hecke operatorgy, ..., Tg, thenT ®y Z/¢"Z is generated asA/¢("7Z-modulo byTi, ..., T, too.

3.4 Application of degeneracy maps

Theorem[3.B gives a criterium for the Galois representatiattached to two Hecke eigenforms
f € Sk(To(NV)) andg € Sk(I'o(Nm)) to be congruent moduld® (under the assumption that the
representations are residually irreducible). Howeveistobthe time when studying congruences of
Galois representations attached to modular fofnad g, the assumptions of Theorédm 3.8 will not
be fulfilled, asf andg will typically differ at some prime dividing one of the lewelHence, we now
propose a stronger criterion. In order to formulate it, weoduce some straightforward notation.

Definition 3.10 Let R be a commutative ring (in the sequel, either= C, R = Z or R is an
extension of/¢"Z as in Sectiof]2) and € N. Let N,m,n € N. Thedegeneracy mafor a positive
divisor d of m is defined to be the map

¢d : Homz(Tk(Po(N)),R) — HomZ(Tk(FO(Nm)),R)
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which sendg’ € Homz(Tx(I'o(V)), R) to the homomorphism iHomz (T (I'o(Nm)), R) that maps
T, to ¢(1,,/q), if d dividesn, and to0 otherwise.

Let f : Tx(I'o(N)) — R be a modular form oveR. Theold space off over R in level Nm is
defined as the&?-span of the image of under the degeneracy maps for each positivem inside
Homgz (Tx(To(Nm)), R).

Ong-expansions, the degeneracy mapda@orresponds to th&-module endomorphism dt|[g]]
given byq — ¢?. The degeneracy mapy is well defined withR = Z by the classical theory of
modular forms (via the identification &fomy (Tx(I'o(N)), Z) with those holomorphic cusp forms in
Sk(To(IV)) having integral Fourier expansions) and due to the isomsmpHomy, (T (To(V)), Z)®z
R = Homyz(Tx(T'o(N)), R) itis well defined for all ringsR.

Proposition 3.11 Let f and g be weak Hecke eigenforms modulb of weightk for I'y(/N) and
I'o(Nm), respectively, and assume that their residual Galois repn¢ations are absolutely irredu-
cible.

Then the Galois representations mod#éfoattached tof and g are isomorphic if there is a weak
Hecke eigenfornf modulo¢™ in the oldspace of modulo¢™ in level Nm such thaty(7},) = f(Tp)
(i.e. “ap(g) = ap(g) mod ") for the primesp up to the Sturm bound for weightand'o(Nm).

Proof. The assumptions imply that the equaliyZ,,) = f(7,) holds for all primesp except
possibly those withy dividing m. Hence, we can conclude by Theorem 3.5. |

Propositio 3. 1/1 gives rise to a straightforward algoriflsee Section 315), since the characteristic
polynomials of the Hecke operators jat| m on the oldspace of can be described explicitly as
follows. Let f € Si(I'o(N)) andg € Si(I'o(Nm)) be Hecke eigenforms. Suppose thas the
maximum exponent such thalt | m. ThenT), acts on the old space ¢fin levelp" N as the(r +1) x
(r 4+ 1) matrix

ap(f) 10 0
—5pF=t 0 1 0
~ 0 0 01 ...0
1, = . . (3.4)
0 ... 00 0
00 0 0

whered = 0if p | N andé = 1 otherwise (see [W1]).

