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Abstract

One of the important implications of the condition of the absence of arbi-
trage in asset markets is the “valuation principle”. It asserts the existence of a
strictly positive continuous linear operator assigning to the payoff of an asset,
or the payoff of a portfolio of assets, its price. The operator extends valuation
to claims which need not be payoffs of portfolios. It has various representations
including martingale representation, and the present value pricing rule in terms
of state prices.

We examine the validity of the valuation principle in infinite asset markets.
We consider an example of an economy with infinitely many states of nature
and infinitely many assets. Assets are Arrow securities for every state, and a
riskless security. The price of the riskless security is not equal to the infinite
sum of prices of Arrow securities. This apparent “mispricing” indicates the
failure of the present value pricing rule. It does not, however, lead to an
arbitrage opportunity. Moreover, portfolio demand is well-defined for a risk
neutral investor, and for some risk averse investor. Although the valuation in
terms of the present value pricing rule does not hold, we argue that there is a
valuation relationship involving a pricing bubble for the riskless security.

Our example of infinite asset markets can be given a different interpretation
of a model of term structure of interest rates. In this interpretation, there is a
pricing bubble for a perpetuity.



1. Introduction

An arbitrage portfolio in asset markets is a portfolio that guarantees non-negative
payoff in every possible future state of nature, a positive payoff in some state, and has zero
price. The condition of the absence of arbitrage portfolio plays a fundamental role in the
theory of financial markets. One of its implications in asset markets with finitely many
assets 1s the “valuation principle”. It asserts the existence of a valuation operator which
is a strictly positive, con,tinubus, linear operator assigning to the payoff of an asset, or
the payoff of a portfolio of assets, its price. The operator extends valuation to contingent
claims which need not be payoffs of portfolios. It has various equivalent representations
including the martingale represeﬁta.tion, and the present value pricing rule in terms of state
prices.

Back and Pliska (1991) (following earlier work by Kreps (1981)) demonstrated that
the valuation principle may fail to hold in certain infinite dimensional spaces of contingent
claims with infinitely frequent asset trading. In this paper we provide another example of
the failure of the valuation principle. It is a simple two-period, arbitrage-free asset trading
model with infinitely many assets. The failure of the valuation principle in our model is
accompanied by the failure of the present value pricing rule. Prices of some assets deviate
from the present value of their payoffs. This indicates the presence of pricing bubbles in
the sense of Gilles and LeRoy (1992). Our model is an example of pricing bubbles in a
two—period asset trading model with infinitely many assets.

The space of contingent claims in which the valuation principle fails in our example
is the L, space of contingent claims with finite variance. This version of the valuation
principle is the one that has been most frequently used in the finance literature. With the
space Lo of bounded contingent claims the valuation principle holds in our example.
The L version of the valuation principle does not allow, however, a representation of
asset prices by the present value pricing rule. Instead, asset prices can be decomposed into
a fundamental value given by the present value pricing rule and a pricing bubble.

We analyze a simple example of asset markets with infinitely many assets. Asset



market models with infinitely many assets are an important class of models in financial
economics. The well-known Arbitrage Pricing Theory of Ross (1976) takes the form of an
infinite asset market model (see Chamberlain and Rothschild (1983), see also Brown and
Werner (1993)). These models provide a framework to study diversification as a strategy
of investing small fractions of wealth in a large number of assets, and implications of
diversification for asset pricing.

Assets in our example are Arrow securities for every state of nature (there are count-
ably many states), and a riskless security. The price of the riskless security exceeds the
infinite sum of prices of Arrow securities. This apparent “mispricing” indicates the failure
of the present value pricing rule.

An intriguing question is whether the “mispricing” of the riskless security leads to
an arbitrage opportunity. In Section 3 we show that there is no arbitrage in form of an
arbitrary finite portfolio. In Section 4 we demonstrate that our example can be considered
as a viable model of equilibrium in securities markets. It passes the viability test introduced
by Kreps (1981). We give two examples of investors whose portfolio choice problem has
a well-defined solution among arbitrary finite portfolios. One investor is risk neutral, and
thus her preferences satisfy the most stringent continuity requirements of the equilibrium
theory with infinite dimensional commodity space (e.g., Mackey continuity introduced in
Bewley (1972)). The wealth of the investor is restricted to be non-negative. The other
investor 1s risk averse with utility of state contingent wealth equal to the minimum wealth.

In Section 5 we extend our analysis by allowing investors to hold portfolios of in-
finitely many securities. We consider the space of bounded portfolios. Prices and payoffs
of individual securities specified in the example define in an unambiguous way prices and
payoffs only for finite portfolios. Therefore, a specification of portfolio payoffs and prices
for the space of infinite bounded portfolios involves an extension of the payoff operator
(which assigns payoff to every portfolio), and an extension of the pricing operator (which
assigns price to every portfolio) from the space of arbitrary finite portfolios to the whole

space of infinite portfolios. Each pair of extensions is consistent with given prices and
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payoffs of individual securities. We show that the extensions given by infinite summation
of prices of individual securities, and inﬁnife summation of payoffs of individual securities
lead to an arbitrage opportunity in the space of bounded portfolios. There are, however,
other extensions which preclude an arbitrage opportunity. One example is when the payoff
operator is extended by infinite summation, while the extension of the pricing operator
deviates from infinite summation (i.e., is not countable additive). Under these extensions,
the (infinite) portfolio of one share of each Arrow security has the same payoff as the risk-
less security, and its price is equal to the price of the riskless security (and not the infinite
sum of prices of Arrow securities). Therefore, the “mispricing” of the riskless security can
be interpreted as lack of countable additivity of prices. We also argue that the arbitrage-
free extensions of the pricing operator and the payoff operator are viable by showing that
the risk neutral and the risk averse investors have well-defined optimal portfolio among
bounded portfolios.

In Section 6 we study the validity of the valuation principle in our example. The
question is whether the operator which assigns price to the payoff of every portfolio can be
extended to a strictly positive, continuous linear operator on the whole space of contingent
claims. In finite markets, the existence of such an extension follows from the absence
of arbitrage opportunities. We consider two topological spaces of contingent claims: the
L, space of square integrable random variables, and the L, space of bounded random
variables. A valuation operator for the L, space has a representation as the present value
under a countably additive system of state prices (i.e., the value of a contingent claim
is an infinite sum of claims in different states multiplied by state prices). We show that
there is no valuation operator in our example for the L, space of contingent claims. Thus
the absence of arbitrage opportunities does not imply (the Lo version of) the valuation
principle. Neither the viability of security prices implies the L, version of the valuation
principle since the prices in our example are viable. The operator which assigns price to
the payoff of a portfolio cannot be extended in a continuous way beyond the subspace of

payoffs of finite portfolios.



It turns out, however, that there is a valuation operator for the space Lo, of bounded
contingent claims. This operator does not admit a representation of security prices as
present value under a countably additive system of state prices. Instead, the representation
involves a countably additive part and a purely finitely additive part. Following Gilles and
LeRoy (1992), this valuation operator can be decomposed into a fundamental value and a
pricing bubble. The fundamental value part obeys the present value pricing rule. Arrow
securities are valued according to the fundamental present value rule, and have no pricing
bubbles. The riskless security has a pricing bubble. The pricing bubble for the riskless
security explains its “mispricing”.

Section 7 provides some general results about pricing bubbles. We argue that the
L, version of the valuation principle holds under the condition of viability of asset prices.
Consequently, the fundamental part of viable asset prices and their pricing bubble can
always be identified. The question of the validity of the L, version of the valuation
principle is essentially the question of the absence of pricing bubbles. We show that pricing
bubble for a positive contingent claim cannot be negative, i.e., that the value exceeds or is
equal to the fundamental value. Furthermore, we provide a characterization of contingent
claims with zero pricing bubbles. Section 8 contains some concluding remarks.