Let [f] be theZ-span of theGal(Q/Q)-conjugacy class of ; say that its rank igl. The operator
T, acts on the image dff] in levelmN as thed - (r + 1) x d - (r + 1) matrix resulting from[(3.4),
in which we substitute every by thed x d dimensionalD,; matrix, 1 becomes the-identity 1,4, the
entry a,(f) is replaced by thel x d matrix of the Hecke operatdf, on [f], andJ is either04 or
14. Since all the elements below the diagonal @fer all the blocks under the second line of blocks,
we know that the characteristic polynomial of this big matill be the product ofX4"—1) and the
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characteristic polynomial of the block matrix

7, |1
( I, ) | 35)

We now compute the characteristic polynomial[0f(3.5). Pef, = Zfzo Xt = H?Zl(X —aj)
be the characteristic polynomial of the upper left block evéhthea; lie in some algebraic closure.
With two polynomial variables,Y we hence hav§[ (X — a;Y) = 32, ¢ X'V, We now plug

in X = X2+ §p*1 andY = X and obtain

d d
[[X?—ax+opf ) =>" (cl-Xd_i(XQ - 5p’f—1)i>.
j=1 i=0
By taking the Jordan normal form (over an algebraic closarg) rearranging the matrix, we see that
this is the characteristic polynomial ¢f(8.5). Hence, tharacteristic polynomian,p of34is

d
Prp=Y <CiXdTi(X2 + 5p’“1)i>, (3.6)
=0
which can be computed very quickly frof;,,. Let us remark that, ip | IV, this polynomial is
simply X . P, and, ifp { N andd = 1, thenP;,, is X"~! times the characteristic polynomial of
the p-Frobenius element.

Remark 3.12 (a) It appears worthwhile to investigate the existence cdidigd converse to Propos-
ition B.11. A true converse cannot hold fifis in the lowest possible level, since it is easy to
construct a counter examplerif= 1, £k = 2 and/ = 2 and there is a weight-form embedded
into weight2. Under certain conditions (e.g. < ¢ and? { Nm) a converse could conceivably
exist.

To illustrate the problem with a particular example, let asgider the unique Hecke eigenform
modulo2 in level I'y(23) of weight one. It satisfieas(f) = 1 € Fs. It can be embedded into
weight2 for the same level in two different ways (multiplying by thasse invariant, which does
not change theg-expansion, and applying the Frobenius, which sentis ¢%). Consequently,
there are two distinct Hecke eigenforms oferin weight2 for I'y(23) whose coefficients &t

are precisely the roots 6f2 + X + 1 € Fo[X]. The coefficients at the other primes are equal to
the coefficients off, whence the attached m@dsalois representations are equal. Consequently,
a converse to Propositidn 3]11 cannot exist (since in thisca= 1).

(b) The trick used in([CKR] will always work for deciding whwedr the representations attached to
f andg are congruent modul&*: By applying degeneracy maps at all primes dividiNign one
can force all coefficients, () anda,(g) to be congruent to zero modul8 for all p | Nm. This
allows the application of the Sturm bound. But, usually #nel and hence the bound will be
bigger than the bound in Proposition 3.11.
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(c) We mention a point which will be discussed in more detaibectior 4.3. We are mostly inter-
ested in congruences of Galois representations madulitached to holomorphic eigenforms,
hence, it seems natural to stickdtsongHecke eigenforms. However, since we formulated Pro-
position[3.11 foweakHecke eigenforms, we do not need to have a congruence/fnoil-adic
zeros ap | m, but a simple equality in the residue ring is enough. Culygeint the algorithm we
are not using this subtle distinction, but, as we will seehméxample, it can make a difference.

3.5 Algorithm

The aim is to study the following problem algorithmically.

Problem 3.13 Let f1, fo be newforms in leveld/;, N, and weightsky, k-.

Determine a finite list of prime powefd’" ..., ¢!~} such that for alli € {1,...,r} the¢;-adic
Galois representations attached to the modular forfnand f» are congruent moduld;” and are
incongruent moduld;””, and for any/ distinct from all the/; the ¢-adic Galois representations of
/1 and f5 are incongruent modulé.

Towards this problem we employ the methods developed in¢aé@12. Due to its greater speed
we first apply the congruence number method, which by Prapo&.7 gives an upper bound for the
possible congruences. Only if in one of the applications afoCary[2.12 the upper bound is unequal
to the lower bound we make use of the Newton polygon method.