Our example of securities markets can be given a different interpretation of a model
of term structure of interest rates. Instead of states of nature one can think about future
time periods (infinite time horizon), and about Arrow securities as bonds with different
maturities. The riskless security is then interpreted as a perpetuity (e.g., console). There

is a pricing bubble for the perpetuity.

2. An Example

We consider a market in which there is a countably infinite collection of securities
available for trade at date zero. Securities are described by their payoffs at date one.
Payoffs are random variables on the underlying state space (5,S,P). As in Back and

Pliska (1991), the set of states is taken to be S = {1,2,...} with S being the family of



all subsets of S (i.e., § = 2%), and the probability measure P given by P(s) = 5(%)3
for s=1,2,....
The payoff of security n in state s € S is r,(s) € R, and we will use r, to

denote the sequence of payoffs (r,(1),7.(2),.. .) of security n in all states. We take

1, ifs=n
ra(s) = {

0, otherwise
for n=1,2,..., ie., security n is the Arrow security for state s = n. In addition there
is a riskless security with payoff ro(s) =1 forall s € S.
The price of the riskless security at date 01is g9 = 1. The price of security n is

o0
n=12,.... Since > g, = %, the infinite sum of prices of Arrow
n=1

I = ZperD)
securities is not equal to the price of the riskless security.

Let 6 = (60,61,...,0n) De a (finite) portfolio formed from N securities for an
arbitrary N. Every security can be held long or short, i.e., 8,, € R. The payoff of portfolio
6 is R(6)(s) = % f.7n(s) In state s € S, its market value at date 0 is % qnb.

n=0 n=0

The payoft 7, of security n and the payoff R(8) of portfolio 6 are examples
of contingent claims. The space of all contingent claims X will be either the space
Ly(5,5,P) of square integrable random variables or the space Loo(S,S,P) of bounded

random variables, each equipped with its norm topology. The space Ly(S,S,P) is a

representative of the class of L,(S,8,P) spaces for 1< p < 0.

3. The Absence of Arbitrage

We shall first consider the case when an investor can hold only a finite portfolio. Let
¢ ={0=(6p,6;,...): 6, =0 for n> Ny for some Ny} be the space of finite portfolios.
Portfolio 8 € ® is an arbitrage portfolio, if R(0)(s) > 0 'for all s € S5, and % qnb, <0,

n=0
with at least one strict inequality.

If 6 € ®, then R(f)(s) =60+ 8, for s < Ng, and R(6)(s) = 6y for s > Ng.
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Consequently, R(f) > 0 implies 6 > 0 and 6+ 6, > 0 for n < Ng. Since

Neg N Ng Ng Ng
Z dn = %(l_ﬁ) < go, we have Z (]11911 2 (Z Qn) 60+ Z (]11611 = Z Qn(60+9n)-

n=1 n=0 n=1 n=1 n=1
Ng NB
Therefore, if R(f) > 0, then > ¢.6, > 0. Ifin addition R() # 0, then > gnbn > 0.
n=0 n=0

Therefore, there is no finite arbitrage portfolio.

4. Viability

Having shown that the example of Section 2 does not admit a finite arbitrage portfo-
lio, we proceed to demonstrate that it can be considered as a viable model of equilibrium
in securities markets. A criterion of viability is the existence of an optimal portfolio for
some investor who prefers more to less (see Kreps (1981)).

An investor is described by a strictly increasing, quasi-concave, continuous utility
function U : X4 — R which assigns to state contingent consumption (wealth) z € X

at date 1, the utility level of U(x). The investor’s portfolio choice problem is

maximize U(R(6))

N
subject to 6 € P, Z g0 = wo,

n=0

R(6) 20,
where wp > 0 1is the initial wealth. We point out that the investor is restricted to have

non-negative wealth (a restriction not seen in Kreps (1981)).

oo
Let us consider a risk neutral investor with U(x) = E(x) = > P(s)z(s). It is

: s=1
easy to see that her optimal portfolio choice 6 is given by 6, = 4w, and 8, = 0
for all n =0,2,3,..., ie., investing entire wealth wp in security 1. Indeed, security

1 has the highest ratio of expected return to price (of 12 as compared to 1 for the
g 1 1 3 1

riskless security, or % for security 2, etec.). Therefore the investor would like to invest as

much as possible in security 1 even by selling short other securities. The non-negativity

constraint R(f) > 0 (which implies 6y > 0) prevents her from investing more than wyq

6



in security 1. The utility function of the risk neutral investor is strictly increasing and
continuous in the norm topology of each contingent claim space L; and L,. Moreover,
it is continuous in the Mackey topology 7(Leo,L;) of the contingent claim space Lo
(see Bewley (1972)), and uniformly norm proper on L, (see MasColell (1986)).

Next, let us consider a risk averse investor with U(z) = 3 ix:f z(s)+E(z) for z € X;.
The optimal portfolio choice 8 in this case is given by 6y = wo, and 8, = 0 for all
n=123,..., 1e, inveéting entire wealth wg in riskless security 0. In this case the

139 for security

riskless security yields 4 “utiles” for each dollar invested (more than
1) provided that no short sales are undertaken. One can easily show that the investor
will not be willing to sell short. The utility function of the risk averse investor is strictly
increasing and continuous in the (sup) norm topology of the contingent claim space L.

It is upper semi-continuous, but not lower semi-continuous in the Mackey topology and

in the norm topology of L.

5. Bounded Portfolios

So far we have considered only finite portfolios. In this section we shall introduce
infinite portfolios and reconsider the questions of the absence of an arbhitrage opportunity
and viability of security prices {qn}.

Suppose that the portfolio space is the space { of all bounded sequences. Clearly,
ls includes all finite portfolios as well as some infinite portfolios. Security prices {g,}
and payoffs {r,} define in an unambiguous way prices and payoffs only for finite portfolios.
When extending the space of portfolios beyond the finite portfolios & we have to specify

prices and payoffs of portfolios which are not in ®. The price system {g,} defines a

No
portfolio pricing operator Q@ : ® — R by Q(8) = ) ¢n6, for a finite portfolio 6 € .
n=0
Ne
Similarly, we have the payoff operator R: & — X given by R(8) = > r,0, for 6 € d.
’ n=0

Our goal is to extend @ and R to (norm) continuous, linear operators on £ in such
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a way as to avoid an arbitrage portfolio in {,.

Let us first consider extensions R and Q having the countably additive form
}AE(G) = ioﬁnrn, and Q(G) = io 0,qn for 8 € €. This pair of extensions leads

= n=

to an arbitrage opportunity. Indeed, portfolio (0,1,1,...) of one share of each Arrow
security has the same payoff as the riskless security but a different price of % under such
extensions. There is, however, a multitude of other extensions of R and @ which do
not admit an arbitrage pértfolio. One pair of such extensions consists of the countably
additive extension R, and an extension Q, which is constructed as follows:

It 1s well known that every norm continuous linear functional ¥ on £, has a

n=0
n=0

oC
representation as ¥(0) = > 6,0, + f9,,r/(dn,) for 6 € (o, where {a,}os is
N

o0
a sequence of numbers such that > |a,| < oo, and v is a purely finitely additive
n=0
bounded measure (set function) on 2V (e, o € ¢;, and v € ba(N ), see Dunford and
Schwartz (1957), and Rao and Rao (1983)). Let v = bu for some b € R, and the

density measure . Density measure p is a purely finitely additive measure such that

[ Oupu(dn) =
n=0

(1983)). We are looking for a functional Q which is an extension of . Therefore we

Nh_)moo % f: 6, for 6 € l,, whenever the limit exists (see Rao and Rao
require that Q(e,,) = Q(en) = qn for every n=0,1,2,..., where ¢, denotes portfolio
consisting of one share of security n, i.e., 77.'th unit vector in {¢,,. Furthermore, in order
to avoid an arbitrage opportunity it must be the case that portfolio (0,1,1,...) has the
same price as the riskless security, since its payoff under the operator R is the same as the
payoff of the riskless security. Thus, Q((O, 1,1,...)) = go. Using the representation of Q
and the specification v = by, the pricing operator Q satisfying these conditions is given
by a, =qn, for n=0,1,..., and b= 3. Thus we have Q) = io: @nbn + 3 [ Oup(dn)
. = e

for 6 € l.