We hence start by computing the congruence numbetsc(Py, p, Py, ) for all primesp { N1 N,
up to some bound (e.g. the Sturm bound), wheye, denotes the characteristic polynomial ZifX])
of the Hecke operatdf, acting on the span of thgal(Q/Q)-conjugacy clasf;] of f;. Let us number
the primesp,p2,.... We compute a slightly modified greatest common divisor btgltaking in
account only the prime-tp-part ofc,,, because we want to disregard the coefficignivhen reducing
modulo powers op. More precisely, if we have twe,, andc,,, the first greatest common divisor
that we compute will be = ged(cy, - po"* ") ¢, - p72"*)). Once we have onecomputed, we
can improve it for the next; with ¢ = ged(cy, -p;”’i (C), ¢). The significance of the numbefis that
it gives an upper bound for Probldm 3.13: if a prime poWedoes not divide”’, then there cannot
exist any congruence modufd between theé-adic Galois representations attachedt@nd f5.

Our approach to a solution of Problém 3.13 is based on The@r@rand Proposition 3.11 in or-
der to obtain a lower bound, which in favourable cases edbalsipper bound’. However, whether
we use the congruence number method or the Newton polygomochédr computing congruences
between zeros of the characteristic polynomials of the Haxperators, we have to assume the fol-
lowing hypothesis, which — roughly speaking — says thatiibisoss to work withP; ,, instead of with
its roots.

Hypothesis 3.14 Let f; and f, be two newforms and € N. Suppose that for all primgsthere are
embeddings; , : K — Q (i = 1,2) such that

o1p(ap(f1)) = o2p(ap(f2)) mod £,
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Then there are embeddings, o2 such thato (f1) = o2(f2) mod ¢".

An equivalent formulation is the following: Ry, ,, and Py, ,, have roots congruent modulg (in
the sense of Secti@h 2) for all then there are membeysin the Gal(Q/Q)-conjugacy class of; for
1 = 1,2 such thatf; is congruent tofy, modulo/™.

In the sequel we shall assume this hypothesis to be satidflete that by using characteristic
polynomials of Hecke operators we lose track of which forrthimGal(Q/Q)-conjugacy class really
satisfies a congruence. By abuse of language we will nevesthepeak of a congruence between
pre andpg e modulo /™ when indeed we only have a congruence f andp; , for some members
f andg of the conjugacy classes ¢gfandg, respectively. We now sketch our algorithm for treating
Problen31B.

Input: f € Sp(To(Ny)) andg € Sy (T'o(Ny)) be two normalised eigenforms.
Output: (L—, L™) (for an explanation see below).

e (Upper bound) For every primg { NyN, up to the Sturm bound (see Theorerh 3.7), we
compute the congruence numhgr= c(Py,,, Py ,) and we calculatd,™ = gcd, < p(c,) With
the modified greatest common divisor described above. Wadlréaat Py, denotes the char-
acteristic polynomial of the Hecke operatfy acting on the spaff] of the Galois conjugacy
class of f, which can for instance be obtained as the characteristimpmial of the action
of T}, on a suitable modular symbols space.

e Forevery/ | L*, we computel;, = min,<p(¢%), where/% is the maximal power of
modulo whichPy, and P, , have a root in common. This number is obtained from the con-
gruence number method if the value returned by it is bestilpless.e. if we are in casgi(c) or
(D) of Corollary[2.12. Otherwise, the Newton polygon metii®dmployed. We then form the
productLy = [, 1+ Ly,

e Suppose for this step thaf;, = mN; and thatp; , andp, , are absolutely irreducible. Then,
for every¢ | L* such that, (L") # ve(Ly ), we computeL, , = min,<p(¢%) as follows: If
p 1 m, then we puﬂp =dp. If p| m, we let¢% be the maximal power of modulo which
Py, and P, , have a root in common witt;, as in Equation[{3]6). This number is again
calculated by the congruence number method or the Newtgrg@olmethod as in the previous
step. Again we computé;, = H4|L+ Ly,

e We computel.™ = [+ max(Ly ,, Ly ).

e Return(L—,L™).