We shall prove that the extensions B and @ do not admit an arbitrage portfolio



in €. Let 8 € {5 be a portfolio such that ﬁ(ﬁ)(s) > 0 for every s € S. Since
R(8)(s) = 6o +6,, wehave 6p+6, >0 forevery n=1,.... A little algebra shows that

Q8) = 3 qu(bo +6,) + 3 [(80 + 6,)pu(dn). Therefore, Q(8) > 0. Clearly, if R(6) # 0,
N

n=1

then Q(8) > 0. There is no arbitrage portfolio in (e

Another pair of extensions which does not admit an arbitrage portfolio is the count-

= 3 ru(s8)8p — 3 [Onp(dn) for 6 € {oo. Under this pair of
N

n=0

ably additive extension Q of the pricing operator, and an extension R of the payoff
operator given by I}(G)(L)

extensions, portfolio (0,1,1,...) has riskless payoff of %, and a price of % Furthermore,
there is a continuum of arbitrage—free extensions such that neither the pricing operator
nor the payoff operator are countably additive.

Each of the arbitrage—free pairs of operators (R, Q), and (R, Q) 1s viable with
respect to the portfolio space (. Indeed, one can show that the solutions to the portfolio
choice problem of Section 4 for the risk neutral investor and for the risk averse investor
remain unchanged in this larger portfolio space. (The proof for the risk neutral investor
makes use of the Mackey continuity of the utility function; for the risk averse investor the
proof is straightforward).

The system of prices {¢,} and payoffs {r,} can be considered as being a part
(vestriction) of an arbitrage—free (and viable) system of pricing and payoff operators on
the space of all bounded portfolios. The fact that each such system of operators is not
countably additive indicates that the “mispricing” of the riskless security is due to the lack
of countable additivity of prices or payoffs.

We remark that one could equip the portfolio space o, with a different topology, say
the Mackey topology 7(lw, (1), and require pricing and payoff extensions to be Mackey
continuous. Then, the payoff operator R and the I)ﬁ(zillg operator  have unique
extensions which are the countably additive operators R and ( @ is Mackey dense

in fs). This pair of extensions leads to an arbitrage opportunity. The suitability of the
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Mackey topology for a portfolio space is, however, less apparent than for a consumption
space as the standard arguments in favor of the Mackey topology (see Bewley (1972)) do

not readily apply.

6. Valuation, and Pricing Bubbles

Let M = R(®) C X be the subspace of payoffs of all finite portfolios, i.e,
M = {zeX: z(s) = R(6)(s) forevery s€S5, forsome 6¢c d}.

We define the induced pricing operator II: M — R by I(z) = Q(F) for z € M,
where 6 is such that R(6) = x. A valuation operator is a continuous, strictly positive,
linear functional V' : X — R such that the restriction of V' to M is identical to II.
Valuation operator assigns price to the payoff of every security, and the payoff of every
portfolio. Moreover, it assigns value to contingent claims which need not be payoffs of
portfolios. In asset market models with finitely many assets, the existence of a valuation
operator follows from the absence of an arbitrage opportunity.

We shall first show that there is no valuation operator in our example, if X = L.
For the existence of a valuation operator it is necessary that the induced pricing operator
IT is continuous on the subspace M of payoffs of all finite portfolios. One can easily see
that II is not continuous on M in the norm topology of L,. Indeed, let z* be given
by z*(s) =1 for s <k, and 2¥(s) =0 for s >k, k=1,2,.... Clearly, z* € M for
every k, since ¥ = R(6*) for portfolio % of holding one share of every Arrow security

for states s = 1,...,k. In the norm topology of L, the sequence {a*}$2, converges

k
to the payoff 19 = 1 of the riskless security. We have II(2%) = Q(8%) = 3 ¢.0F =
n=1
&

1 1 R LRy 1 ) — : K. :
= 3(1-137)- Thus kh_x)l;oH(.z. ) =35 # Il(ro) =1, 1e, II is discontinuous.