Propositior 27 ensures that" is an upper bound, i.e. that, and p, , are incongruent mod-
ulo ™ (more precisely, this holds for any members of the conjugdayses off andg) if /™ t L+.
Theoren{ 3.8 guarantees thiaf is a lower bound (under Hypothesis 3.14), meaning that utier
hypothesisf , andp, , are congruent modulé® if ¢* | L; (with the slight abuse of language pointed
out above). The lower bount;” will in general be very bad (e.gd) due to the Hecke operatof? for
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p | m (in the situation of the third step). This is taken care ohi& third step and Proposition 3111 tells
us thatL, is a lower bound in the same sense as before (still under Hgpisl 3.14). Consequently,
L~ is a lower bound under Hypothesis 3.14.

Remark 3.15 We point out that this algorithm might miss a congruence nmdt due to the Hecke
operatorT;. Hence, one might want to exclude the operaffirin all the steps. Then, however, we
do not have the congruence @fvith an oldform of f (as in Propositiof 3.11), hence, the congruence
of the Galois representations suggested by the output @figaeithm will not be a proved result even
under Hypothesis 3.14 (but the correct one in most cases).

4 Examples and numerical data

In this section we present some cases which were computed i algorithm described above and
which we consider interesting. Several more examples cdaure in [T]. For our calculations we
used the computer algebra systemdMmAa ([Magmay).

4.1 Examples of congruences in the same level

We computed all congruences between modular forms of weightl the same level up to lev00.

In Table[1,(V;,i;) means the;-th form in level N; for j = 1,2 (according to an internal ordering
in MAGMA), where in these cases we haVg = N». In all these cases, we foudd- = L™ so that
under Hypothesis_3.14 we obtained all congruences.

e The biggest exponents that we found appea”iand2°.
e Forn = 4, we find some congruences modglb(also modul?).
e Forn = 3, the primed = 5 and/ = 7 appear.

e Forn = 2 we already have many different prime§? being the biggest square of a prime that
we found.

e Forn = 1 we just listed some of the biggest congruences that we foind8581981 =
17163962 and1933 - 8713 = 16842229 are just two examples of congruences, but in this case
we had several primes to choose from.

4.2 Simple example for strong# weak

We now analyse the example with the smallest level in the ebalple more thoroughly. Oriy(71)
there are twdzal(Q/Q)-conjugacy classes of newforms in wei@htThe coefficient fields of both of
them are isomorphic; they have degbeéiscriminant257 and are non-Galois. The primddactors in
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M 11 || No 1o || lower bound| upper bound
1479 | 16 || 1479 | 8 || 27 27

1027 | 2 || 1027 | 1 || 2° 29

602 |8 | 602 |7 | 2° 25

1454 | 7 || 1454 | 1 || 34 34

1171 | 4 || 1171 | 2 || 3* 34

1147 | 6 || 1147 | 5 || 73 73

1726 | 6 || 1726 | 3 || 53 53

1629 | 4 || 1629 | 3 || 5° 53

613 |2 || 613 |1 || 7-47% 7477
1939 | 4 || 1939 | 2 || 3724423 | 37%-4423
1906 | 5 || 1906 | 3 || 192 192

1763 | 8 || 1763 | 5 || 3-132 3132
1761 | 8 || 1761 | 7 || 2-8581981 | 2-8581981
1241 | 2 || 1241 | 1 || 1933 -8713 | 1933 -8713
71 2 |7 1] 2-32 2.32

109 |3 ||109 |1 | 22 22

155 |4 || 155 |2 || 2¢ 24

233 |3 [/ 233 |1 | 33 33

785 |2 || 785 |1 || 73 73

1073 | 6 || 1073 |3 || 2-172 2.172
1481 | 3 || 1481 | 1 || 5%-2833 52 . 2833

Table 1: Extract from the computational results.

two prime idealsp; and®}3, of residue degreesand2. This means that each of the twinl(Q/Q)-
conjugacy classes gives us precisely one strong Heckefeiger; modulo 3™ with coefficients
in Z/3"Z for i = 1,2; the others taken modu®have coefficients iffy.