1
| 2n(n+1)

n=

Next, we shall consider the contingent claim space X = Lo, and show that in this

case the induced pricing operator II can be extended to a valuation operator. We first
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point out that in the norm topology of Lo, the sequence of payoffs {:vk}z‘;l considered
above does not converge to the payoff of the riskless security, and that II is continuous
on M (see Clark (1993, Theorem 2)).

We construct a Lo valuation operator in the following way (for a discussion of
general conditions for the existence of a Ly, valuation operator see Section 7, see also

Clark (1993)): Let # € ba(S) be defined by #(A) = 3 ¢, + 3u(A), for the density
SEA
measure € ba(S). Cosider an operator V : Lo, — R givenby V(z) = [ z(s)i(ds). We
t

have V(z) = Z gsx(s) + 3 [a(s)u(ds), and [ z(s)u(ds) = lim 13 a(s), for z € Leo

t— o0

s=1
oo Ng
whenever the limit exists. In particular, V(R(())) =Y qs(6o+6s) + %60 = > ¢nb, for
s=1 n=0

a finite portfolio 8 € &. Thus V coincides with the payoff pricing operator II on M.

Since V is strictly positive, it is a valuation operator.

Using the terminology of Gilles and LeRoy (1992), the value V(x Z qsr(
%fx(s)u(ds) of a contingent claim = € Lo, can be decomposed into the fundamental
oo
value Y7 qe(s), and the bubble 3 [a(s)u(ds). The fundamental value results from
=1

countably additive valuation with state prices (which are equal to prices of Arrow securi-
ties). The pricing bubble for every Arrow security is zero (as it is for any portfolio that has
non-zero payoff in only finitely many states). The pricing bubble for the riskless security

%, and explains its “mispricing”.

18

The question of the existence of a valuation operator can also be analyzed in the
case when the portfolio space is the space (s of bounded portfolios. Let (R, Q), and
(R, Q) be the two arbitrage free pairs of payoff and pricing operators on €, discussed
in Section 5. Clearly, there cannot be a valuation operator if the payoff space is X = L,
since both pairs are extensions of the system of payoffs {r,} and prices {q,}. We shall

therefore consider the case X = L. The subspace of payoffs of bounded portfolios is

M; = R((.’oo) for the payoff operator R, and M, = R(ls) for the payoff operator R.
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One can easily see that A; = M, = L, i.e., that markets are complete with bounded
portfolios under each payoff operator. The induced pricing operator is therefore defined
on the whole space L., and is given by II;(z) = Q~(IA?,_](:B)), and Il (z) = Q(R‘l(z))
for z € Lo, respectively. We claim that II; = II; = V, i.e. that the valuation operator
V' derived in the case of finite portfolios coincides with each induced pricing operator.
Indeed, V (R(6)) =§1 g RO)(s)+ L [ RO)(s)u(ds) = 2 0s(Bo+6,)+1 [(Bo+8,)pu(ds) =
f @O + 3 [ Oupe(dn) :é(e). Similarly, V(R(6)) = Q(8) for every 8 € (.

" The fact that II;, II;, and V are all identical shows that the explanations of the

“mispricing” of the riskless security by the lack of countable additivity of prices or payoffs

and by the presence of a pricing bubble are equivalent.

7. Theéry of Valuation with Bubbles

In this section we shall establish general conditions for the existence of a valuation
operator with pricing bubbles (i.e., a Lo valuation operator), and investigate some of its
properties.

The model underlying this section is a generalization of the setup of the example of
Section 2. There is a countable set of securities indexed by n =0,1,... with payoffs r,,
and prices ¢,. We shall retain the countable state space (S,S,P) for simplicity. We
assume that 7, € Lo for every n, and that security n = 0 is riskless with payoff
ro = 1.

Let M C Lo be the subspace of payoffs of all finite portfolios (i.e., M = R(®)),
and let II be the induced pricing operator on M. Suppose that security prices {q,} do
not admit an arbitrage opportunity in the portfolio space ®. Then II is a strictly positive
linear functional on M, and by the Krein-Rutman Theorem (see Narici and Beckenstein

(19853)) it can be extended to a positive linear functional on L., continuous in the norm

topology. The existence of a strictly positive extension (i.e., a valuation operator) is not

12
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guaranteed in general. However, if the security prices {¢,} are viable in the sense of
Section 4, then the existence of a strictly positive valuation operator V. on Lo, follows.
We prove this result by adapting the arguments of Kreps (1981, Theorem 1) to the case

of an investor restricted to hold non-negative wealth.

Proposition 1: Let X = L. If security prices {g,} are viable, then there is a valuation

operator.

Proof: Viability of prices {¢,} means that there is an investor with norm continuous,
quasi-concave, and strictly increasing utility function U : L — IR and initial wealth
wo > 0 such that some 6* € & is her optimal portfolio. Let z* = R(6*). We have
II(z*) = wo > 0.

Consider the sets P = {o € LE : U(x) > U(x")} and B = {x € M : II(z) <
II(z*)}. These sets are convex, disjoint, and P has nonempty interior. By the Separating
Hyperplane Theorem there is a continuous functional V: Lo — R, V # 0, such that
V(z) > V(z*) > V(a') for every = € P and a2’ € B. Clearly, V is positive. Therefore,
V(ro) > 0 since 19 =1 isin the interior of LY. Since II(19) > 0 we can renormalize V
so that V(rg) = II(rp). We claim that V(x) = II(x) for every a« € M. To this end, we
first observe that if @+ € M and II(x) =0, then Az € B for every A € IR and therefore
V(z) = 0. For an arbitrary @ € M we have II(x) = vII(r9) for some 5. Therefore,
[I(z — 479) = 0 which implies V(z —y19) =0 and V(z) = vV (ro) = vII(ro) = (2).

It remains to be shown that V is strictly positive. Let =z € Lo, satisfy z > 0.
We have U(z* + z) > U(x*). For e small enough, we have U((1 — ¢)a* + z) > U(a*).
Consequently, (1 —e€)x* + =z € P and therefore V((1 —€)a* +z) > V(z*). This implies

V(z) 2 eV(z*) =€ell(x*) >0, and V 1is strictly positive. R

The fact that the positive orthant of the contingent claim space (which is the con-
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sumption set of an investor in the definition of viability) has non-empty interior is crucial
for Proposition 1. We have seen in Section 6 that with an empty interior of the consumption
set (as in the L, space), the result may fail to hold.

Let V : Lo — R be a valuation operator. It has a representation as V(z) =
J z(s)v(ds) for some finitely additive measure » € ba(S), v > 0. By the Yosida-Hewitt
Theorem (see Rao and Rao (1983)), » can be uniquely decomposed as v = v, +v, fora
purely finitely additive measure vy 2 0 and a countably additive measure v, > 0. Since
the state space S is countable, the measure v, is identified by the sequence of numbers
ps = ve({s}) for s=1,..., sothat [uz(s)r.(ds)= § Psz(s). Let F(z)= §1 Psz(s)
and B(z) = [z(s)v,(ds). We have V(z) = F(x) + BZl), and F(z) i1s the (::;untably
additive) fundamental value of wx, while B(x) is the pricing bubble (see Gilles and LeRoy
(1992)).

Our next result is concerned with contingent claims that have zero pricing bubbles.

Proposition 2: Every contingent claim 2 € Lo which is non-zero in only finitely many
states has zero pricing bubble. Moreover, the set of contingent claims which have zero

pricing bubble is a norm closed linear subspace.