We compute thatf; and f, are congruent modul®, but incongruent modul@7. LetT C
Endc(S2(T0(71))) be the Hecke algebra, i.e. the subring generated by the Hgmketors. The
above discussion shows that there is a maximal ideaf T := T @y Z3 such that the localisation
T, has two minimal prime ideals, corresponding to the two sjrblecke eigenformg; and fo. A
computer calculation yields that, ®z, Z/9Z = Z/97[X]/(X?). Thus, we have three weak Hecke
eigenforms modul® coming fromT,,, namely

Tm — ,]Arm ®Zs Z/QZ ~ Z/QZ[X]/(Xz) X—0orX—3orX—6

7.)97.

Since we know that there is only one strong Hecke eigenformiulad®, two of them cannot be strong.
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4.3 Exampleinlevelsl49 and 149 - 13

OnT'y(149) for weight2 there are twdGal(Q/Q)-conjugacy classes of newforms. The degrees of
the coefficient fields arg and9. Let f be any of the forms whose coefficient figlt} has degre®.

The prime3 is unramified inQ; and there is a primg of residue degreg in the ring of integerg),

of Qy.

Mazur's Eisenstein ideal ([M1]) shows that the residualrespntatiorpq; of f moduloP is
irreducible, sincel49 is a prime number and does not dividel49 — 1. We first want to determine
the image of the residual representation. A quick compuati a couple of coefficients gf shows
that the image of ;g contains all possible combinations of trace and determin@onsulting the
list of subgroups ofzL,(F3) tells us that next to the fulliL,(F3) there is only one other subgroup
satisfying this property. That subgroup, however, doexaontain any element of ordér Due to the
semistability atl3 and149 this group is excluded, whence the image is the@Ilh (F3).

There is a newforng of weight2 onT'y(13 - 149) and a prime ideah dividing 3 in its coefficient
field such that the strong Hecke eigenformgobbtained by reducing itg-expansion modula\ is
equal to the strong Hecke eigenform pimodulop3 at all prime coefficients except &8. In fact,
our algorithm gives us a congruence modal§ (in the sense defined before) at all primes up to
the Sturm bound, excepB. Moreover,3'9 is also an upper bound. At the primé we want to
apply Propositioin 3.11 (i.e. the third item of the algorijhrand we hence apply the methods from
Corollary[ZI2 toP, 13 and P; 3. However, the upper and the lower bounds we obtain with this
method are8”. Hence, the output of our algorithm would be a congruenceutadd! of the Galois
representations attached tandg as lower bound an8'® as upper bound. We analyse the situation
a bit more closely by hand. The polynomij 15 is equal to( X + 1)*°. The polynomialP; 3 = Q?
with @ € Z[X] an irreducible polynomial of degréeS. Evaluating@ at —1 (the zero ofP, ;3) gives
26 . 310 . 6869. This means that there isveeakHecke eigenforny in the oldspace of modulo3'©
such thatf(Ty3) = —1. Hence, Proposition 3.11 yields thAtand g are congruent moduld'® as
weak Hecke eigenforms. Consequently, the attached Ga&lpisgentations of andg are congruent
modulo3'°.

We give a more formal argument for the existence of the weaskel@igenform modul3'®.

Let T be the Hecke algebra ofh(T'g(149 - 13)) (asZ-algebra) and Ie'ﬂTf}? be the Hecke algebra
(asZ-algebra) on the image dff| under thel3-degeneracy map, where as bef¢fé denotes the
span of the Galois conjugacy classesfof By restricting Hecke operators, we obtain a surjective
ring homomorphisnT — T4, The algebrdl®!d is generated by the identity matrix afidl; (see

(] [£]_
Equation [3:#)). Since the minimal polynomial Bf; is eitherQ or )2, the composition

T — T8 D22, 7/3107,

is a well-defined ring homomorphism, i.e. the desired weagkd@igenform modulg'C.