Proof: It follows from the definition of a purely finitely additive measure (see Rao and
Rao (1983)) that 1v,(E) =0 for every finite set E C S. Therefore B(x) = 0 whenever z
is non-zero in only finitely many states of nature. Since B is linear and norm continuous,

the second part of the proposition easily follows. 1

Consider a contingent claim which pays one dollar in state s and zero in all other
states (Arrow security). By Proposition 2 the value of such contingent claim equals its
fundamental value which is p,. Therefore, p, is the (implicit) state price of state s.

Since the valuation operator V is strictly positive, state price p, is strictly positive, too.
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Furthermore, the fundamental value operator F' is strictly positive.

If the pricing bubble B(x) is non-negative for a contingent claim z € L, then
the value V(2) exceeds or is equal to the fundamental value F(z). The following Propo-
sition 3 establishes that the pricing bubble is non—neg%tive for every positive contingent
claim. This result follows essentially from the fact that the purely finitely additive measure
v, in the Yosida-Hewitt decomposition is positive. Nevertheless, we provide a proof which

we believe is insightful.

Proposition 3 (No negative bubbles): The value V(z) of a contingent claim z exceeds

or is equal to its fundamental value F(a) for every ¢ € Lo, x > 0.

Proof: We shall prove that if V is a positive operator, then V{(z) > F(z) for every
x > 0. Let 2 € Lo be a non-negative contingent claim. Let z* be a contingent
claim which is the same as 2 in all states {1,...,s} and zero in all other states. By
Proposition 1, V(x*) = F(«*). Since z —2® > 0 for every s, we have V(zx —z°®) >0,
hence V{(z) > V(2*) = F(«*). We claim that F(2°) converges to F(z). Indeed,
the sequence {z*} converges to x in the weak* topology o(Le,L1), and F is a

weak* continuous functional on L., since it has a representation with countably additive

measure v.. Consequently, V(x) > F(x). &

In both Propositions 2 and 3, if contingent claim 2 is attainable by a portfolio, i.e.,
if z € R(f) for some 6 € ®, then the value V() is equal to its price II(z) = ¢f. We
also point out that in Proposition 3 it is merely the positivity (and not strict positivity)
of the valuation operator V that matters. This allows us to conclude that the presence
of negative bubbles is incompatible with the absence of ;drbitrage opportunities.

We conclude this section with a discussion of Propositions 2 and 3 in the context of

our example of Section 2. As we pointed out in Section 6, contingent claims which are non-



zero in only finitely many states (in particular Arrow securities) have zero bubbles. The

pricing bubble for the riskless security is positive, i.e., the price exceeds the fundamental

value. Let us consider a variation of the example with an arbitrary price qo of the riskless

security. The reader can verify that whenever ¢ > % security prices are arbitrage—free

and viable. If qo = 3, then there is no pricing bubble for the riskless security, otherwise
1

there is a positive pricing bubble of ¢o — % On the other hand, if go < 3, then there is

a finite arbitrage portfolio.

8. Concluding Remarks

The example of this paper demonstrates the possibility of failure of the L, version
of the valuation principle in large asset markets. Asset prices in our example do not allow
a representation as present value under (countably additive) state prices. The asset prices
are arbitrage—free, and they can be seen as arising in an asset market equilibrium. The
failure of the L, valuation principle indicates the presence of pricing bubbles.

The question of the validity of the L, valuation principle is essentially the question
of the absence of pricing bubbles. Back and Pliska (1991, Proposition 1) provided condi-
tions under which there exists a valuation operator on the contingent claim space Lo,
continuous in the Mackey 7(Lo,Li) topology. Such an operator has a representation as
the present value under (countably additive) state prices, i.e., it provides valuation with-
out bubbles. This form of valuation is slightly weaker than the L, valuation. Back and
Pliska (1991) conditions require that asset prices be viable for an investor with Mackey
continuous utility function, and that her optimal (end-of-period) wealth be bounded away
from zero. Both these conditions appear restrictive. An important example of a utility
function not continuous in the Mackey topology 1s the utility of the risk averse investor

considered in Section 4.
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