23



4.4 Congruences with Eisenstein series modul®

Let f € S2(T'o(4V)) such thatp, , is reducible (and semi-simple by definition). This means fha

is congruent moduld to an Eisenstein series in the same level and weight at alatiqeaimes. The
converse of this statement also holds. In the context ofattisle, it is natural to study congruences
between newforms and Eisenstein series moduland to do so via the congruence number and the
Newton polygon method. By computing congruences modulwith Eisenstein series, we study up

to which (" the representatiop, ,» has the same traces at the first couple of Frobenius elements a
good primes as an extension of the cyclotomic character tad@éwby the trivial representation.

Let f be a newform of weighk and level N. We implemented an algorithm, which for all
primesp { N up to the Sturm bound computes the maximal prime powers rooghich Py, (as
before, this is the characteristic polynomial Bf acting on[f]) and the characteristic polynomial
of T}, acting on the Eisenstein subspace in the given level andhveaye a root in common. We then
proceed as earlier, obtaining an upper bound for a congeueitb an Eisenstein series as well as an
unproved lower bound (note that we do not take all operatdosaccount).

A famous theorem of Mazur's[([M1]) states that in weighand prime levelV there is a cusp
form which is congruent to the Eisenstein series modudd almost all primes for every dividing
the numerator O%. One can ask in how far this theorem holds modfflo It quickly turns out
that a too naive generalisation is false. We propose to stiuelyfollowing in a subsequent paper.
Let f1,..., f be all newforms in prime leveN and weight2 for the trivial Dirichlet character. For
i = 1,...,r let £ be the highest power df such thatf; is congruent at almost all primes to the
Eisenstein series of levé&¥ and weigh2 modulo/™:. Putn :=ny + ... + n,.

Question 4.1 Is n at least as big as (or even equal to) thealuation of the numerator d-Yle?

4.5 Level raising modulo/™

Let f € S3(T'o(IV)) be a newform. The tertevel raising moduld™ in the simplest case refers to the
problem of identifying primeg t N such that there is a newforgin Sz (I'y(Np)) with the property
that f andg are congruent modulé® at almost all primes. A necessary condition for level rajsin
the form f modulo/ at the primep { N when its Galois representation is residually irreducitdehat
¢ divides the congruence numhbg; ,, X — (p+ 1)) or the congruence numbefPy ,, X + (p+1)).
It is a famous theorem of Ribet'd ([R]) that the converse &isldls (moduld).

It is natural to ask whether or in which sense level raisingegalises to congruences moddio
We start by an observation which we consider very intergstiet f be the only newform oif'y(17)
in weight2 and letp = 59. The coefficientusg(f) = —12 and we find thad dividesc(Py 59, X —
60) = ¢(X +12,X — 60) = 72 and that3 dividesc(Ps 59, X + 60) = ¢(X + 12, X + 60) = 48.
However, there does not seem to be a congruence médhilg with any form in levell 7-59. Instead,
there appear to be three newforms in that level which arercemgtof modulo3 at almost all primes.
Hence, we conclude that the condition tifatdivides one of the above congruence numbers is not
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a sufficient one for level raising of strong Hecke eigenfarrihis confirms a remark by Richard
Taylor@

We propose to study the following question in a subsequemmpa.etf € So(I'y(N)) be some
newform and letp 1 N be a prime. Further, leg,. .., g be all newforms inSy(I'g(Np)). For
i =1,...,r let £ be the highest power dfsuch thaty; is congruent tof modulo/™: at almost all
primes. Puti := ny + ... 4+ n, and letc be the maximum integer such th&t , and X? — (p + 1)*
have a root in common moduls.

Question 4.2 Is n equal to the/-valuation ofc?

An inequality (in a greater generality) is provided by Trerar2 of [D].
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